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4.5.2 Example 4.11: Deflection and Slope of a Uniform Cantilever

A uniform cantilever beam is shown in Figure 4.44 in which a 20 kN is applied at B as
indicated. Determine the magnitude and direction of the deflection and slope at B.

E and [ are constant from A to B.

Figure 4.44

The bending moment diagrams for the applied load, a unit point load at B and a unit

moment at B are shown in Figure 4.45.
centroid of the applied load

bending moment diagram

T Hﬁmﬂﬂmmmm

80 kNm

20 kN
80 kNm
B Uil

N

A

. M for applied load.s
20 kN ;

40m ' l\y"
A B | i
1.0 M for unit vertical load at B "‘ X —e

1.0 ' 1.0
1.0 %
Zer()\ 1.0 M ¢or unit moment at B ‘1—‘ X —e
Figure 4.45
Solution:
L
Mm
O = j‘——dx
0 EI

The bending moment at position ‘x* due to the applied vertical load M =-20.0x

The bending moment at position ‘x” due to the applied unit vertical load m=-x

x=4 o0 2 37
20x |i20x } 426.67
dx = m l

=+
EI 3ET |, EI

Mm=+20x" . &=

x=0

The bending moment at position ‘x’ due to the applied unit momentat B m =~ 1.0

x=4 2 4
20x 20x 160
Mm =+ 20 S G= ——dx = =+ ——rad.
" x b IO El { 2El L £l N

xX=
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L
The product integral IMm dx can be also be calculated as:

0
(Area of the applied load bending moment diagram x the ordinate on the unit load bending
moment diagram corresponding to the position of the centroid of the applied load bending
moment diagram), e.g.
To determine the vertical deflection:
Area of the applied load bending moment diagram 4 = (0.5 x 4.0 x 80.0) = 160 kNm?

Ordinate at the position of the centroid 1 =2.67Tm
L L

ij dx = (160 x 2.67) = 426.67 s Sy = I_A_fﬂdx =4 426.67 l
0 s El El

To determine the slope:
Area of the applied load bending moment diagram A4 = (0.5 x 4.0 x 80.0) = 160 kNm?

Ordinate at the position of the centroid »=10

L L

[Mm dx = (160 x 1.0)= 160 woy= (Mg =y 190 \
0 5 El El

4.5.3 Example 4.12: Deflection and Slope of a Non ~Uniform Cantilever

Consider the same problem as in Example 4.11 in which the cross—section of the cantilever
has a variable EI value as indicated in Figure 4.46.

Figure 4.46

The bending moment diagrams for the applied load, a unit point load at C and a unit

moment at C are shown in Figure 4.47.
80 kNm _
LSE] = ]

-
| M st o e

4.0m

Y3 :

TR — . .

TN

if T
M for unit vertical load at B ¢ X ®
1.0y » ¥ 1.0

10 , T '
B e
: - Ll :
ZCI'O\ L5ET 1.0 H for unit moment at B "% X — ¢

Figure 4.47
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= ]—Ag dx
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In th|s case since (Mm/ET) is not a continuous function the product integral must be

evaluated hetween each of the dlscontlnumes i.e. CtoB and B to A.

IM”l(IA _ Mm a’x + J~Mm dr

3 1.5E1
Consider the section from Cto B: 0<x<2.0m
M =~ 20x m=—x S Mm=+20x°
32
J‘@dx _ J‘20x Ay = 20x — 53f33 m
3EI El

Consider the section from Bto A: 2.0 < x < 4.0 m

M=-20x m=—x oo Mmo=+ 2052
Mm 2042 205 | [20x4® 20x2° 248.89
—dx = I dx = = - =+ m
3 El 5 |.5E1 4.5E] 5 4.5E1 4.5E1 El
= 53.33 N 248.89 _ 302.22 m l
El EI El
Similarly to determine the slope
L
HC:JE d)c=J‘ LSIdx
Consider the section fromCtoB: 0 < x < 2.0 m
M=-20x m=-1.0 Mm =20x
2
J‘me_ &dx: 20x _ 400rad
2FE] 1
Consider the section from Bto A: 2.0 < x < 4.0 m
M=—-20x m=-1.0 S Mm = 20x
4 2}
Izox ge = | 2007 | 20x47 20x2? _, 800
1.5E1 3.0E1 |, | 3.0EI 3.0EI EI

_, 400 800 1200 \

R gc
EI El EI
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Alternatively, the applied bending moment diagram can be considered as a the sum of the
areas created by the discontinuity. (In most cases this will result in a number of recognised
shapes e.g. triangular, rectangular or parabolic, in which the areas and the position of the
centroid can be easily calculated).

The deflection can then be determined by summing the products (area x ordinate) for each
of the shapes.

Ay = (0.5 x 2.0 x 40.0) kNm?, »=1333m, . Ay =53.32 kNm’®
A> = (2.0 x 40.0) kNm?, y»=3.0m,- . A2yr =240.0 kNm’®
A3 = (0.5 x 2.0 x 40.0) kNm?, y3=3.333 m, . Ay =133.32 KNm®

L
S = j-"%dx = (53.32/ED) + (240.0/1.5EI) + (133.32/1.5E) = + (302.22/El) m l
0

The slope can then be determined by summing the products (area x ordinate) for each of
the shapes.

Ay =(0.5x2.0 x 40.0) kNm?, = 1.0, . Ay =40.0 kNm®
A= (2.0 x 40.0) KNm?, »=1.0, ». A2y> = 80.0 kNm®
A;=(0.5 x 2.0 x 40.0) kNm?, y3= 1.0, -, Asys = 40.0 kKNm®

L
&= j%dx = (40.0/E1) + (80.0/1.5EI) + (40/1.SED) = + (120.0/ED) rad. "\
0

4.5.4 Example 4.13: Deflection and Slope of a Linearly Varying Cantilever

Consider the same problem as in Example 4.11 in which the cross-section of the cantilever
has an I which varies linearly from I at the free end to 27 at the fixed support at A as
indicated in Figure 4.48. Determine the vertical displacement and the slope at point B for
the loading indicated.

20 kNl

i B

N\
Va 12.0E1 4.0 m

. Figure 4.48
'4— X —e

The value of I at position ‘x’ along the beam is given by: I+ I(x/L) =1 (L + x) /L.

In this case since the I term is dependent on x it cannot be considered outside the integral
as a constant. The displacement must be determined using integration and cannot be
calculated using the sum of the (area x ordinate) as in Examples 5.11 and 5.12.



