3.5.3 Example 3.4: Deflection of a Pin-Jointed Truss

A pin-jointed truss ABCD is shown in Figure 3.17 in which both a vertical and a
horizontal load are applied at joint B as indicated. Determine the magnitude and direction
of the resultant deflection at joint B and the vertical deflection at joint D.

10 kN

4

B 20 kN

Assume the cross-
sectional area of all
members is equal to A
and all members are
made from the same
material, i.e. have the
same  modulus of
elasticity E

3.0m

30m
Figure 3.17
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Step 1: Evaluate the member forces. The reader should follow the procedure given in
Example 3.1 to determine the following results:

Horizontal component of reaction at support A H =—20.0 kN -

Vertical component of reaction at support A Va=-4.29 kN 1

Vertical component of reaction at support C Ve=+ 1429 kN 1

Use the method of sections or joint resolution as indicated in Sections 3.2 and 3.3
respectively to determine the magnitude and sense of the unknown member forces (i.e. the
P forces).

The reader should complete this calculation to determine the member forces as indicated
in Figure 3.18.

10 kN
20 kN

B y

+ve  — tension member

-ve — compression member

+ 7.15 kN zero force —-20.20 kN
A D
20 kN + 1429 KN —<¢—L1—p— + 14.29 kN
T X §
429 kN P — forces 14.29 kN

Figure 3.18

Step 2: To determine the vertical deflection at joint B remove the externally applied load
system and apply a unit load only in a vertical direction at joint B as shown in
Figure 3.19. Use the method of sections or joint resolution as before to determine the
magnitude and sense of the unknown member forces (i.e. the u forces).

The reader should complete this calculation to determine the member forces as indicated
in Figure 3.19.

1.0
| __— Applied unit load
BY
-0.71 zero force -0.81
A ) D
Zero +0.57 ——g—Ap—o + (.57
= h
0.43 0.57

The u forces for vertical deflection at joint B

Figure 3.19
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The vertical deflection Sy = ) —u

This is better calculated in tabular form as shown in Table 3.3.

Member | Length (L) | Cross-section (4) | Modulus (E) | P forces (kN) | u forces | PL x u (kNm)
AB 50m A E +17.15 -0.71 —25.38
BC 424 m A E —-20.20 —-0.81 + 69.37
AD 4.0m A E +14.29 +0.57 +32.58
CD 3.0m A E +14.29 +0.57 +24.44
BD 3.0m A E 0.0 0.0 0.0

p> +101.01
Table 3.3

The +ve sign indicates that the deflection is in the same direction as the applied unit load.
Hence the vertical deflection dvp = %u =+ (101.01/4F) l

Note: Where the members have different cross-sectional areas and/or modulii of elasticity
each entry in the last column of the table should be based on (PL x u)/AE and not only
(PL xu).

A similar calculation can be carried out to determine the horizontal deflection at
joint B. The reader should complete this calculation to determine the member forces as
indicated in Figure 3.20.

B 1.0
+0.71 zero force -0.61

A D
1.0 +0.43 < > +0.43

0.43 Y The u forces for horizontal deflection at joint B 1 0.43

Figure 3.20
. . PL
The horizontal deflection dup= ) ——u
’ AE
Member | Length (L) | Cross-section (4) Modulus (E) | P forces (kN) | u forces | PL x u (kNm)
AB 50m 4 E +7.15 +0.71 +25.74
BC 424 m A E —20.20 -0.61 | - +352.25
AD 4.0m 4 E +14.29 +0.43 +24.58
CD 3.0m A E +14.29 +043 | - +1843
BD 3.0m A E 0.0 0.0 0.0
X +121.00

Table 3.4
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Hence the horizontal deflection &5 = %u =+ (121.00/4E) —>

The resultant deflection at joint B can be determined from the horizontal and vertical
components evaluated above, i.e.
----- *(121.00/4F)

o~ '
R= \/(101.012 +121.02) JAE = 157.62/AE 50.15° 7
6= Tan'(121.00/101.01) = 50.15° \

A similar calculation can be carried out to determine the vertical deflection at joint D.
The reader should complete this calculation to determine the member forces as indicated
in Figure 3.21.

B
Y
-0.71 +1.0 -0.81
A D% C
Zero + 0.57 < > +0.57
B ' k ‘
0.43 1.0 0.57

The member u forces for vertical deflection at joint D

Figure 3.21

PL

The vertical deflection dyp = u
AE

Member | Length (L) | Cross-section (4) | Modulus (E) | P forces (kN) | u forces | PL x u (kNm)
AB 5.0m A E +7.15 -0.71 —25.38
BC 424 m A E —20.20 —0.81 +69.37
AD 4.0 m A E +14.29 +0.57 +32.58
CD 3.0m A E +14.29 +0.57 +24.44
BD 3.0m A E 0.0 +1.0 0.0

P +101.01
Table 3.5

Hence the vertical deflection dvp = Z%u =+ (101.01/4E) l
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3.5.3.1 Fabrication Errors — (Lack-of-fit)

During fabrication it is not unusual for a member length to be slightly too short or too long
and assembly is achieved by forcing members in to place. The effect of this can be
accommodated very easily in this method of analysis by adding additional terms relating
to each member for which lack-of-fit applies. The JL term for the relevant members is
equal to the magnitude of the error in length, i.e. 4. where negative values relate to
members which are too short and positive values to members which are too long.

