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Abstract
Renderingof atmosphericbodiesinvolvesmodelingthecomplex interactionof light throughoutthehighly scat-
tering mediumof water and air particles.Scatteringby theseparticlescreatesmanywell-knownatmospheric
optical phenomenaincludingrainbows,halos,thecorona,andtheglory. Unfortunately, mostradiativetransport
approximationsin computergraphicsare ill-suited to rendercomplex angularlydependenteffectsin thepresence
of multiplescatteringat reasonableframerates.
Therefore, this paperintroducesa multiple-modellighting systemthat ef�ciently capturestheseessentialatmo-
sphericeffects.We havesolvedtherenderingof �ne angularlydependenteffectsin thepresenceof multiplescat-
teringbydesigninga lighting approximationbaseduponmultiplescatteringphasefunctions.Thismodelcaptures
gradualblurring of chromaticatmosphericoptical phenomenaby handlingthegradualangularspreadingof the
sunlightas it experiencesmultiple scatteringeventswith anisotropic scatteringparticles.It hasbeendesigned
to take advantage of moderngraphicshardware; thus,it is capableof renderingtheseeffectsat near interactive
framerates.

Categories and SubjectDescriptors(accordingto ACM CCS): I.3.7 [ComputerGraphics]:Three-Dimensional
GraphicsandRealismColor, shading,shadowing, andtexture

1. Intr oduction

Particlesin theatmosphereareresponsiblefor a wide range
of optical phenomena.Wavelength-dependenteffects,such
asthearcsof rainbows, cirrushalos,andtheglory, arejust
a few [Min93]. Theseeffectsaddbeautyandrealismto out-
doorscenes;thus,thecapabilityto rendertheseeffectsaccu-
ratelyis animportantcomponentof anoutdoorrenderer.

Unfortunately, physically accurateradiative transferis a
notoriouslydif�cult problembecausethe numberof possi-
ble pathsphotonsmay take througha cloud volumegrows
exponentiallywith theexpectednumberof scatteringevents.
Multiple scatteringin a highly scatteringmedium,suchasa
cloud, haslong beenrecognized[KVH84] as an essential
lighting component.Multiple scatteringblurs sourcelight
both angularlyandspatially. Thus,the processof multiple
scatteringgraduallyblurs out �ne angularlydependentef-
fects from the phasefunction, as the light distribution be-
comesmoreisotropictraversingthecloud.Modelingthean-
gulardistributionof light asit interactswith anisotropicscat-
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teringparticlesis a dif�cult problemand,therefore,it is of-
tenover-simpli�ed, or evenignored,in mostgraphicsappli-
cations.

An accuratelighting modelin cloudsmustproduceboth
single-scatteringeffects, as well as diffusive illumination.
Unfortunately, lighting modelseithercannothandleboth,or
requireanarbitrarily longtimeto doso.Wehavesolvedthis
problemthroughthe useof multiple scatteringphasefunc-
tions to modelthe graduallossof angularcoherencein the
light beam.Our algorithmtakesfull advantageof thepower
and �e xibility offered by modernprogrammablegraphics
hardware.Therefore,this systemef�ciently renderssingle
andmultiple scatteringatmosphericeffectswith aerialper-
spective,while maintainingreasonablerenderingtimes.

In Section2, weprovide thebackgroundfor renderingat-
mosphericdataandskylight. In Section3, wedescribetheat-
mosphericparticledatawearerendering.Next, in Section4,
wediscusstherenderingandlighting modelusedin oursys-
tem. Someimplementationdetailsare given in Section5.
Then,in Section6, we presentour results.Finally, conclu-
sionsandfuture work aregiven in Section7 andSection8
respectively.
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Figure1: Cirrus sunrisetimesequence

2. PreviousWork

Renderingof outdoorandhighly diffusive mediahasbeen
anactive areain computergraphicsfor morethantenyears.
The single-scatteringlow-albedo model [Bli82] provides
the framework for renderingparticle �elds. Early work in
modelingmultiple scatteringinvolved sphericalharmonics
[KVH84] andvolumetricradiositysolutions[RT87]. More
recentdiffusionsystemsmodellight with a �rst orderangu-
lar distributionusingamulti-grid scheme[Sta95], with mul-
tiple orderscatteringreferencepatterns[NDN96], andwith
multiple anisotropicscattering[MSM� 04]. The subsurface
light transportsystem[JMLH01] calculatesa diffusion ap-
proximationby applyingthedipolemethodto meetbound-
ary conditionsat thesurface.This methodis well suitedfor
reasonably�at boundariesbetweentwo homogeneousre-
gions but is lesssuitedfor a volumetrically varying inho-
mogeneousvolume, suchas multiple-particleclouds.Ad-
ditionally, diffusion approximationstendto blur �ne angu-
larly dependenteffects quickly, and are lesssuitedto ren-
dering�ne angularlydependenteffectsin volumes,thanthe
techniquepresentedhere.This is particularlyevident in the
caseof largerparticles,where,for unity albedo,it maytake
morethan25 scatteringeventsbeforethedistribution is es-
sentiallyisotropic.Discreteordinates[Max94], photonmap-
ping [JC98], andpathintegral methods[PAS03, Tes87] can
generatehighaccuracy solutionsbut arecomputationallyex-
pensive when�ne angularlydependenteffectsaredesired.
Volumerendering[DCH88] hasbeenwidelyappliedin com-
putergraphicsandhasbeenextendedto gaseousvolumeren-
dering[SF95, EP90, REHL03].