1.0

1.0
A ) 8
3 El

Figure 4.49

Solution:

The bending moment at position ‘x’ due to the applied vertical load
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80.0 kNm

” ,” [ H mﬂmﬂﬂ”””'I'l'lﬂl‘lﬂnﬂmmm.,..‘

My, applied loads *‘ x ¢
40m

M ror unit vertical load a1 3 < +
1.0

M for unit moment at B

—

M=-20.0x

The bending moment at position ‘x* due to the applied umt vertical load m=-x

x=4 2 x=4
Mm=+20x> . &= J 20x 'L dx = 20L I
% EI(L+x) (L+x)
Letv=(L +x) Sx=W-=L) dx=dv and Z=- 5%
when x=0 v=L=40 and when x=4 v=(L+4.0)=8.0
20L%F &2 _ 80.0"7 (v-4. o) _80.0"7 (v2 ~8.0v+ 16-0)
O = _[ .[ I dv
El 2 (L+x El o v
80.0" 16.0), _ 80.0 8o
=—— ||[v-8.0+—=|av = 222 ——8v+16 Olnv
EI v El| 2
v=4 v=4.0
2 2
- 30.0718.0° ~(8x8)+16.0/n8 |- ﬂ—(8x4)+16.01n4 =+ 24720 l
El'|| 2 2
The bending moment at position ‘x’ due to the applied unit moment at B m=-1.0
20xL _20L"
Mm =+ 20 =
Moy G -[EI )™ I(LH)
x=4 v=
4.0
g, = 20L = 800 I(v ) ,, _ 80.0 (1—ﬂjdv
EI (L+x) EI v
x=0 v=4
_ 80.0 =8.0 _ 80 o 98.19
o =402y = =2 8.0-4.008]-[4.0 - 4.0ma]} =+ = rad. \y
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4.5.5 Example 4.14: Deflection of a Non-Uniform, Simply-Supported Beam

A non-uniform, single-span beam ABCD is simply-supported at A and D and carries
loading as indicated in Figure 4.50. Determine the vertical displacement at point B.

15 kN 6 kN/m

Va 20m 40m J 20m . Vo
|
Figure 4.50

The bending moment diagrams for the applied load, a unit point load at B are shown in
Figure 4.51.

The beam loading can be considered as the superposition of a number of load cases each
of which produces a bending moment diagram with a standard shape. Since there are
discontinuities in the bending moment diagrams the product integrals should be carried out
for the three regions A to B, D to C and C to B.

6 kN/m

A B C D
zero 12.0 kN 120kN  zero 12.0kNm l‘_ x ‘*

12.0 kN 12.0 kN M or applicd 1oads
C D
24.0 kNm 24.0 kNm
+'— X "l Mforapplicd loads 1‘—— X ‘-+
15 kN
A B l C D A B C D
,\&\ El 2E] EI % 3 WHMHHWEW
11.25 kN 3.75kN
22.5kNm
X ._yi < X
1.0 F M g applied loads
A B l C D A B C D
s El 2Bl El 3% P ’?53/
i B 333m
0.75 0.25 1.0 m\iv/‘rl’.() o
1.5m

Figure 4.51 M g5 unit vertical load at B
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Solution:
It is convenient in this problem to change the position of the origin from which *x" is
mcasurcd for the diffcrcnt rcg,ions A-B, D C and C-B as shown in Figurc 4.51.

Mm
El

o= Mcr— JMm J.M—”id +

Consider the section from AtoB: 0<x<2.0m

M=(12x +11.25x)=23.25x m=+0.75x s Mm=+17.44 X
B 2 2 3PP 3

M’ldx _ J'I7.44x Ay = 17.44x _|17.44x2 - 46.51 m
Y El 3EI |, 3EI EI

Consider the section from Dto C: 0<x<2.0m
M— (12x +3.75x) = 15.75x m=+025x .. Mm=+3.94

2 172 3
J———dr _ J‘3.94x Ay = 3.94x _ 3.94x%x2 - 10.51 -
; EI 3EI o 3EI EI
ConS|der the section from CtoB: 2.0 < x < 6.0 m

M= [12(x = 2) = 6(x — 2)*/2] + [12x — 12(x = 2)] + 3.75x = (27.75x = 3%* - 12)
m=+0.25x 5 Mm = (6.94x — 0.75x° - 3x)

bm | {6.945 —0.75x" - 3x) [6.94)& 0.75x* 32 T
—dx = J- dx = -

L El J 2EI 6EI  8EI  4EI |
_[694x6° 0.75x6' 3x67 | [6.94x2' 0.75x2' 3x2?
6EI 8EI  AEI 6EI 8EI 4Ll
96.59
=+ m

El
5= (46.51+10.51+96.59J _ 15361 l

El El El El
Alternatively: considering X (areas x ordinates)

: > TP
A [ A4
M iyt applicd 1oads 24.0 kNm 24.0 kNm
M for applied loads
A B A B C D
AS%[” Jiit JHS 7.5 kNm Hi N i i —""05m s
22.5 kNm A I.5m ~

M g, applied loads Figure 5.52 M fyr ynit vertical load at B
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A, =(0.667 x 4.0 x 12.0)kNm®, 3 =1.0m, s A =32.0 kNm’
Ay = (0.5 x 2.0 x 24.0) kNm®, y2=1.0m, . Awvr=24.0 KkNm’
Ay = (4.0 x 24.0) kNm?, y3=1.0m, <. Ayv3 =96.0 KNm’
Ay = (0.5 x 2.0 x 24.0) kKNm*, 33 =0.333m, - Agrq= 8.0 kNm’

As = (0.5 x 2.0 x 22.5) kNn?*, ys=1.0m, o Asps =22.5 kNm’
Ao = (0.5 x 4.0 x 15.0) kNn?*, y6=1.167 m, . Agve=35.0 KNm’
A7 = (4.0 x 7.5) KNm?, y7=1.0m, <. Ay2=30.0 kNm’
Ag = (0.5 x 2.0 x 7.5) kNm”, yg=0.333 m, o Agyg =2.5 kNm’

L
S = j Mm 1 = (32,0121 + 24.0/ED) + (96.012ET) + (8.0/ET) + (22.5/El) + (35.012E1)

v

P

0
+(30.02E0) + (2.5/EI) - & =(153.5/E)m l

4.5.6 Example 4.15: Deflection of a Frame and Beam Structure

A uniform beam BCD is tied at B, supported on a roller at C and carries a vertical load at
D as indicated in Figure 4.53. Using the data given determine the vertical displacement at
point D.

M. 1.5 m . N 2.0 m [T S
B lc )
(,,,‘_,,y.! T T T PR AR R AR T R ; RO A
A $ y
Ve
5.0kN
Member Properties:
LIE§ E beam = 10.5 kN/lnm2
- #— Tie member I beam = 450 x 10° mm*
E .= 80 kN/mm?>
A e =300 mm’
A e O A
Vi%a Figure 4.53
Solution:
Consider the rotational equilibrium of the beam:
+ve)2MA=O - (Vex 1.5)+(5.0x3.5)=0 o Ve=11.67kN T
Consider the vertical equilibrium of the structure:
+vefZFy=0 VatVe-50=0 VA=—6.67kNl

Since the structure comprises both an axially loaded member and a flexural member the
deflection at D is given by:

L
(3‘): (Eu) + (J'_AZ'_dex]
Member AB | Member BCD
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Member BCD Properties:
C D E yean = 10.5 KN/mm?

B
PSR T ? L L I T L L I L 1 ! peam = 450 x ]()(’ mm’l
11.67 kN S.0KkN Member AB Properties:
E e = 80 kN/mm?®
+6.67 kN ~10.0 kNm A e = 300 mm?
A B C D
: . s
6.67 kN + —.' !‘
B C "D Applied Load Effects: Pand M

Szt 0 KT R TR S Flf'mm‘ﬁ?ﬂi R L TR R T A

2.33 kN 1.0

+1.33 1.333m \!\313\m
R B ' C D
o ]
1.33 Figure 4.54 Unit Load Effects: 4 and m
&uj = [Mx].ﬁ) =+0.55 mm
AE Member AB 300x 80

L C

I Mm dx - J' Mm dx J'_ dx
EI El

0 Member BCD B

Consider the section fromBto C: 0<x<1.5m
M=-667x m=-133x .. Mm=+8.87x°
|

c ] 2 3713 3
Mm 8.87x 8.87x 29.94 %10
__dx ] J‘ dx = = | - -

4 EI EI 3x EI o 3x10.5%x450

J=+2.]1mm

Consider the section fromDtoC: 0< x < 2.0 m

M=~50x m=-10x S Mm=+5.0 %
2
3 3
3EI 0 3x10.5x450
PL L vim
= (ZE”) + f——dx =(0.55+2.11 +2.82) = + 5.48 mml
Member AB 0 Member BCD
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In the previous examples the product integrals were also determined using:

(the arca of the applied bending moment diagram x ordinate on the unit load
bending moment diagram).

