CE 474 - Structural Analysis 11
Additional stiffness method problems

1) Two identical beams are connected to each other at node b with a hinge as shown below. The
beams are fixed at their other ends (i.e. nodes a and c¢). Downward uniform loading of intensity w
(load per lineal length) is applied on the beams. Both beams have modulus of elasticity E, moment
of inertia I, and length L. Use stiffness method to analyze the system. Neglect axial deformations.

a) Find the vertical deflection at node b in terms of E, I, L, and w.
b) Draw the bending moment diagram.
¢) Draw the shear force diagram.

Note: Please indicate the degrees of freedom and sign convention you have chosen.

2) The continuous steel beam shown below has constant El =100, 000 kip-ft®. The beam is loaded on

span A-B with a uniformly distributed load of w (kips/ft). The span B-C has two identical loads, P,
applied as shown on the figure. The values of w and P are unknown.

Measurements show that the given loading results in the following beam rotations at the supports
(taking counter-clockwise rotation as the positive sense rotation):

0, =-1.68x107° rad
0, =+0.48x107° rad
0. =+0.72x10"° rad

a) Find the unique set of values of w and P that, when applied together as shown in the figure,
will cause the rotations listed above.

b) Draw the moment diagram.

c¢) Draw the shear force diagram.

P P
B C
K y y y y
/ / / /
12 ft Aft - 4t 4ft

1/14



— Ncé{ledf ol &ﬁmd-ma
A ,i e/ E, T cmsh

a
AT
D.0.F
— 4 £\
4 c{.(‘ v tJAoJre that vrotahon on one side J‘C the
o G "G, @ B it dependont of the vatation
(8,1 W) on “The other Side,

T will see »ﬁ«%e, Af’sﬂaémm‘f‘ - S Vb*fZA‘t‘UV\S {'vy{" 191on
e obws Sémme:"“a_ e SQS}MP (SWM L oo (\,g ) ' %J’

//w'
original Cae T Case TC
floodig +Femfmery  — Fem/rer]

The TEM/FEF are fimd from  wihy
o ET e
W, WL,

L —x
So, whiz.  wllz wlf, leq, wk.

[ S
o R -

W e be b ut o
iz I 12 (2 [TT
2 (mwﬂdfmb“’m’iﬁ
Case T case I Ulpgds albo three
Dof are- \r\awﬂ)

2/14



Displ - ?DFSPK

+ {DFSPK

CaseT casedl
Uy, Vi, Vi
| §'~\ = {6 T (6,
be eI G cauge I

18} (The, Fem/FeF h se T preverts e

o) stwchire fom digplating o vetadine ot
%W’Q)F/cmﬁ&*v}é we ‘m\!em:ET CLLOSQV\)

So, o find e disp. /ik abrg DF (2,3, all we reed &
) a\r\q\ﬁ; Case I .

Displacamgnt a\oy% DOF 4 R vatehions alone DOFs 2 &3
will each cwse vesistance force and monents o de develbped
a\o% D.OF s i/ and 2 and 3)@\??6@»/@[6‘ ’m&é__
Coan de ,6\),‘,;[ %_ Mcldahg o non -0 c{l'%p ov~ votaddn
dong o DOF. Whlle kapivg dhers ot 2en disp orvat,

Vo= eV

= e
@“e";’_/{"'i‘i%’l“‘fm
I2€T 12EL A
L3 '\rb 'VL ks ¢
=0
+
©r-0 el
O 42204, b= Cic f 56,
i Cmrtn AR —
| 4e1
=0 6ET N ekdnst T e
eba: = ebq no vmcql—@m,
O =O mameet 15 deve bped

n Aho nan-rtasing beaen

3/14



% —the egqulibnum eqas alonﬁ_ () the thee DOF can
be bLNYH@/\

Q\umr .
, 2L 12 Ei ¢EL LET
D,OE 2 _ 6E21 '\Jg L 4ez 9%“ _ wLZ (z)
L L l2
2
DOFI + GEL 4L g _ _wl (3
_—-Lq' b T L bc T )