Hardware-acceleratedtechniquesin atmosphericmod-
eling and rendering include imposter systems [HL01],
cloudformationmodelingsystems[HBSL03], andintuitive
modelingsystems[SSEH03]. The small angleapproxima-
tion [KPH� 03, KPHE02], which hasbeenappliedto atmo-
sphericrendering[REHL03], is ef�cient but discardsthe
phaseeffectsafterthe�rst scatteringevent.Thesehardware-
acceleratedsystemshave increasedthe ef�ciency of atmo-
sphericrenderingsystemsbut havenotachievedthecapabil-
ity to render�ne angularlydependenteffects.

Advancedphasefunctioneffectsareanessentialcompo-
nentof an atmosphericrenderer. Renderingrainbows with
Descartes'ray tracingmethod[Mus89] for rain dropphase
function calculation has been presented.Complex phase
functionsand renderingadvancedatmosphericoptical ef-

fects have been achieved for a single-scatteringlighting
model [JW97]. Halos and parhelia have also been dis-
cussedfor ray-tracing[JW98]. While advancedphasefunc-
tionshave beenconsideredin computergraphics,they have
not beenusedin aninteractive systemthatmodelsthegrad-
ualangularspreadingof thesourcelight.

Theseatmosphericrenderingoptions,while useful,make
signi�cant simpli�cations to the light's angular distri-
bution, the phase function, or both. A common ap-
proximation is to estimate scattering phase based on
a function of the �rst moment of the phase function
and the dot product of the incident and exit direc-
tions [Bli82, SF95, MSM� 04, Sta95, NSTN93], suchasthe
Henyey-Greensteinfunction.This resultsin anoversimpli�-
cationof theangulardistribution of thelight thateliminates
�ne angulardependenteffects.Here,we presenta system
that is capableof modelingboth a complex lighting distri-
bution and a complex phasefunction that can capturethe
effectsof both theangularspreadinganddiffusionof light,
andtheopticaleffectsof advancedphasefunctions.

Renderingthesky is anotheressentialelementof render-
ing outdoorscenes.The two densitylayer scheme[Kla87]
provided the groundwork for renderingthe sky. The basis
functionmethod[NSTN93] is veryef�cient but is lesssuited
for theadditionof interactingmedia.An ef�cient physically-
basedsky light approximation[PSS99] hasbeenpresented
for groundobservers.A physicallyaccuratesystemfor mod-
elingtheskylight atnighthasalsobeendescribed[JDS� 01].
Numerical integration techniques[EMP� 03] also provide
accuratesolutionsto generatingaerialperspective andsky-
light. While theseschemesare very useful, we proposea
hardware-acceleratedmethodof renderingthe sky that al-
lows us to usean analyticalexpressionand, thus,achieve
a sky that interactswith theatmosphericdataat reasonable
renderingspeeds.

3. Atmospheric Data

Theatmosphereis aninhomogeneousmixtureof a wide va-
riety of particles.In orderto developa systemfor theaccu-
raterenderingof theseparticles,it is essentialto �rst specify
theparticles'propertiesasdescribedin Section3.1. Wethen
translatethesepropertiesinto thespatiallyvaryingscattering
probabilitiesandphasefunctionsrequiredto volumetrically
rendertheparticle�elds in Section3.2.
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Figure 2: RainMie phasefunctionfor red,green,andblue
wavelengths

3.1. Particle Properties

We assumeatmosphericbodies primarily consist of two
typesof high-albedoparticlesand that dirt and other par-
ticle typeshaveaminimalcontribution.Wealsoassumethat
the rendererwill only considerwavelengthsin the visible
spectrum(between400 and700 nm), wheretheseparticle
propertiesareaccurate.

The �rst particle type we consider consists of air
moleculescharacterizedby highly wavelength-dependent
scattering probabilities, yet comparatively isotropic
Rayleigh scatteringand a wavelength-independentphase
function. The secondtype consistsof larger ice andwater
particles with nearly wavelength-independentscattering
probabilities and strongly forward peaked wavelength-
dependentphasefunctions.Speci�cally, the waterparticles
we considerareclassi�ed ascloud (small sphericalwater),
rain (large sphericalwater), ice (hexagonalice cylinders)
and snow (randomice crystals),but the systemdoesnot
currently renderhaze,fog, or more complex ice particles
such as graupel. Becausescattering behavior is vastly
differentbetweenthetwo typesof particles,weusedifferent
lighting modelsfor each.The scatteringfrom atmospheric
particles are characterized by wavelength-dependent
parametersincluding extinction cross-section(s l

ex), the
single-scatteringalbedo (a l ), and the single-scattering
phasefunction(Pl (W)), summarizedin Table1.