In Table 4.1 coelficients are given to enable the rapid evaluation of product integrals for
standard cases along lengths of beam where the £/ value is constant.

L
Product Integral Jﬂgl dx = |Coefficient x a x b x L|/EI
0
L L L L
m
u b b l/ \I 5 \/
L
1.0 0.5 0.5 0.5
a
L
a JJ-W 0.5 0.333 0.167 0.25
L
Wﬁ a 0.5 0.167 0.333 0.25
L

0.5 0.25 0.25 0.333

N4
“W W 0.667 0.333 0.333 0.417

“ “mﬂl]rm__ 0333 0.25 0.083 0.146
‘_ﬂﬁﬂﬂm’“ 0333 0.083 0.25 0.146

Table 4.1

Consider the contribution from the beam BCD to the vertical deflection at D in
Example 4.15.

L
Product Integral I% dx =X [Coefficient x a x b x L)/EI

0
From (B toC)+(Dto C)=1[(0.333 x 10.0 x 2.0 x 1.5) + (0.333 x 10.0 x 2.0 x 2.0)/EI

=+23.31/E] i.e.same as [(2.11 + 2.82] calculated above.
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4.5.7 Example 4.16: Deflection of a Uniform Cantilever using Coefficients

A uniform cantilever beam is shown in Figure 4.55 in which a uniformly distributed load
and a vertical load is applied as indicated. Using the coefficients in Table 4.1 determine
the magnitude and direction of the deflection at D.

My 40KN/m 12 kN

D £ and / are constant.

20m | 20m
6.0 m Figure 4.55

The bending moment diagrams for the applied loads and a unit point load at B are shown
in Figure 4.56. 48 kNm

i

R
M for point load

0.75L
8OKkNm  4.0KN/m ”ﬂ%ﬁ.\ L]

A 3 B C D
i M i upL |<— X —+

6.0 m 40
Uum
Tir———_20m
M for unit vertical load at D ¢ X +

Figure 4.56

Solution:

Consider the unit load bending moment diagrams for both applied loads as the sum of
rectangular and a triangular area as shown.

48.0 kNm Point Load Bending Uniformly Distributed l.oad
Moment Diagram Bending Moment Diagram
8.0 kNm ]]I

6.0 m 6.0 m
. 40m|-2C :] ..... A0m

S, point toad = [(0.5 x 48.0 x 2.0 x 4.0) + (0.333 x 48.0 x 4.0 x 4.0)/EI = 447.74/EI
So.upe =[(0.333 x 8.0 x 4.0 x 2.0) + (0.25 x 8.0 x 2.0 x 2.0)/EI =29.31/EI
Sorow = (447.74 +29.31) /EI = + 477.05/EI

2.0m
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4.5.8 Problems: Unit Load Method for Deflection of Beams / Frames

A series of statically-determinate beams/frames are indicated in Problems 4.16 to
4.23. Using the applied loading given in each case determine the deflections indicated.
The relative values of Young’s Modulus of Elasticity (E), Second Moment of Area )
and Cross-scctional area (A4) are given in cach case.

----- - 24 KN/m

I G B R T S L e AL e
c =
N AR
Vi 3.0m Jljm ;

7.5m

Determine the value of the vertical deflection at B given that £/ = 50.0 x 10> kNm?

Problem 4.16

20kN  — 8 KkN/m
T

D 2.0m
y
45
Determine the value of the vertical deflection at B given
Eveam=9.0 kKN/mm? Tveam = 14.6 x ]0 mm*
E AEandCD = 170 kN/mm 4 AAE =80 mm ACD =120 mmz
Problem 4.17
120 kN 20 kNl
<R E[ ] SEI l SEI El TR e R T ;\\
Vaj 20m | 3.0m J 2.0m 4.0m Ve
R | |
T 7.0 m
N

The EI value of the beam ABCD varies linearly from £ at the supports A and D to 1.5E]
at B and C respectively and is constant between B and C.

Determine the value of the vertical deflection at B given that £/ = 15.0 x 10°> kNm?

Problem 4.18
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—-= 10 kN/m

30m l\ 20m \LOSm

80

Determme the value ofthe vertical deﬂectlon at G given that EI= 5.0 x lO3 kNm

Problem 4.19

SkKN 15 kKN/m
A ET B 1.5E1
N
VB
20m | 60m
. o _80m e

Determine the value of the vertical deflection at A glven

Eveam = 205 kKN/mm?> Toeam= 60.0 x 106 mm*
ECD =205 kN/mm ACD =50 mm

Problem 4.20
——4 kN/m 15 kN
H] HHHH IHUUI[‘[H’Il_f!'['}[]m]ﬂ‘,,_ lv,
R — B e c

Determine the value of the vertical deflection at C
given:

Epeam =205 KN/mm®>  fyeqm= 90.0 x 10° mm*

Egp =205kN/mm®  dgp = 1500 mm?

2.0m ,. Problem 4.21
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-~ 6 kN/m
Ha . RANRIRRRERIREERERRLARERIRHAN0NERNNRRNERRARANRRRARRREARIFOTENONI
R R A R Y A SR R TR TR AN DY
_$e. El
N A B ' C D
12 kN
pin-jointed frame
30m J _ 30m
N
9.0 m |
Determine the value of the vertical deflection at D given:
Epeam = 205 kKN/mm? Joeam = 500.0 x 10° mm*
EAll frame members — 205 kN/mm2 AAll frame members — 4000 mm2
Problem 4.22
D o&— 40 kN .

pin-jointed frame

40m 4.0m 40m ‘

The EI value of the cantilever ABC varies linearly from 2E at the fixed support to E/ at B
and is constant from B to C.

Determine the value of the vertical deflection at F and at C given:
El anitever anc = 1080 x 10° kNmza EA 1 frame members = 300 % 10° kN

Problem 4.23
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4.5.9 Solutions: Unit Load Method for Deflection of Beams / Frames

Solution
Topic: Statically Determinate Beams/Frames — Deflection Using Unit Load
Problem Number: 4.16 Page No. 1

— 24 kN/m

S T
A B ' TC oD p
8 NN
Va 3.0m 30m J 1.5m Vb
N

Determine the valuc of the vertical deflection at B given that £/ =50.0 x 10° kNm?>

Support Reactions
Consider the rotational equilibrium of the beam:

e JIMy=0  +(24.0 x 3.0)4.5) — (Vp x 7.5) = 0 . Vo=+432kN T

Consider the vertical equilibrium of the beam:
+vef XF,=0 VA~ (24.0x3.0)+ V=0 s Va=+28.8 kN T

24 kN/m

Applied load

Unit load

L
Mm
= |—dx

% 0 EI

(Mm/EI) is not a continuous function and the product integral must be evaluated
between each of the discontinuities, i.e. A to B, D to C and C to B,