(Note: under normal applied loading the JL term =% )

3.5.3.2 Changes in Temperature

The effects of temperature change in members can also be accommodated in a similar
manner; in this case the 8L term is related to the coefficient of thermal expansion for the
material, the change in temperature and the original length,

ie. oL = alL4r

where

o is the coefficient of thermal expansion,

L s the original length,

Ar is the change in temperature — a reduction being considered negative and an increase
being positive.

Since this is an elastic analysis the principle of superposition can be used to obtain results
when a combination of applied load, lack-of-fit and/or temperature difference occurs. This
is illustrated in Example 3.5.

3.5.4 Example 3.5: Lack-of-fit and Temperature Difference

Consider the frame indicated in Example 3.4 and determine the vertical deflection at
joint D assuming the existing loading and that member BC is too short by 2.0 mm,
member CD is too long by 1.5 mm and that members AD and CD are both subject to an
increase in temperature of 5°C. Assume o =12.0 x 107%/°C and AE =100 x 10’ kN.

. 10 kN
Applied load /Bk 20 kN Unit load /m

+7.15 kN 0 -20.20 kN ~0.71 +10 -0.81

+ 0.57 +0.57
1.0
429 kN 1429 kN 0.43 0.43
B Change in B
Lack—of-fit Agc=—2.0 mm temperature A\

ATAD = ATCD =+ 5°C

Figure 3.22 .y A ID L ‘C\%

C &
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The OL value for member BC due to lack-of-fit 4, =-2.0 mm
The SL value for member CD due to lack-of-fit 4, =+ 1.5 mm

The 6L value for member AD due to temperature change =+ a Lap 4 rap
=+ (12 x 107® x 4000 x 5.0)
Ar=+0.24 mm

The 6L value for member CD due to temperature change =+ a Lcp 4 rep
=+ (12 x 107% x 3000 x 5.0)

A T= + 0 1 8 mm
Member | Length AE P-force | PLIAE | A, 4y u (PLIAE + AL+ 4y) % u
(mm) (kN) (kN) | (mm) | (mm) | (mm) (mm)
AB 5000 | 100x10° | +7.15 | +0.36 0 0 -0.71 -0.26
BC 4243 | 100x10° | —20.20 | -0.86 | ~2.0 0 -0.81 +2.32
AD 4000 | 100x10° | +14.29 | +0.57 0 +024 | +0.57 +0.46
CD 3000 | 100x10° | +1429 | +043 | +1.5 [ +0.18 | +0.57 +1.20
BD 3000 | 100 x 10° 0 0 0 0 1.0 0
Y=+372

Table 3.6

The vertical deflection at joint D due to combined loading, lack-of-fit and temperature
change is given by:

PL
Svp=) |—+4,+4, |xu =+3.72mm
XG44 ) |
Note: Statically determinate, pin-jointed frames can accommodate small changes in

geometry without any significant effect on the member forces induced by the applied load
system, i.e. the member forces in Example 3.5 are the same as those in Example 3.4.
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3.5.5 Problems: Unit Load Method for Deflection of Pin-Jointed Frames

A series of pin-jointed frames are shown in Problems 3.17 to 3.20. Using the applied load
systems and data given in each case, determine the value of the deflections indicated.
Assume E =205 kN/mm? and a= 12 x 107%/°C where required.

The cross-sectional area of all
members is equal to 1500 mm”.

Determine the value of the
resultant deflection at joint D.

' Problem 3.17

The  cross-sectional area  of
members AB, BC and CD is equal
to 500 mm>.

The cross-sectional area of all other
members is equal to 250 mm®.
Member BE is too short by 3.0 mm.

Determine the value of the

40m vertical deflection at joint F and
the horizontal deflection at joint
Problem 3.18 B.
5kN { 30kN
D {1\ - 30° +
E 4
\n
o
{—ct E =
o
E ﬂ
"
o *~—B
S— B¢ F
a
= E
o) b .
o A G gl A The cross-sectional area of members AG,
—H 60° | BG, CF CG, FG, and EF is equal to
H,\&\(fk, ReHe  Hy s 400 mm’,
Va Ve v, The crqss-sectional area of all other
members is equal to 100 mm”.
The cross-sectionazl area of all members is All members are subjected to a decrease in
equal to 1200 mm®. temperature equal to 20°C.
Determine the value of the horizontal Determine the horizontal deflection at
deflection at joint D. joint F.

Problem 3.19 ' Problem 3.20
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3.5.6 Solutions: Unit Load Method for Deflection of Pin-Jointed Frames

Solution
Topic: Unit Load Method for Deflection of Pin-Jointed Frames
Problem Number: 3.17 Page No. 1

The cross-sectional area
of all members is equal to
1500 mm?.