As describedbefore,theextinctioncross-sectionis highly
wavelength-dependentfor air particlesandnot wavelength-
dependentfor the largerparticles.Therefore,s l

ex = sex for
waterparticles.For large sphericalparticles,the extinction
cross-sectionis approximatelytwice the geometriccross-
section,sex = 2pr2 [LLO� 91]. Thescatteringcross-section
is ssca= as ex, wherea is thesingle-scatteringalbedo.The
extinction cross-sectionsof theparticlesusedin our system
aregiven in Table2. Although the systemis not limited to

Variable De�nition

a l single-scatteringalbedo(bl
sca=bl

ex)
Amsl

n multiplescatteringangulardistribution
Al (~s0;W) angulardistribution function

bl
ex extinctioncoef�cient (m� 1)

bsca scatteringcoef�cient (m� 1)
D slicespacing(m)

I l (~s0) total intensityfor all directionsat~s0

l light wavelength(nm)
Ll (~s;W) light intensity

~mW normalizedvectorin Wdirection
n(~s) expectednumberof scatteringevents
W direction

W� W0 scalaranglebetweendirections(radians)
Wlt sunlightdirection
~pW oppositeWnormalizedvector

Pl (W) particlesingle-scatteringphasefunction
Pl (W� W0;~s0) combined(spatial)phasefunction

~s 3-D point in space
~sbg(~s;W) backgroundpoint for this ray

s l
ex extinctioncross-section(m2)

T l (~s;~s0) transparency between~sand~s0

x Useradjustableback-scatteringcontribution

Table1: Variableandparameterdescriptions

Attribute sex(m2)

Air at650nm 2:28� 10� 31

Air at515nm 5:33� 10� 31

Air at440nm 1:30� 10� 30

Cloud(0.01mmsphere) 6:28� 10� 10

Rain(1 mmsphere) 6:28� 10� 6

Ice 1:82� 10� 6

Snow 1:41� 10� 5

Table2: Atmosphericparticleextinctioncross-sections

unity albedo,atmosphericparticleshave nearunity albedos
in visible wavelengths[KYBN02, CS92]; therefore,we as-
sumeall theparticlealbedosareone.

The scatteringphasefunction for theseparticles,Pl (W),
is theprobabilitydensityfunctiondescribingtheangularde-
�ection of light (W) afteraninteractionwith theparticle.In
general,W is a vector, but for randomlyorientedparticles,
Pl (W) is a functionof thescalaranglebetweenthe incom-
ing andoutgoing(afterscattering)directions.This assump-
tion, valid for a turbulent atmosphere,eliminatessomeice
crystaloptical phenomena,suchasparhelia,but simpli�es
themodelsubstantially. TheRayleighphasefunctionfor air
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Figure3: Phaseof all particle �elds for greenlight

Figure4: Glory in cumuluscloud

moleculesis givenin Equation1.

Pair(W) =
3

16p

�
1+ cos2(W)

�
(1)

Mie scatteringdominatesfor homogeneousspheresmuch
larger than the wavelength of light, and describesrain
and cloud particlephasefunctions.We usePhilip Laven's
MiePlot [Lav], an implementationof Bohren and Huff-
man's [BH83] Mie code,to calculatethe Mie phasefunc-
tion atanangularresolutionof 0.1degrees.Additionally, be-
causerain andcloudsareactuallya collectionof randomly
distributedparticles,wecalculatethephasefunctionusinga
lognormaldistribution for theparticlesize,with parameters
describedby PruppacherandKlett [PK00]. The rain phase
function is given in Figure 2. For comparison,Figure 3 is
a plot of the phasefunctionsfor greenlight for all parti-
cle �elds. Cloudwaterhasa similar behavior, with a milder
forward peakandmorerelaxed peaksat rainbow anglesas
shown in Figure 3. Wavelengthdependencefor the peaks
near180 degreesin the cloud waterphasefunctionscreate
theglory: tight ringsof colorre�ectedbackwardtowardsthe
sun,asshown in Figure4. Notice the doublepeaksaround
120 and140 degreesfor rain. The wavelengthdependence
of thesepeakscausesrainbows, like theonein Figure5; the
lull betweenthemis Alexander's darkband.

For ice,weassumerandomorientationsuchthatthephase
function is dependentsolely on the anglebetweenthe eye
andlight rays.Thephasedatais takenfrom HessandWieg-
ner'sCirrusOpticalPropertiessystem[HW94]. A plot of the
ice phasefunctionfor greenlight is alsoshown in Figure3.
The peaksof this ice phasefunction at 22 and46 degrees
createhalosof color whenthesunpenetratesoptically thin
cirrus clouds,suchas in Figure 6. The other wavelengths
have skewedvaluesat thepeaksat 22 and46 degrees,mak-
ing thesehaloschromaticphenomena.

3.2. RenderingProperties

Onequantityof interestfor calculatinglight transportis the
extinctioncoef�cient, bex. This is theprobability, permeter,
thatlight intersectsaparticle.As describedby Blinn [Bli82],
this can be calculatedby multiplying the particle density
with theextinction cross-section.At a point in space,~s, this
is calculatedasthefollowing:

bex(~s) = h(~s)sex: (2)

Here h is the particle concentrationin particlesper cubic
meter. For multipleparticle�elds, theextinctioncoef�cients
linearlycombine.

bex(~s) = å
all �elds i

b(i)
ex (~s) (3)

Theopticaldepth,t , alongasegmentbetween~sand~s0 is the
integral of theextinctioncoef�cient alongtheray.

t (~s;~s0) =
Z ~s0

~s
bex(~s00)ds00 (4)

Thetransparency, T, of themediumis then:

T(~s;~s0) = e� t (~s;~s0) : (5)

Thetotal phasefunctionat a point in spaceis calculatedby
weightingeachof theindividual particlephasefunctionsby
their contribution to thetotal scatteringcoef�cient.