L B C B
5= [Mm . - Iﬁfﬁdﬁ j@dﬁ j@dx
5 El y EI 5 El c El

Consider the section from Ato B: 0 <x<3.0 m
M=+288x m=+06x 5 Mm = 17.28x*

B vm 317.082 17285 T 155.52
JRTE g ) e

ATI El 3EI El

0
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Solution
Topic: Determinate Beams/Frames — Deflection Using Unit Load
Problem Number: 4.16 Page No. 2

Consider the sectionfromDtoC: 0<x<1.5m
M=+432x m=+0.4x S Mm=17.28x"

“Mm 317282 17285 17 19.44

—m
El 3E] El

0

Consider the section from Cto B: 1.5<x<4.5m

M =+432x - 24(x — 1.5)%2 = 43.2x — 1227 - 3x + 2.25)
=—12x*+79.2x - 27.0

m=+0.4x

Mm=-4.8¢+31.68x* - 10.8x

5

485 +31 2 4 3 274
J‘ 8x"+31.68x —lO.8xdx _ _4.8x +3].68x _]0.&\
EI 4E] 3EI 2E]1

4

1.5 1.5

_(,360.86 17.42] _ +343,44
El El EI

[ 155.52 19.44 343.44} 518.4 5184
. §B= + + + = =

m =10.37 mm l

EI EI EI El  50.0x10°
Alternatively:

53 = Z(Area applicd bending moment diagram X Ordmate unit load bending moment diagram)

e 24 KN/M
B

4, WIRIII>

27.0 kNm

36.0 kN 36.0 kN zero

M for applied loads
36.0 kN 36.0 kN

B

T

A3

N

86.4 kNm Ay 64.8 kNm

M for applied loads

Y2

1.8 m
M for unit vertical load at B
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Solution
Topic: Determinate Beams/Frames — Deflection Using Unit Load
Problem Number: 4.16 Page No. 3

=(0.667 x 3.0 x 27.0) kNm?*, y,=1.2m, - Ay = 64.83 kNm®
=(0.5 % 3.0 x 86.4) kKNm?, y=12m, - Ayr=155.52 kNm®

A= (3.0 x 64.8) KNm’, yy=12m, o Ays =233.28 kKNm’
A4—(05x30x216)kNm’ ya=1.4m, .-.A.v1 4536 kNm®
As=(0.5x 1.5 x 64.8) kKNm?, ys=0.4m, . Asys = 19.44 kNm®

8, = (64.83 + 155.52 +233.28 + 4536 + 19.44)/50.0 x 10° = 0.0104 m = 10.37 mm l

Using the coefficients given in Table 4.1:
30m

Area A,: WHI”HW
[.8m

27 kNm

0.6m

LMm

=[(0.667 x 27 x 0.6 x 3.0) + (0.333 x 27 x 1.2 x 3.0))/EI = 64.78/EI
0 30m

Area A wﬂmﬂ[ﬂ:ﬂ ‘il e

L 86.4 kNm

IAZ’[” dx =(0.333 x 86.4 x 1.8 x 3.0/EIl = 155.36/EI
0 30m

'w 0.6 m
Area As: 18

8m

64.8 kNm
J—dr = (10><648x06x30)+(05x648x12><30)]/L7 233.28/ET

3.0m
Area Ay

[.8m

21.6 kNm

IM”’ dx =[(0.5x21.6 x 0.6 x 3.0+ (0.333 x 21.6 x 1.2 x 3.0)//EI = 45.33/EI

I.5m
Area As: W [—
0.6 m
64.8 kNm

j Mm e = (0333 x 64.8 % 0.6 x 1.5)EI = 19.42/EI

&= Z (Coefficientx axbx L)/ EI
o = (6478+15536+23328+4533+]942)/500><103—00]02m—102mml
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Solution
Topic: Determinate Bcams/Frames — Deflection Using Unit Load
Problem Number: 4.17 Page No. 1

Determine the value of the vertical deflection at B given:

Epeam = 9.0 kKN/mm?, foeam = 14.6 x 10° mm*

Eapandcn= 170 KN/mm®>  Axz =80 mm?, Acp =120 mm?

EI=(9.0 x 14.6 x 10°)/10°=131.4 x 10° kNm*

AEn:=(80.0 x 170.0)=13.6 x 10° kN ;  AEcp =(120.0 x 170.0) =20.4 x 10’ kN

L
PL
oy = I@dx +Z(———UJ
o El AE ) ag.cp

Consider the beam ABC:
Support Reactions
Consider the rotational equilibrium of the beam:

+ve ) EMp=0 + (8.0 x 8.0)(4.0) + (20.0 x 4.0) ~ (V- x 8.0) = 0

o Ve=+420kN T

Consider the vertical equilibrium of the beamn:
tved TF, =0 + V5 —20.0 - (8.0 x 8.0) + V=0 o Va=+420kN

Applied loads

C

Unit load
kS 88

0.5
X g
(Mm/EI) is not a continuous function the product integral must be evaluated between
each of the discontinuities, i.e. A to B and C to B.

O = T—Aglﬁdx = J-AI/I; x
0 A
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Solution
Topic: Determinate Beams/Frames — Deflection Using Unit Load
Problem Number: 4.17 Page No. 2

Consider the section from A to B: () <x<4.0m
M=+ 42.0x - 8.0x%/2 = 42.0x — 4.0x° m=+0.5x
Mm = (42.0x — 4.0x%)(0.5x) = 21.0x2 — 2.0,

4

B 2 3 3 47
ij 21.04% = 2.0x [ZI.Ox 2.0x J 320.0
2o = I d _

= =+ m
El 3E1 4E] El

0

Consider the section from Cto B: 0 <y <4.0 m
M=+42.0x - 8.0x*/2 = 42.0x — 4.0x° m=+ 0.5y
Mm = (42.0x — 4.0x%)(0.5x) = 21.0x2 = 2.04°

2FE] 6ET 8LI El

B 4 2 3 3 47}
J'%dx _ J'Zl.Ox 205 =[21.0x 2.0x ] _, 160.0

0 0

L
j@dx _ (+320.0+ 160.0) _ 4800 4800 . o

EI EI El 131.4%x10°

Consider the columns AE and CD:

A
42.0 kN

Member AE:

I'QJE gpﬁllcc! zﬁlal;oad PAE:SZS.O kN Member CD: =
D D nitaxialload — uap = 0. Applied axial load Pep = 42.0 kN 20m
Unit axial load  ucp=0.5 p

Z(ﬂu] :(42.0><1000x0.5J +[42.o><2000><0.5]
AE AE.CD AEpg AEqp,

3 3
_[2roxio) 200 ) ) 5442.06=3.6 mm
13.6x10 20410

L
OMm x + Z(%u

J =3.65+3.6="7.25 mm l
AE.CD
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Solution
Topic: Determinate Beams/Frames — Deflection Using Unit Load
Problem Number: 4.17 Page No. 3

Alternatively for the beam ABC:
di = E(Arca applicd bending moment diagram X Ordinatc unit load bending moment diagram)
- 8 kN/m

16.0 kNm M for applied loads

il

M gor applied loads 16.0 kNm 2

16.0 kN

A B C
26.0 kN 26.0 kN W
A3 A4

104.0 kNm

M for applied loads

i

'y s Y4

M o1 unit vertical load at B

A1 =(0.667 x 4.0 x 16.0) kNm?>, y,=1.0m, s Ay =42.69 kNm’
A>=(0.667 x 4.0 x 16.0) kNm%,  y,=1.0m, - Ayyr = 42.69 kNm®
A3=(0.5x4.0x 104.0)kNm%,  y;=133m, .. A3y;=276.6kNm’
As=(0.5x4.0x104.0)kNm’,  y,=133m, .. Ags=276.6 kNm’