Add E@s(e)%&@\ > A'CL'E:}%* fg?glw 0 5 6,:-6, (4)
(ikb'; was expected
ks +o
M'W\V\g, Sa%§W
sobst. By~ G M2 g4 (1) do ged
2ET R x
gﬁ_gz»—g_ 2526y, =-wl (] )

woltiply €44 @ v i and edd Ao Fgn (l*) to gt

AET 9 - _ 2 wlL
v Lq_ 3
3
= ebq= - Wb = @ch ng
6EL 6ET
baci 4
svist: [’ug ] ] to vualize the displaced shape.
gET // — it makes sense, besn4 147

4/14



M- }MlmIﬁ MX%QI[ IVEVIS Vi o

Ca,s‘e/ T H 2
— 1 WLA'L wLL/n

X wL7z Wil WL/?..
\ﬁ&ﬁf AN AN

24 24

L
Wi
V2

z

Case 1L,

Using_the Mkfm'/@;/tes develo dve b dis /ra+ alo -'H\q;‘Hut(_
’D%Fs we an find the MP;Anb&r’cn& Jt)ﬁv&hﬁ,m@ﬂmﬁ %

Shear—forees

bending womets bELn b~ LELY
y = VA
LEL 2ET g ﬁ_/
M= -% T ¢ e
12€1 (g
bET 4ex e
;Ef}gin‘ 41
e g eme, R
L F tET 4ET 9@;
o, £e8,,
ch ~ =T b L bc
b %
{L’L 4elg, .= “bo
T &
< 1
Iy r—h
TE L) 8 = 6
S = e

5/14



2€1 tet
\/q = —‘LS A{ﬂ- L':,'Q’ba
\2ET LET
Yo =+ BER E 5
= *+ |2ET VU, é_E..I S
R IREL AT — teT ©:
subshiof) e vessbms «@r 91,,,. ;I Zbe We @n «@\J Hhe
member end »@n:as % woments Ao CaseIl as
?%wl_ %ML Awl S"ML
5 .2 R S P g” v
EU)L 12 l2 ’._;U)L
[~
E }\ /}%w‘_ = =
: Z 2
I L
\_a-:wL wi wl
(M7 it
cose Tl
vaha 4| S covenhda
5 ﬁifur‘sw

*6’69 ‘ é\f(@mm?

6/14



| Cmbwg (ase LT X Case I pesilds

T, o - w"z%’EI _wl [sex
@Lq} = ;‘){ 3 _wL3/661 = ¢ —w /e
e © wCer wl/eer

2
¢ wb (;w\:L

T ’\\/‘ i B
i N [\
a ( B L c a > -
lw\}- 2-_sz \}
‘);: | w\_

M v)

Nows; if we had wade wte of %mme%wa,_
\bnb\% at the ‘SQ;JUP, we. see ~that qu will ke eciuq! o ch_
In anplitide but opposite W sense.

“The problem s amilar o

W
LA | i
?r v @L/ which, s 2&;&&{
4 7
- 2 ' Ko g
f L q— a L. vl

and s wirvar t\mqge—

7/14



i# L3 (o)
L
W e oLz wlbiz
EIEY - -y
Wi w2 E_L_z
\2 "'""2:' |2
case T case L
91”‘ ba * %a
Casel Cose T

Wity equlibelm egas (T an Skip .»g—w)@ otm%«—w deflected

Shapes
2 €T LET —_‘A.).\: (5
G kT E YT TR )

3
= wb __wb
o ST T
back stk > V] = —-‘2’}_’1 “The nes{wﬁﬁouos dewtical a&cps
| = b sel &S be — Se
Al M RN de

8/14



5

NM 'k\[ we. were. 4o ‘hke,“'ﬂ'te- avtorated = cln and
assemble e stiffess coefficlents re!mh\n? —@rce,s/mommh
csra'l’km DOFs 4o J«SP\QC&W\-&AX/VO’}Q"’I% qlon%m we have

D.OF¢ (8’(0%')

@
y Dele@ o ¥
“ y s <

Loz
DOFs ('Qac,aJ)

(s t
Tl ’I\ /@ Tll@ Ts
C—N — \a’""" C"l —> {:—’* o
&  © 6
A bcal corrdinale = gs e/{emzm"s ab 8 be ”:’b‘:w;’fkm
64®\oq, Coordinade qu k:m V'eﬂcJ( no Mn&@rwrh% op s needed
s 4 s® 6B
ab ab © o o6 0 O 9 ‘
- T &el _
[<lua= KT, - | o 22 2 o 22 & |
O GEL 4er O _6EI 2L |3
La. ‘C 1> L.
O+ -t0--0- 0 0. 4
o | her el
© _%‘I ,4%1: L_L%,f-}f__j S@
Q€T b fer! 4T’ 4