P(W;~s) =
å

all �elds i
a(i)b(i)

ex (~s)P(i)(W)

å
all �elds i

a(i)b(i)
ex (~s)

(6)

Now thatwehaveasystemfor calculatingthespatiallyvary-
ing propertiesof theparticle�elds, weshift ourattentionto a
systemfor renderingtheseparticlesthatcancapturerealistic
illuminationeffects.

4. RenderingAtmospheric Data

Our ef�cient renderingof atmosphericdatais accomplished
by combiningseveralrenderingmodels.The�rst is asingle-
scatteringsky-renderingapproximation.Single-scatteringis
usedbecause,for altitudeanglesgreaterthanabout16 de-
grees,andwith a �at earth,theexpectednumberof air scat-
tering eventsalonga view ray is lessthanone.This angle
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Figure5: Rainbowin rain �eld of a storm

Figure6: Halo in a cirrus cloud

is evensmallerfor a roundearth,astheheightwill increase
fasterwith distance.Calculationof the sky attenuationand
sky lighting termsaregivenin Section4.1.

For renderingthe larger waterand ice particles,we uti-
lize a modelbaseduponmultiple scatteringphasefunctions
describedin Section4.2. At its core,this is avolumerender-
ing applicationthatrendersmulti-�eld atmosphericdataona
uniformvoxel grid,containingparticledensity(h(~s)) values.
It appliesthehalf angleslicingschemefor a light buffer and
an eye buffer, aspresentedin Kniss et al. [KPH� 03]. This
methodslicesvolumedataat ananglesuitablefor both the
eye andlight perspectives,i.e. at theanglehalfway between
them.Renderingis doneboth to an eye (or image)buffer
to accumulatelight directedinto theeye rays,andto a light
buffer, whichstorestheattenuationof light asit traversesthe
volume.

A diagramshowing the�o w of thefull systemis givenin
Figure7. For front to backrendering,aslicehalfwaythrough
thevolumethatcoverstheentireimageis rendered�rst, to
estimateatmosphericinscatteringbetweenthe eye and the
volume.Then,half-angleslicing is performedon the vol-
ume,alternatingbetweencompositingin theeye buffer, and
attenuatingin thelight buffer.

Figure7: Renderingsystem�ow diagram(front-to-back)

Figure8: Renderingsystemoverview

Finally, theatmospherebehindthecloudis approximated
by calculatingall atmosphericinscatteringfrom the plane
halfway throughthevolumeonward,andthis resultis com-
positedinto theimage.To getanoverview of which system
componentsrenderwhich modelcomponents,an overview
imageis givenin Figure8.

A generallight transportequation,relatingthelight inten-
sity at~s in thedirectionWto the light intensityeverywhere

c
 TheEurographicsAssociation2004.



K.Riley, D. Ebert,M. Kraus,J. Tessendorf& C. Hansen/ Ef�cient Renderingof AtmosphericPhenomena

else,is givenin Equation7 [Cha60].

Ll (~s;W) = Ll (~sbg(~s;W);W)T l (~sbg(~s;W);~s) +
Z ~s

~sbg(~s;W)
T l (~s;~s0)bl

sca(~s
0) �

Z

4p
Pl (W� W0;~s0)Ll (~s0;W0)dW0ds0 (7)

Notethat~sbg(~s;W) is thebackgroundpoint foundby travers-
ing from~s in thedirectionoppositeWuntil it intersectswith
thebackground,which maybe thesun,theearth,or space.
Also notethat W� W0 representsthe scalaranglebetween
the direction vectorsW and W0. Equation7 saysthat the
light at ~s in the direction W equalsthe backgroundinten-
sity de�ned by~s andW timesthe transparency throughthe
volume,plusthecontribution from inscatteringat all points
alongtheray. Thedif�cult issueis thatthelight distribution
at all pointsalong the ray mustbe known to calculatethe
light intensity in a single direction reachinga point along
thatray. Wenow presentananalyticaerialperspectivemodel
thatsimpli�es this equationwith a single-scatteringapprox-
imation.

4.1. Aerial Perspective

Both aerialperspective andskylight areessentialin an at-
mosphericrenderer. Aerial perspective (the blueingof dis-
tantdarkobjectsduringtheday, andthereddeningof bright
objectsat dusk and dawn) is an essentialoutdoor depth
cue,while properskylight is requiredfor any realisticout-
door scenerenderer. It is often desirableto renderatmo-
sphericbodiesfrom any perspective and, therefore,we do
not limit the observer to be on the ground. Direct sun-
light is accountedfor separately, in Section4.2.4. Therefore,
thesingle-scatteringanalyticmodelpresentedherehaszero
backgroundintensity. We alsoassumesunlight to be colli-
mated;thus,we needonly considerthedirectionof thesun,
Wlt , in thedirectionalintegral overW.

Air consistsof a consistentmixture of molecules,and,
therefore,thephasefunctionof theparticlesdoesnotchange
with spatial location.Hence,for atmosphericinscattering,
Equation7 quickly reducesto somethingmoremanageable
in Equation8.