L
J.% dx =1(42.69 + 276.6)/EI + (42.69 + 276.6)/2E1] = 478.9/E1
0
Using the coefficients given in Table 4.1:
g Mm B B
.[de = ZA(Coeﬁicienr xaxbxL)/El + ZC(Coef/icient xaxbxL)/2El
0
=(0.333 x 16.0 x 2.0 x 4.0)/ET + (0.333 x 104.0 x 2.0 x 4.0)/ET

+(0.333 x 16.0 x 2.0 x 4.0)/2E1 + (0.333 x 104.0 x 2.0 x 4.0)/2E!
=479.5/ET




Beams 231

Solution
Topic: Dcterminate Beams/Frames — Deflection Using Unit Load
Problem Number: 4.18 Page No. 1

20 kN 20 kN

y

The ET value of the beam ABCD varies linearly from E/ at the supports A and D to
1.5E7 at B and C respectively and is constant between B and C.
Determine the value of the vertical deflection at B given that £/=15.0 x 10°> kNm’

Consider beam ABCD:

Support Reactions

Consider the rotational equilibrium of the beam:

+ve) ZMA=0 +(20.0x2.0)+(20.0x5.0)-(Vpx7.0)=0 .. Vp=+20.0kN T
Consider the vertical equilibrium of the beam:

+ve} TF=0 +Vp-20.0-200+¥p=0 nVa=+200kN 1

20 kN

Applied load

Unit load

(Mm/EI) is not a continuous function and the product integral must be evaluated
between each of the discontinuities, i.e. A to B, D to C and C to B.

O =

Consider the section fromAtoB: 0 < x < 2.0m

M=+200x m=+07lx .. Mm=142x

Also

The EI value varies linearly between A and B and at distance ‘x’ from A is given by:
EI(1+0.25x)
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Solution
Topic: Dcterminate Beams/Frames — Deflection Using Unit Load
Problem Number: 4.18 Page No. 2

Ij‘Mm __J' 14.2x

— X = ——“———:)———— X

o E JEI(1+0.25x)

Letv=(1+025x) .. x=40(v-1), dr=4.0dv and »*=16.0(v-1)

when x=0 v=10 and when x=2 v=(1+05)=1.5

Mmdx =142x"=[14.2 x 16.0(v — 1)’] x 4.0dv = 908.8(v — 1)* dv
]— 14.2x7 _ 908. s‘js(v—l) o 908.8”‘}5(“—2-0"“-0)
; (l+025x El

v=1.0 v=1.0

dv

v

v=|.5
dv = —9—O—§—8- ——2 Ov+inv
El | 2

v=1.0

_(2.0xl.5)+lnl.5]—[l'§- —(2.0>< 1.0)+lnl.0:|}

Consider the section fromDto C: 0<x<2.0 m
M=+200x m=+029x .. Mm=58¢
Also
The EI value varies linearly between D and C, and at distance x from A is given by:
EI(1+0.25x)
2

9 2
@dx _ J- 5.8x o
H EI 0E1(l+0.25x)

Letv=(1+025x) ..x=40v—-1), dc=4.0dv and X*=16.0(v-1)
when x=0 v=1.0 and when x=2 v=(1+0.5)=1.5

Mm dx =5.8x=[5.8 x 16.0(v — 1)’] x 4.0dv=3712(v - 1)’ dv

dv = dv

T2 E =) 3T, 2‘T(v2 ~2.0v+1.0)

‘/7 ’
v=1.0

3—712[——2 0v+lnv}
El
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Solution
Topic: Determinate Beams/Frames — Deflection Using Unit Load
Problem Number: 4.18 Page No. 3

2 2
= 37'-2{[L5__(2.0x|.5)+1nl.5}—[5)—-(2.0x1.0)+1nl.0”
2 i

Ll 2

Consider the section from Cto B: 2.0<x<5.0m
M=+20.0x-20.0x-2.0)=40.0 m=+0.29 SoMm=11.6x

Y 1.6 1.6xX| 812
m dx - J’ . xdx - 0Ox =+ .
JUSEI 1.5E] 3.0E] £l

2

m
2

Consider the cantilever beam DE:

20 kN 80 kNm
D _____l—— \ E

2E1
40m 20.0 kN

—
M=-20.0x m=-0.20x S Mm=+58x"

402 37
b= [ dx=[5.8x } _, 6187

2E1 61 El

0 0

m=12.14 mm 1

27.69 1131 81.2 61.87) 182.07 182.07
+ + + + = =
EI EI  EI EI EIl 15.0x10°

Alternatively:

233

Sections A to B and D to C must be carried out using the product integrals as above
The terms relating to the central section C to B and the cantilever beam D to E can
also be evaluated using the product (area x ordinate) or the Coefficients given in

Table 4.1 since the E7 value is constant along these lengths.

The reader should carry out these calculations to confirm the results.
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Solution
Topic: Determinate Beams/Frames — Deflection Using Unit Load
Problem Number: 4.19 Page No. 1

10 kN/m 20 kN

RN AR
D

Determine the value of the vertical deflection at G given that £/ = 5.0 x 10° kNm?

8.0m

Support Reactions
Consider the rotational equilibrium of the beam:

+ve JEMg=0  +(20.0x4.0)+(8.0x 6.5 (Ve x6.0)=0 .. Vy=+22.0kN T

Consider the vertical equilibrium of the beam:
el BF,=0 4 7/3-(100%x20)-20.0-80+ V=0 - Vg=+260kN |

8 kN
Applied load

26.0kN
X

Unit load

(Mm/ET) is not a continuous function and the product integral must be evaluated
between each of the discontinuities, i.e. Ato B, Bto C,CtoD,Dto E, G to F and
Fto E

& = Mm J‘ j_d N J'Mm I_d . J'Mm de + J._d)‘
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Solution
Topic: Determinate Beams/Frames — Deflection Using Unit Load
Problem Number: 4.19 Page No. 2

Consider the section from A to B: 0 £x<1.0m
=—10.0x°2 m = zero .o Mm = zero

Consider the section from B to C: 10<x<2.0m

M =—10.0x%/2 +26.0(x - 1.0) = (= 5.0x* + 26.0x — 26.0)

m=-0.167(x - 1.0)

Mm = [(~ 5.0x" +26.0x — 26.0)] x [ - 0.167(x— 1.0)]
=(0.84x" - 5.18x> + 8.68x ~ 4.34)

“Mm 20.84x> —5.18x7 + 8.68x — 4.34
J' My = j d
B |

El 2 EI

4EI  3EI = 2EI  EJ R

_[08ax si8x ges? 434’ [ 177 (J.sz) _ 025
) EI

Consider the section from C to D: 20<x<50m
M=—(10.0 x 2.0)(x - 1.0) +26.0(x - 1.0)=+ 6.0(x - 1.0) =-0.167(x - 1.0)
Mm =6.0(x — 1.0)(— 0.167x + 0.1 67) = (- X+ 2.0x — 1.0)

_ (_21.67 ~ 0.67) _ 2234
El

Consider the section from Dto E: 5.0 < x <7.0m

M=—(10.0 x 2.0)(x — 1.0) + 26.0( x - 1.0) - 20.0(x — 5.0) = (- 14.0x + 94.0)
=-0.167(x - 1.0)

Mm = (- 14.0x + 94.0)(- 0.167x + 0.167) = (2.34x% — 18.04x + 15.7)

El El 3E] 2E] ET

E
J-M”—Idx
D 5.
_64.54_ _49.5 =_15.04
EI El EI

7.0 2 3 2 7.0
2.34x% —18.04x+15.7 [2.34)( 18.04x 15.71
dx = - +
0

5.0
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Solution
Topic: Determinate Beams/Frames — Deflection Using Unit Load
Problem Number: 4.19 Page No. 3

Consider the section fromGtoF: 0<x<0.5m
M 7ero m=-—x .. Mm = zero

_[———dx = ZCro

Consider the section from FtoLE: 0.5 < x < 1.0m
M =—8.0(x—0.5) m=—x o Mm=(8.0x" —4.0x)
1.0
ijdx _ 'js 02 -40x , _[80x" 4.0¢ " [ 067 ( 0.17) _, 084
! 3EI 2EI | E El El

0.