9/14



o &
R S e et R
loc c 6 6_o o o0 o ‘\l
ad (K] = [K] 2| olax{eglo -tz & |, @
(cjlolml loce) R G 1=
T/eT {4er | I 2er
oiég;igfo g 2= 13
§

_12ET _(ET

O TER E =
e1 2e1 o -bGEL 4ET | &
= T L L

Cambeg <h -FF\.Q,SS' OQ{MM CONESFanthV\ﬁ, 4 Cfﬂo’oql DOF we have
0]

r & ° @.
I2EL _ I12€E1 4ET ¢EL
[ ]““”M st & =0
&'ebal _6EX AeT o | ®
> L
GEr o €L | R

pidy: Note st Mo stiffness matrix 1S gummesric
The, equilibrim 315 are “then
swcture. {"d: %

Fi=]K

}N} [ 1‘7"‘“' gi
SRCTRES D
?g case T case Il ~wl/i2 i%l Bue case T Oy Core 1L

10/14



4

Vb -Wefser
3

Oy = (- “’L/éez

3
QBC w L/éE'I

Sol\/ﬁn.g_ we. ‘E‘V\J

we  can M member end Ces/momewk US|
Ay /rg-]» in elevent local ffooﬁlr M %Lﬁb@‘
cwrcl sd&kms are onened M%S%e, anne ~

Cqse,—ﬂ:

Nab o [

S L R

Niq ~wli/ge1| s @

Mbq ~wWl3/eT | 6 )
and

N%] o )

Vic _wl'fger

MLG ke WU BET

Neb [ = [K‘]lom\ : o f

Vcb @

MoLu 7 -

Ts Anese , one adds e Wemal »—ﬁfm/momﬁnk fonm Case T
+o obtin —fhe vesults fothe full anse .

11/14



2)

P P
v
Sy + s 44 L l 6,
&, » 93“'297 R €1 -\, 000 left”
7 T S S
g fe T 40" ap 4 3 DOF. :6;, 65,6,
+ . lF’ 1P Courercluelwite vet
CoseT (b 4 4 l{ \L ) |« Gonsidernd @)
£ . £ X V- @
w-lz” et P2 2P02
1z 2 q q
wi'  um g 2P
Cse T X /N1 {1
2y Y2 A
6
o &, ~ _168 167
}9:} _ e/t + ?% _ | o4exi6® Yl
o & 0.72 xlo
f mzj ¢ g [3

a@rce (roment) é’&itﬁé%v&m.. USW@ sﬁfsﬁass C:scefﬁc{ewﬁ we. Coua
wntt —hese. ?-TA(L e‘j% o5

6,, , 96,9 velates 4 e apggieé exdernal loads fomth, Ja\dr—

:—'QW: —_— + —
M, e N Lag
g1 4l 2€x
-3 p- AET1g . 4G A g  2E g
Mg 2 2 Cre A 28 B ") R Cor (d
M - 3p-. 28 g + 48 o
C 3 Sk B Lrg <

12/14



Sshbhing a;}eﬂ,eg,ec,Lmngc e And

“Rw = 48 K'{‘L / checke \/
ur= 4 /ge g 2= 16
Pw-8P= |6 kLt £ l:zxq-sxcz.
! Po 232 )
- . b4
P =732 k- 4+ /
Mow\ew‘?
Cose L
L]
Case IL -
m]
. 45T o + 251 g = 48 kf+
MAB - LAg K Lﬂrg g
N‘BA = = QA + " 2

13/14



Shear érzf@

F TR Ty ,,,5
Caze IT [
(V] < WL
I €L e
Yhe = -—6—§.-9A + 856 =->
L‘Ae kg
= - o)
Vea VAg N
_  GeL 6ET .5
BC Be
Vce . -5

21

M
s 4 f
ﬁf%‘:ig 19 46

or simplu fom Cose I
tMomen c‘v’ﬁwmm
- 7

—@)xll-rt?--ﬂz) /

o * T4+ 7 =2
e

= =19%12 4 Lyxl2xb
<2 1xEx T xie

:0\/

(3

14/14