Ll (~s;W) =
Z ~s

~sbg(~s;W)
T l (~s;~s0)bl

sca(~s
0) �

Pair(W� Wlt )L
l (~s0;Wlt)ds0 (8)

It is clear that Pair doesnot dependon the point in space,
andis factored.Therefore,we needonly concernourselves
with the threeotherterms.We �rst calculatethe scattering
coef�cient. We thenconsiderhow to �nd the transparency
from thesampleto theeye.Next, wecalculatethelight value
at the sample,assumingthe sun is at in�nity . Finally, we
put it all togetherinto an analytic expressionfor the light
directedtowardtheeye.

Wavelength(nm) bsl

680 5:8� 10� 6m� 1

550 1:35� 10� 5m� 1

440 3:31� 10� 5m� 1

Table3: Sea-level scatteringcoef�cients

4.1.1. ScatteringCoef�cient

Like Nishita et al. [NSTN93] andPreethamet al. [PSS99],
we make thehydrostaticapproximationthattheatmosphere
hasan exponentiallydecreasingparticle densityfrom sea-
level asshown in Equation9.

h(h) = 2:55� 1025e� ghm� 3 (9)

Thescatteringcoef�cient is thenthescatteringcross-section
timesthis particledensity. We usea single-scatteringmodel
to calculatetheaerialperspectivebecauseof its analyticsim-
plicity andbecausewe expectfew scatteringeventsassun-
light traversesthe atmosphere.Sincethe scatteringcoef�-
cient is linearin particleconcentration,h, thescatteringco-
ef�cient is anexponentiallydecreasingfunctionof height.

bl
sca(h) = bl

sle
� gh (10)

h is theheightabove sea-level. In this model,the lapserate
is g= 1

8000m . Thebsl valuesweusefor thethreecolorchan-
nels (red, green,andblue) aregiven in Table 3. Now that
we have anexpressionfor thescatteringcoef�cient, we can
calculatethetransparency of theatmosphere.

4.1.2. Atmospheric Transparency

Air moleculeshavehighalbedoand,thus,theprobabilityof
extinction (any mechanismfor removing light from a ray)
is equalto the probability of scattering,bex = bsca. We as-
sumethat the earthis �at, so that the heightvarieslinearly
alongtheraybetweentwo points.Let~pW bethevectorin the
oppositedirectionof W. SubstitutingEquation10 into Equa-
tion 5 andperformingtheintegral,wegetasolutionin terms
of they-componentof ~pW, pWy, thescatteringcoef�cient at

sea-level, bl
sl, theheightof ~s, sy, thedistancebetween~s and

~s0, denotedK, andthelapserate,g.

T l (~s;~s0) = exp

 

�
bl

sl
gpWy

e� gsy
�

1� e� gpWyK
�

!

(11)

Thus,we have anexpressionfor the transparency of theat-
mospherebetweentwo points.We usethis to calculatethe
atmosphericattenuationof light to a point, and to �nd the
attenuationfrom thatpoint to theeye.

4.1.3. SampleLighting

The last componentneededto solve the overall light trans-
portequationis thelight valueatapointin space,L(~s;Wlt). If
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Figure9: Sky andaerial perspective

Figure10: Uniformbackgroundsky, noaerial perspective

wesetthesunintensityoutsidetheatmosphereto beI l
s , then

we simply useEquation11 to attenuatethis intensity. Let l
be the normalizedvectorpointing towardsthe sun.There-
fore, we areonly interestedin the initial heightof thesam-
ple, s0

y, andthey-componentof l , ly. If we assumethat ly is
positive for adaylightscene(thelight mustalwaysbeabove
the horizon)andlet the distancego to in�nity , the integral
convergesto Equation12.

Ll (~s0;Wlt) = I l
s exp

�
�

bsl

gly
e� gs0

y

�
(12)

We now have anexpressionfor all quantitiesin Equation8
andcancalculatethe amountof inscatteringalongthe eye
raybetweentwo points.

4.1.4. Analytic Sky Model

Finally, we derive an expressionfor the amountof atmo-
sphericinscatteringof light into arayalongagivendistance.
To simplify, let beye bethescatteringcoef�cient at theeye.

bl
eye = bl

sle
� gsy (13)

If wesubstituteEquations10, 11, and12 into Equation8 we
getanequationof theform:

Ll (~s;W) = Pair(W� Wlt ) �

Z ~s

~sbg(~s;W)

2

4 exp

 

�
bl

eye

gpWy

�
1� e� gpWyK

�
!

�

bl
sle

� gs0
yI l

s exp

 

�
bl

sl
gly

e� gs0
y

! 3

5ds0 (14)

Now, recognizingthats0
y = pWyK + sy, wesolvethisintegral,

and get a �nal expressionin Equation15 for the skylight
reachingtheeye from all pointsalonga raybetween~s anda
samplethatis K away,~s0.

Ll (~s;W) = I l
s Pair(W� Wlt )

ly
pWy � ly

�

0

@exp
�

�
1
g

bl
eye

�
1
ly

�
1

pWy

�
e� gpWyK

�
�

exp
�

�
1
g

bl
eye

�
1
ly

�
1

pWy

� �
1

A (15)

This approximationproducesrealisticsky results,asshown
in Figure9. For comparison,thesamecloudwithout thesky
andaerialperspective is shown in Figure10. Note that the
huein darkerregionsof thisverylargecloudmodelaremore
blue in the renderingwith aerial perspective than the ren-
deringwithout. Additionally, this skylight andatmospheric
attenuationcreatesthecharacteristicreddeningof objectsat
sunriseandsunset.This effect canbeseenin thedawn im-
agesof cumulusclouds,in Figures1 and11, anda cirrusin
Figure12. Now that we have a modelfor the sky attenua-
tion andsource,we presentour approximationfor multiple
scatteringin thelight volume.