5 = (ﬁo.25_22.34_ I5.04+O.84J __3679 3679 _ s “"“T

El  EI  El  El El 5.0x10°
Alternatively:
&} = Z(Area applied bending moment diagram X Ordinate unit load bending moment diagram)

r ------ - 10 kN/m

A B C

RN

10.83 kN
5.0 kNm

5.0 kN 5.0 kN

A; 1.25kNm M o applied loads

I5.0 kN
4.17 kN

Wﬂﬂmmmmmmm{m{m Jgilmj.IIMJu.uummum

4,17 kNm M for applied loads




)

Beams 237

Solution
Topic: Determinate Beams/Frames — Deflection Using Unit Load
Problem Number: 4.19 Page No. 4

| 20 kN

A B C El D
6.67 kN

.Mwmmuufl}yMUlHUﬁl H““““H “

26.67 kN
M for applied loads m

ISkN

El D Es F G

4.0 kNm

11| ﬂTﬂﬂﬂﬂTmﬂﬁmmm{Wmmm mwm”m

, 4

M for applicd loads

0.167 kN 1.167 kN

1.0
m ¥

Yse6
—1

Y2
ol

M for unit vertical load at B

A, = not required since  y; =zero

Ay =—(0.5x6.0 x 5.0)=— 15.0 KNm’, ¥, =-0.33m 5 Ay, =+5.0 kNm®
A3 =(0.667 x 1.0 x 1.25) = 0.83 kNm? y3=-0.08 m . Ay =—0.07 kNm®
A1=(0.5x1.0x4.17)=2.35 kNm>, ya=-0.11 m o Aya=-026 kNm®
As=(0.5x 5.0 x4.17) = 10.43 KNm?, ys=-0.45m . Asps =—4.69 kKNm’
As=(0.5x4.0 x26.67)=53.34kNm’,  y,=-0.45m - Asye = —24.0 kNm®
A7=(0.5 x 2.0 x 26.67) = 26.67 kNm>, y7==0.78 m . A7y =—-20.8 kNm’
Ag=—(0.5% 6.0 x 4.0)=—12.0 KNm?, yg=—10.67 m . Agyg =+ 8.0 kNm®
Ag=—(0.5%0.5x4.0)=— 1.0 kNm?, y9=—0.83 m <. Aoyo =+ 0.83 kNm’




238  Examples in Structural Analysis

Solution
Topic: Determinate Beams/Frames — Deflection Using Unit Load
Problem Number: 4.19 Page No. 5

0
=(+5.0-0.07 - 0.26 - 4.69 — 24.0 - 20.8 + 8.0 + 0.83)/EI
i =—35.99/E1 =~ (35.99/5.0 x 10°) m = — 7.20 mm T

Using the coefficients given in Table 4.1: & = Z(I;(Coej}‘i('ient Xaxbhbx L)/ El

Area Ay |——dx =+ (0.167 x 5.0 x 1.0 x 6.0)/El =+ 5.0/El

L
M,
Fer

0

L
Area A;: j%;fdx =—(0.333 x 1.25 x 0.167 x 1.0YEl = — 0.07/EI
0
LMm
Area A, j——dx =~ (0.333 x 4.17 x 0.167 x 1.0YEI = — 0.23/EI

OEI

L
Area As: IA;—;”dx =—[(0.5x4.17 x 0.167 x 5.0) + (0.167 x 4.17 x 0.83 x 5.0))/EI
0

=—4.63/EI

" dx =— (0333 x 26.67 x 0.67 x 4.0)/EIl = — 23.80/EI

—7 % =105 % 26.67x 0.67x 2.0) +(0.167 x 26.67 x 0.33 x 2.0)/EI
0
=_20.81/EI

L
: I%a’x =+(0.333 x4.0 x 1.0 x 6.0)/El =+ 8.0/EI
0

L
: j%“-dx =+[(0.5x 4.0 x 0.5 x 0.5) +(0.333 x 4.0 x 0.5 x 0.5)/EI
0
=+ 0.83/EI

0 =(5.0-0.07 - 0.23 - 4.63 — 23.80 — 20.81 + 8.0 + 0.83Y/EI = — 35.71/EI
=—(35.71/5.0 x 10’y m =—7.14 mm
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Solution
Topic: Determinate Beams/Frames — Deflection Using Unit Load
Problem Number: 4.20 Page No. 1

15 kN/m

8.0m

Dctermine the value of the vertical deflection at A given:
Epeam = 205 KN/mm?, Toeam = 60.0 x 10° mm”*
Ecp =205 kN/mm?, Acp =50 mm?

EI= (205 x 60 x 10°/10°=12.3 x 10° kNm’

AEcp = (50.0 x 205.0)=10.25 x 10° kN

L
o= [ g +z(f£uj
VI AE" oo

Consider the beam ABC:

Support Reactions

Consider the rotational equilibrium of the beam:

+ve )EMy =0 — (5.0 x 2.0) + (15.0 x 8.0 x 2.0) — (V¢ x 6.0) = 0
o Ve=+38.33 kN T

Vg

Consider the vertical equilibrium of the beam:
tved B =0 + V3 —5.0-(150x8.0)+ Ve =0 -~ Va=+8667kN |

5 kN :
15 kN 138.33 kN

1]
B B 1.5E1 C Applied loads
86.67 kN

Unit load
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Solution
Topic: Determinate Beams/Frames — Deflection Using Unit Load
Problem Number: 4.20 Page No. 2

(Mm/ET) is not a continuous function and the product integral must be evaluated
between edch of the dlscontlnumes i.e. Ato BandCto B.