4.2. Multiple ScatteringPhaseFunction Lighting
Approximation

We have developeda model for the angulardispersionof
light asit experiencesits �rst few scatteringeventstravers-
ing the volume.This modelhasbeendesignedfor ef�cient
renderingin a single passthroughthe volume, taking ad-
vantageof programmablegraphicshardware.Thistechnique
extendsthehalf-angleslicing techniquedescribedby Kniss
et al. [KPHE02] to handlethegradualangularspreadingof
light as it undergoesmultiple scattering,rather than only
consideringunscatteredand diffuse light. This is essential
for capturing�ne angularlydependenteffects in the pres-
enceof largeatmosphericscatteringparticles,which highly
favor forwardscattering.

As mentionedpreviously, the dif�culty with Equation7
is the presenceof Ll on both sidesof the equation.To ap-
proximatethis equation,we �rst separateLl (~s;W) into its
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Figure11: Cumuluscloudat dawn

Figure12: Cirrus cloudwith haloat dawn

intensity, I l (~s), andits angulardistribution,Al (~s;W).

Ll (~s;W) = I l (~s)Al (~s;W) (16)

Al , asanangulardistribution, is subjectto theconstraint:
Z

4p
Al (~s;W)dW= 1;8~s; l (17)

The distribution of light, Al , is closely tied to the number
of scatteringeventsit experiencesbetweenthe sourceand
thegivenpoint in thevolume.We make theassumptionof a
purely collimatedinitial light sourcethat is thenredirected
throughscattering.

Ll (~sbg(~s;W);W) = I l
s d(W� Wlt) (18)

Therefore,all backgroundintensitiesareequalandhave a
singledirection.In Section4.2.1, we describea methodfor
estimatingtheangulardistributionof thelight in thevolume.
Then,in Section4.2.2, we developa systemfor calculating
theintensityof light in thevolumeusingthis angulardistri-
bution.

4.2.1. Estimating Angular Distrib ution

Sincewe have separatedthelight contribution into intensity
anddistribution, we utilize Equation18 andrewrite Equa-
tion 7 into theform in Equation19.

I l (~s)Al (~s;W)
| {z }

Ll (~s;W)

= I l
s d(W� Wlt )T

l (~sbg(~s;W);~s) +

Z ~s

~sbg(~s;W)
I l (~s0)T l (~s;~s0)bl

sca(~s
0) �

Z

4p
Pl (W� W0;~s0)Al (~s0;W0)dW0ds0 (19)

Clearly, thelast integral is a sphericalconvolution in W. Af-
ter a singlescatteringevent,we expectthescatteredlight to
have theangulardistribution of theparticlephasefunction.
If thelight experiencestwo scatteringevents,we expectthe
twice-scatteredlight to have an angulardistribution of the
phasefunction convolved with itself. Therefore,we de�ne
amultiple-scatteringangulardistribution function,Amsl

n, to
approximatethedistributionof light aftern scatteringevents
with Equation20.

Amsl
n(W) =

�
d(W� Wlt ) � Pl � : : : � Pl

| {z }
n� times

�
(W) (20)

If we assumethat, for a small numberof scatteringevents,
the angulardistribution of Ll remainspeaked in the initial
light directionwith gradualangularspreading,thenwe can
approximatetheangulardistributionwith thismultiplescat-
teringangulardistributionfunction.Theexpectednumberof
scatteringeventsfor a ray is givenin Equation21.

n(~s) =
Z ~s

~sbg(~s;Wlt )
agbg

ex(~s0)ds0 (21)

In termsof transparency from thelight source:

n(~s) = � a ln
�
T(~s;~sbg(~s;Wlt))

�
: (22)

We estimatethe numberof scatteringeventsto be this av-
eragenumber. Notethat this is, nominally, a functionof the
directionandthedataalongall possiblepaths,but, for ef�-
ciency, we estimatethe numberof scatteringeventsasthis
mean.The result is that, by trackingonly the transparency
of thematerialtraversedfrom thelight source,wecangetan
approximateexpressionfor theangulardistributionof theto-
tal intensityat thatpoint.Our systemrecordsa singleinten-
sity valuein a light buffer (seeSection5) andsumsthecon-
tribution from the previous slice that is directedto the cur-
rent sample.A presetnumberof angulardistribution func-
tions, Amsl

n(W), is pre-computedand saved in a �oating-
pointprecisiontexture.Thesefunctionsarecalculatedfor up
ton= 26,whentheangulardistributionfunctionfor rain(the
worstcasewith thehighestforwardpeak)becomesisotropic
(to within .0001%).
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4.2.2. Intensity Calculation

With this approximationfor the angulardistribution of the
light, it is easierto calculateits intensitydistribution. This
intensitydistributionis thequantitystoredin thelight buffer,
andrepresentsthetotal light intensityreachingthesamples.
This value,alongwith its angulardistribution is thenused
to calculatethe �nal gatherto theeye, asdescribedin Sec-
tion 4.2.3. Theintensityreceivedatagivensamplenormally
hastwo components:theunscatteredlight intensityalready
directedtowardsthesample,andthescatteredlight thathas
beenre-directedinto the sample.Becausewe calculatethe
scatteredangulardistribution of light, thesearenot handled
separately.