+J'Mm U

I.5ET
¢

Consider the section from Ao B: 0<x<2.0 m
M=—50x-15.0x/2=~5.0x—7.5x m=—x
Mm = (= 5.0x = 7.5x)(x) = 5.0:% + 7.5x°

J-Mm _ J‘S 0x? +7.5x¢° dr = 5.0x° N 7.5x* ’ _
El 3E] 4E]

Consider the section from CtoB: 0<x<6.0 m
M=+3833x-15.0x"/2=+3833x- 7.5  m=-0.333x
Mm = —(38.33x — 7.5x7)(0.333x) = — 12.77:2 + 2.5x°

m 0 12.77x2 +2.5¢° 12775 25:¢* T 7296
—dx = J dx = = _ m

+
1.5E1 4.5FE1 6E] El

0

- = — T _m=-241 mm
EI 12.3x10°

_ [ 4333 7296 29.63 29.63
El ET

Consider member CD:
Applied axial load  Pcp =+ 58.33 kN (tension)

Unit axial load ucp=-—0.333 (compression)
PL 38.33x1500x0.333 19.146x10°

Z u =— = | ———— |m=-1.87mm
AE  Jop AEq, 10.25x 10

jM’"dx (PLuj =-241-187=-4.28 mm T
AE Jcp
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Solution
Topic: Determinate Beams/Frames — Deflection Using Unit Load
Problem Number: 4.20 Page No. 3

Alternatively:
5/\ = Z(Arca applicd bending moment diagram x Ordinate unit load bending moment dingram)

5kN L67kN 190 KkNm

Az

M for applied loads

30.0 kNm UMH 7
A

4, B A, C

M for applied loads

1 1333 m M for unit vertical load at B

A1 ==(0.5x 2.0 x 10.0) kNm’, yi=-133m, < Ay =+ 13.33 kNm’
A=~ (0.5 x 6.0 x 10.0) kNm?, y2=-133m, <. Azyy = +40.0 kKNm’
A3=-(0333x2.0x30.0)kNm?>,  y3=—1.5m, . Asp3=+30.0 kNm®
Ay=—(0.5x6.0 x 30.0) kNm’?, ya=—133m, o Agya =+ 120.0 kNm®
As=+(0.667 x 6.0 x 67.5) kNm?,  ys=—1.0m, 5 Aga=—270.0 kNm’

L
J‘%dx = (13.33 + 30.0)/EI + (40.0 + 120.0 — 270.0)/1.5EI = 30.0/ET
0

Using the coefficients given in Table 4.1:

L
J%?dx = Zi(Coe[ﬁcientxaxbx L)/ EI+ zg(Coq[ﬁcientxa><b><L)/2E]
0

=(0.333 x 10.0 x 2.0 x 2.0)/EI + (0.25 x 30.0 x 2.0 x 2.0)/EI
+(0.333 x 10.0 x 2.0 x 6.0)/1.5EI + (0.333 x 30.0 x 2.0 x 6.0) /1.5EI
—(0.333 x 67.55 x 2.0 x 6.0)/1.5E = 30.07/EI
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Solution
Topic: Determinate Beams/Frames — Deflection Using Unit Load
Problem Number: 4.21 Page No. 1

~—4 kN/m
(T -
R R S SR A i e ¥ o T o

Cos8 = (2.0/2v2) = 0.707
Lpp=(2.0 x V2)=2.828 m

Determine the value of the vertical deflection at C given:
Eapc =205 kN/mm?, Inge =90.0 x 10° mm?*

Egp =205 kN/mm?, Agp = 1500 mm?

Elrpc = (205 x 90 x 10°/10° = 18.45 x 10° kNm?

AEgp = (1500 x 205.0) = 307.5 x 10> kN

L
(L
& = JEI dx +Z(AEUJBD

4 kN/m 15 kNl

PRI —1

Consider the beam ABC: A

Support Reactions Va

Consider the rotational equilibrium of the beam:

tve JIMy =0 + (4.0 x 2.0x 1.0)+ (15.0 x 4.0) - (FapCosOx 2.0) = 0
.. Fgp =+ 48.09 kN /

]

Consider the vertical equilibrium of the beam:
+veT TFy=0 T Va—(4.0x2.0)-15.0 + F3pCos@® =0 .. Vy=-11.0 kN l

- 4 kN/m I5kN

Applied loads
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Solution
Topic: Determinate Beams/Frames — Deflection Using Unit Load
Problem Number: 4.21 Page No. 2

(Mm/ET) is not a continuous function and the product integral must be evaluated
between edch of the discontinuities, i.e. AtoBandCto B.

J‘Mm J'____ di + J‘Mm A

Consider the section fromAtoB; 0£x<2.0m
M==11.0x—4.06*2 =~ 11.0x - 2.0x*
Mm == (= 11.0x = 2.0x)(x) = 11.0x* + 2.0x°

3 a P
J‘]]Or +2.0¢° dx:{n.o.x L 20x } _, 3133

El 3E1 4E] El

0

Consider the section from CtoB: 0<x<2.0m
M=—-15.0x m=-x 5o Mm=+15.04

y Mm 1505 15.0° | _, 40.0

I dx = I dx = =+ —m
EI 3.0E] El

C 0 0

L

Mm (37 33 40. o) 77.33 77.33
—dx = + =+

m=+4.19 mm

EI EI EI EI 18.45x10°

0

Consider member BD:
Applied axial load  Pgp=-48.09 kN (compression)

Unit axial load ugp =—2.836 (compression)

. 48.09x2828x2.83] . (384.88x103

m=+1.25mm
AE,, 307.5%10° i

(PLuj =+4.19+1.25=+5.44mml
AE  Jpp
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Solution
Topic: Determinate Beams/Frames — Deflection Using Unit Load
Problem Number: 4.21 Page No. 3

Alternatively:
é‘C = Z(Area applicd bending moment diagram X Ordmatc unit load bending moment diagmm)

M for applied loads

30.0 kN

ol

A A> B C

M for applicd loads

20m
i 0N V3
R s S T e
A B

P for unit vertical load at B

Ay =+(0.667 x 2.0 x 2.0) kNm?, yi=—1.0m, soAp =-2.67kKNm®
Ay =~ (0.5 x 2.0 x 30.0) kNm?, y2=—1.33m, . Aayr =+ 40.0 kNm®
A3 =—10.5x 2.0 x 30.0) kNm’, y3=-133m, o Ay =+40.0 KNm®

L
J% dx =(=2.67+40.0 +40.0)/EI = 77.33/EI
0

Using the coefficients given in Table 4.1:

L
J%dx = Zé(CO(;flCi(il’ll‘ xaxbx L)/E[

L
jﬂg—’lndx =[-(0.333 x 2.0 x 2.0 x 2.0) +(0.333 x 30.0 x 2.0 x 4.0)VEI =T1.331El
0
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Solution
Topic: Determinate Beams/Frames — Deflection Using Unit Load
Problem Number: 4.22 Page No. 1

- 6 kN/m
ool AL A NI T3 Dy B A A T ot bW b

Ll

C
O

]
<

—  pin—jointed frame

Ve . 3.0m l 3.0m }

Determine the value of the vertical deflection at D given:

Epeam = 205 KN/mm?, Toeam = 500.0 x 10° mm*

E All frame members — 205 kN/mm2 > A All frame members — 4000 mmz
Elscr = (205 x 500 x 10°)/10°=102.5 x 10* kNm?

AE = (4000 x 205.0) = 820 x 10° kN

PL
S = + Z(—u]
EI AE All frame members

245

Consider the beam BCD:
Support Reactions
Consider the rotational equilibrium of the beam:
+ve)ZMB =0 +(6.0x6.0x3.0)+(12.0x6.0)—(Vcx3.0)=0
.. Ve =+60.0 kN
Consider the vertical equilibrium of the beam:

tvel TF,=0  +Vp—(6.0x6.0)- 120+ Vc =0 - Vg =—12.0 kN l

............. . 6 KN/m

12.0 kN 60.0 kN
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Solution
Topic: Determinate Beams/Frames — Deflection Using Unit Load
Problem Number: 4.22 Page No. 2

(Mm/EI) is not a continuous function and the product integral must be evaluated
between each of the discontinuilies, i.e. BtoCand D to C.