To modeltheattenuationof light, from onesamplingslice
to thenext, we discardall backwarddirectedlight (relative
to thedirectionof thesun)for eachscatteringevent.This is
donefor twoprimaryreasons.The�rst is thatthephasefunc-
tionshave only a weakback-scatteredcomponent.Thesec-
ondis thatthissystemperformsasingleslicingpassthrough
thevolumeand,therefore,hasno knowledgeof thedataon
future slices.Note that this is for intensity transportin the
light buffer only, andthatlight maystill bebackscatteredto-
wardstheeye in the�nal gather, describedin Section4.2.3.
Therefore,we let F l

i be the forward-scatteredcontribution
afteri scatters,i.e., theintegralover theforwardhemisphere
of Amsl

i (W).

F l
i =

Z

forward
hemisphere

Amsl
i (W)dW (23)

Let ~mWlt bethevectorin thedirectionof W. To gettheinten-
sity for thecurrentslice(I (~s+ ~mWlt D)), from theintensityon
thepreviousslice(I (~s)), for a discretenumberof scattering
events,thelight is attenuatedaccordingto Equation 24.

I (~s+ ~mWlt D) = I(~s)T(~s;~s+ ~mWlt D) +

I(~s)(1� T(~s;~s+ ~mWlt D))
n(~s)+ dbl

exDe

Õ
i= n(~s)+ 1

a(~s)F l
i (24)

Thisproductis notpracticalfor implementationongraphics
hardware.Linear interpolationis not yet availablefor �oat-
ing point textures, therefore,we implementintensity loss
for theworstcaseattenuation(highestnumberof scattering
events)in Equation25 for ef�ciency.

I (~s+ ~mWlt D) = I(~s)T(~s;~s+ ~mWlt D) +

I(~s)(1� T(~s;~s+ ~mWlt D))
�

a(~s)F l
bn(~s)+ 1+ bl

exDc

� bl
exD

(25)

This intensityvalueis calculatedandstoredin its own light
buffer, as describedin Section5. This approximationin-
troduceserrorsthat increasewith the numberof scattering
events,asthebackwarddirectedlight contribution becomes
large.Thus,ourapproximationperformsbestat theoptically
thin regions of the cloud, and for the �rst few scattering
events,wherewe wish to capture�ne angularlydependent

Figure13: Lowalbedorendering

opticaleffects,andis leastaccuratein denseinnerregionsof
thecloud.

4.2.3. Renderingwith Angular Distrib ution

To apply this result,we do a singleslicing passthroughthe
volume,collectingtheinscatteredintensityfrom thevolume
samplesinto theeyeray. For light scatteredto theeye,weap-
ply theangulardistribution functionfor onemorescattering
event thanthe expectednumberof scatteringeventsreach-
ing thissample,n(~sf + i~mWD) + 1, asthisscatteringeventis
the onethat directslight into the eye ray. Renderingwith-
out any backscatteredlight darkensthe region of the cloud
wherelight �rst strikesit; therefore,auseradjustabletermis
addedto thephasefunction,x. This termmodelstheamount
of light thesystemwill receivebackfrom multiplescattering
furtheralongthepath.If weassumefront-to-backcomposit-
ing, andthebeginningof theray to be~sf , thenEquation26
describestheaccumulationfor thepixel.

L(~s;W) =
back

å
i= front

T(~s;~sf + i~mWD)I(~sf + i~mWD) �

�
Amsl

bn(~sf + i~mWD)+ 1c(W� Wlt ) + x
�

bscaD (26)

This is a sumover samplingslabs,i, that scatterlight con-
tributionstowardstheeye. This modelallows us to capture
essentialsingle-scatteringeffects,asseenin Figures4, 5, and
6, while notsufferingfrom theprematuredarkeningthatlim-
its low-albedomodels.Observe thedarker cloud for a low-
albedolighting modelin Figure13, versusthemoreaccurate
resultsin Figure9. Note that the transparency mustinclude
bothattenuationby thevolumeandby theatmosphere.

4.2.4. Dir ect sunlight

Thedirectcontributionof thesunis addedin thedistantlight
passfor skylight. We storethetotal transparency of thevol-
umein thealphachannelof theeye buffer. This valueatten-
uatesthesunlight,asdoestheatmosphere.Thedot product
of theview andlight vectorsis thenusedto determineif the
view vector is within the 0:5 degreedisk of the sun.If so,
thisattenuatedsunlighttermis added.
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5. Implementation