J-Mm 5 =(jA; . +J‘Mm

Consider the section from BtoC: 0<x<3.0m
M=—12.0x — 6.0x/2 == 12.0x — 3.0x* m=—x
Mm = - (- 12.0x - 3.0x°)(x) = 12.0x* + 3.0x°
2 3 a7
J'Mm " I] 0x? +3.0x° dx = 12.0x +3.0fa - 168.75
EI 3EI 4E]

EI

Consider the section from Dto C: 0<x<3.0m
M=—12.0x - 6.0x/2 = - 12.0x - 3.0x*

312,002 +3.0x° {12.0)8 3.0x° T
- J' dx = =

+
El 3E] 4EI

0

m=+329mm

_ (168.75 . 168.75) _, 33715 _ 3315
EI El EI 102.5x10

Consider the pin-jointed frame:

The applied load axial effects (P-forces)and the unit load axial effects («-forces) can
be determined using joint resolution and/or the method of sections as indicated in
Chapter 3.

12.0 kN 60.0 kN
81.0 kN\ + 81.0 kN +45.0 kN
3 'A B

Zero

+ 60.
- 60.0 kKN ~75.0kN

81.0 kNE' F —45.0 kN E
) 48.0 kN

P - forces u — forces
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Solution
Topic: Determinate Beams/Frames — Deflection Using Unit Load
Problem Number: 4.22 Page No. 3

Member | Length (mm) | AE (kN) P-force (kN) | PLIAE (mm) (PLIAE) x u
AB 3000 820.0 x 10’ +81.0 +0.30 -2, +0.68
BC 3000 820.0 x 10° +45.0 +0.16 } +0.24
BE 5000 820.0 x 10° - 60.0 -0.37 ) +0.46
BD 4000 820.0 x 10° +60.0 +0.29 . +0.58
CD 5000 820.0 x 10° -175.0 -0.46 ) +1.15
DE 3000 820.0 x 10° -45.0 -0.16 ) +0.24

L=+3.35

Z[—}luj =3.35 mm
AE All frame members

L
Mm PL
& v Z( —

=+3.29+335=+6.64mm |
JEl

u}
All frame members

Alternatively:
&) ):(Area applied bending moment diagram X Ordinate unit load bending moment d|a1.,rdm)

— 6 kN/m

\& I W M for applied loads

9.0kN 9.0 kN A,

D

27.0 kNm

M for applied loads

36.0 kNm

.

D

M for applied loads

M for unit vertical foad at D
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Solution
Topic: Determinate Beams/Frames — Deflection Using Unit Load
Problem Number: 4.22 Page No. 4

Al =+(0.667 x 3.0 x 6.75)kNm*,  y;=—15m, - Ay =-20.26 kNm’
A =—(0.5 % 3.0 x 27.0) kNm?, y2=—2.0m, oAy =+81.0 kNm’

A3 = _(0.333x3.0x27.0)kNm®,  y3=-225m, <. Ay =+ 60.69 kNm’
Ay =—(0.5 x 3.0 x 36.0) kKNm’, ys=—2.0m, <. Aga =+ 108.0 KNm’

As=— (0.5 x 3.0 x 36.0) kNm’, ys=—2.0m, <. Asys =+ 108.0 KNm’

jM’" dx = (~20.26 +81.0+60.69 +108.0 +108.0)/El = 337.43/EI

Using the cocfficients given in Table 4.1:

IMm = Zg(Coef/icient xaxbx L)/ El

L
jAg’d = [~ (0.333 x 6.75 x 3.0 x 3.0) + (0.333 x 27.0 x 3.0 x 3.0)

0
+(0.25 x27.0 x 3.0 x 3.0) + (0.333 x 36.0 x 3.0 x 6.0) J/E/ = 337.22/E1
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Solution
Topic: Determinate Beams/Frames — Deflection Using Unit Load
Problem Number: 4.23 Page No. 1

pin—jointed frame

40m J

The EI value of the cantilever ABC varies linearly from 2E7 at the fixed support to
ETI at B and is constant from B to C.

Determine the value of the vertical deflection at F and at C given:

EIcamilever ABC = 1080 x 103 kNm2 5 EAAH frame members — 300 x ]03 kN

&= |—dx + —uj
0 El AE All frame members

Consider the pin-jointed frame:

L Mm (PL

Support Reactions
Consider the rotational equilibrium of the frame:

+ve )EMc =0 +(120.0 x 4.0) ~ (40.0 x 3.0) - (F x8.0)=0 .. ¥y =+45.0kN T

Consider the vertical equilibrium of the frame:
e dTF, =0 +Vo—1200+ V=0 < Ve=+750kN 1

Consider the horizontal equilibrium of the frame: —_—
+tve—>3XF, =0 —-40.0+H=0 . Hg, =+ 40.0 kN

The applied load axial effects (P-forces) and the unit load axial effects (u-forces)
can be determined using joint resolution and/or the method of sections as indicated
in Chapter 3.
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Solution

Topic: Determinate Beams/Frames — Deflection Using Unit Load

Problem Number: 4.23
40 kN

-125.0 kN - 75.0kN

+120.0 kN

+ 100.0 kN

+ 100.0 kN 40.0kN

E
S
45.0 kN

120 kN

P - forces

Page No. 2

u - forces

Member | Length (mm) AE (kN) P-force (kN)

PL/AE (mm) u (PLIAE) x u

CD 5000 300.0 x 10 - 1250

-2.08 -0.83 +1.73

CF 4000 300.0 x 10° +100.0

+1.33 +0.67 +0.89

DF 3000 300.0 x 10° +120.0

+1.20 + 1.0 +1.20

DE 5000 300.0 x 10° -75.0

=125 -083 ] +1.04

4000 300.0 x 10° + 100.0

+1.33 +0.67 +0.89

X=+5.75

=575 mm

jAll frame members

Consider the beam ABC:

A _ 600.0 kNm

M for applicd loads

M for unit vertical load at F




Beams 251

Solution
Topic: Determinate Beams/Frames — Deflection Using Unit Load
Problem Number: 4.23 Page No. 3

(Mm/EI) is not a continuous function and the product integral must be evaluated
between each of the discontinuities, i.e. C to B and B to A.

The value of £/ at position ‘x* along the beam between B and A is given by:
FI + El[(x—4.0)/4] = 0.25E] x

A
Mm -[ dx + I 025ER™ J‘_‘h

Consider the section fromCtoB: 0 < x < 4.0m
M=-750x m=-0.5x oo Mm=+37.5%
B 4 2 3 4

Mm 37.5x 37.5x
LM e = J‘ dr = -
c EI ; EI 3E]

Consider the section fromBto A: 4.0 < x < 8.0m
M=-75.0x m=-0.5x s Mm=+ 37.53:2

8.0 )
e = 1500 [ - 150.0x
EI 2El

4.0 4

800 _ 3600 _ 4400 _ 4400
EI EI EI 1080x10°

L
PL
O = Mﬂd)‘ + (—ll]
0 EI AE All frame members

m=+4.07 mm

=+4.07+5.75=+9.82 mm l

Vertical deflection at C:
In this case when a unit load is applied at point C all of the u—forces for the pin-jointed
frame are equal to zero.

L
PL Zero . _ M_nl
) s Oj o

All fram¢ members

m=—x S Mm o=+ 75007

40“75.0x2 1600 7200 8800
dx = + =

El El EI El