WeimplementedthismodelonnVidia GeForceFX graphics
hardwareusingper-vertex andper-pixel shadingprograms,
written in nVidia's Cg shadinglanguage.We createdfour
fragmentprograms:onefor renderingthesky from theeye
to halfway throughthe volume,onefor per-slice rendering
thevolumeto theeye buffer (with Equation26), a third for
per-slicerenderingto thelight buffer (with Equation25), and
a fourth for renderingthesky from halfway throughthevol-
umeto theouteratmospherewith sunlight.We considerall
atmosphericscatteringfrom halfway throughthevolumeto
the eye as in front of the cloud, and all scatteringfurther
awayasbehindthecloud.Thisproducesthedesirableaerial
perspective effectsat a nominalcost in renderingtime. As
describedby Knisset al. [KPHE02], we compositeaccord-
ing to therelationshipbetweentheeyeandthesun.For acute
anglesbetweenthe eye and light directions,we composite
in front-to-backfashionwith respectto theeye, andfor ob-
tuseangleswe compositein back-to-frontfashionwith re-
spectto the eye. A �o w diagramfor the systemfor acute
anglesis given in Figure 7. The obtuseanglesystem�o w
simply reversesthe orderof the sky andaerialperspective
shaders.This systemuses�oating-point buffers in orderto
achieve high-dynamic-rangeresults.We usea single,large,
�oating-point buffer rendertarget with the OpenGLREN-
DER_TO_TEXTUREextension.Thisbuffer hasaneyehalf,
andalight half,whichareselectedby performingaviewport
transformation,asdescribedin Kniss et al. [KPH� 03]. By
bindingthispixel buffer asarendertargetin its own context,
weareableto readfrom andrenderto thesamepixel buffer.
This avoids the undesirableslowdown causedby copying
buffers, or context switching betweentwo setsof buffers.
According to the speci�cation, renderingto and reading
from thesamebuffer producesunde�nedbehavior. Wehave
found that if small overlappingpolygonsare renderedand
blendedin this fashion,ratherthanthe seriesof large sam-
pling polygonsusedin thissystem,thetexturecachemustbe
�ushed, or erroneousresultsoccur. Thepixel buffer texture
is usedto gatherthe light sample(I (~sf + i~mWD) in Equa-
tion 26) andthe previous eye samplefor alpha-blendingin
theeyefragmentprogram.Thistexturealsoprovidesthepre-
viouslight samplefor attenuationaccordingto Equation25.
The alphachannelof the light buffer storesthe numberof
scatteringeventsfor thatsample,n(~sf + i~mWD). Wealsouse
�oating-point texturesto storethehigh-dynamicrangemul-
tiple scatteringphasefunctions,Amsl

i (W) for all the par-
ticles, with up to 26 convolutions,at a resolutionof about
0.18 degrees.The F factorsfor up to 26 convolutions are
alsostoredin this texture,asthe light distribution is essen-
tially isotropicthereafter.

6. Results

Our systemis capableof capturingessentialoptical effects
in theatmosphere.Theseincluderainbows (Figure5), halos

Figure14: 512� 512,with 256samplingplanes,at 3.0fps

(Figure6), andtheglory (Figure4). It alsocapturestheaerial
perspective of the volume(Figure9) andsunrise/sunsetef-
fects(Figures1, 11 and12). Our hardwareimplementation
renderstheseeffects with reasonableperformance:all im-
ageswere renderedat a resolutionof 768� 768 with be-
tween64 and 512 volume samplingplanesin less than 4
secondsusinga 2.66GHz Intel Xeon processor, with 2GB
memory, anda 256MB prototypenVidia GeForceFX 6800
runningat 350MHz, with 1 GHz memory. Interactive rates
areachieved,atamarginalcostin quality, by settingtheres-
olution to 512� 512with 256samplingplanes,asshown in
Figure14. Weappliedoursystemsuccessfullyto largescale
storm simulations(Figures5, 9 and 14), microscalecloud
simulations(Figures4, 11), and cloud modelingsoftware
output(Figures1 and12).

7. Conclusion

We have developeda new systemfor the ef�cient render-
ing of many atmosphericoptical phenomena.By creating
a model basedon multiple scatteringphasefunctions for
the �rst few scatters,we have developeda renderingsys-
temoptimizedfor renderingthemany complex opticalphe-
nomenafoundin thephasefunctionsof cloudvolumes.This
modelis supplementalto moreconventionallight diffusion
approximations,andis a signi�cant componentin anatmo-
sphericrenderingpackage.Our systemis capableof cap-
turing �ne angularlydependentchromaticeffects,that can
trouble other approachesto global illumination. The scat-
teringbehavior of waterandair particlesis vastlydifferent,
and,thus,we handlethemseparately. Aerial perspective is
approximatedby consideringatmosphericinscatteringup to
halfway throughthe cloud asin front of the cloud,andthe
remainingatmosphericinscatteringas behind it. We have
successfullyshown that complex atmosphericoptical phe-
nomenamay be renderedat interactive framerateson pro-
grammablegraphicshardwarewith thismultiplemodelsys-
tem.
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8. Futur eWork

While this model can captureangularly dependentchro-
maticeffectsef�ciently , theerrorsit introduces,particularly
in the denseregions of the cloud, needto be quanti�ed.
Throughcomparisonwith Monte-Carloandotherrendering
techniqueswe will betterestablishwherethis modelis best
and worst behaved, and likely derive improvementsto the
system.In thefuture,we would like to explorethepossibil-
ity of having themultiplescatteringangulardistributionren-
deringresultsseedanotherglobalmultiple scatteringmodel
to getmaximumquality, thoughnon-interactive,renderings.
Skylight asa light sourceon thevolumewould addrealism
to this model.Adding parheliaeffectsto this systemis an-
otherpossibleextension.
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