Determine the value of
the resultant deflection at
joint D.

E =205 kN/mm?

Sind=(3.0/5.0)=0.6 Cosf=(4.0/5.0)=0.8
AE 500 = (1500 x 205) = 307.5 x 10’ kN

Determine the Support Reactions
Consider the rotational equilibrium of the frame:
+ve) IMy=0 +(12.0 x3.0)+(50.0 x 4.0) + (100.0 x 8.0) — (Ve x4.0)=0

- Vg=+259.0 kN
Consider the horizontal equilibrium of the frame: <«
+ve=—>IF,=0 +Hy+12.0=0 o Hy=-12.0 kN

Consider the vertical equilibrium of the frame:
+ve 1 ZF,=0 + Va—50.0-50.0-100.0+ V=0 oo Va=200.0 — Vg
Va=200.0-259.0" o Va=-=59.0 kN l

Assume all unknown member forces to be tension and use joint resolution to
determine the P—forces in the frame.

Consider joint D:

Fcp

+ve | F,=0 —1000+FpSind=0  Equation ()

+ve —» 2F, =0 ~ Fpg — FepCos@=10 Equation (b)

From Equation (a): Fcp =+ 166.7 kN (Tie)
100kny  From Equation (b): Fpg =—133.3 kN (Strut)

Consider joint E:

+ve = XF,=0 —1333=Fpar=0 Equation (a)
+ve 1 2F,=0 + Fep+259.0=0 Equation (b)
From Equation (a): F,g =—-133.3 kN (Strut)

250.0 kN From Equation (b): Fep = —259.0 kN (Strut)
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Solution
Topic: Unit Load Method for Deflection of Pin-Jointed Frames

Problem Number: 3.17 Page No. 2

Consider joint B:

50 kN
+tve == ZF,=0 + 120+ Fyc=0 Equation (a)
(12kN Fpe 1Ve T ZFy=0 —500-Faz=0 Equation (b)
B From Equation (a): Fgc=-12.0 kN (Strut)
Fig From Equation (b): Fxp=-50.0 kN (Strut)

Consider joint C:

50 kN
+ve = XF, =0 + 12.0 + 166.7C0s0 — FpcCosf@=0
12kN y¢ Fac =+ 181.7 kN (Tie)
[
Fac 166.7 kN
259.0 kN
50 kN 50 kN
B C
— —12.0kN
12 kN
P - forces -50.0kN +I18L7kN +166.7 kN
-259.0 kN
12.0 kN -133.3 kN -133.3kN
A E § D
- 100 kN
59.0 kN 259.0 kN

Vertical deflection at joint D:
Apply a Unit Load in the vertical direction at joint D and determine the values of the
u-forces using joint resolution as before.

B C
ﬂg zer°7\
u - forces zero + 1.67 -2.0 +1.67
zero - 1.33 =——x—= - .33
A E % D
1.0 2.0 1.0

Complete the Unit Load table to determine the value of dvp
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Topic: Unit Load Method for Deflection of Pin-Jointed Frames
Problem Number: 3.17

Page No. 3

Length (mm)

AE (kN)

P-force (kN)

PLIAE (mm)

(PLIAE) x u

AB

3000

307.5x 10°

-50.0

- 0.49

0

AC

5000

307.5 x 10°

+ 181.7

+2.95

+ 4,93

AE

4000

307.5 x 10°

-1333

-1.73

+2.31

BC

4000

307.5 x 10°

-12.0

-0.16

0

CD

5000

307.5 x 10°

+ 166.7

+2.71

+4.53 -

CE

3000

307.5x 10°

- 259.0

-2.53

+ 5,05

DE

4000

307.5 x 10°

—133.3

-1.73

+2.31

Z=+19.13

5V,D=Z(j—IE“)xu =+19.13mm |

Horizontal deflection at joint D:
Apply a Unit Load in the horizontal direction at joint D and determine the values of
the u-forces using joint resolution as before.

u - forces

B

ero
zero Zero

ZIN

zero

zero

A

N

zero

T

zero

Complete the Unit Load table to determine the value of Sup

+1.0 JL + I.O\ 1.0

D

Member

Length (mm)

AE (kN)

P-force (kN)

PL/AE (mm)

AB

3000

307.5 x 10°

—50.0

-0.49

(PLIAE) x U

AC

5000

307.5 x 10°

+ 181.7

+2.95

AE

4000

307.5 x 10°

-1333

-1.73

BC

4000

307.5 x 10°

-12.0

—-0.16

CDh

5000

307.5 x 10°

+ 166.7

+2.71

CE

3000

307.5x 10°

~259.0

—2.53

DE

4000

307.5 x 10°

—-1333

-1.73

5H,D=Z(%]Xu =.346 mm <—

Resultant deflection at joint D = drp = \/(19. 132 + 3.462) =19.44 mm A\ 10.3°
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Solution
Topic: Unit Load Method for Deflection of Pin-Jointed Frames

Problem Number: 3.18 Page No. 1

" The cross-sectional area of
members AB, BC and CD
o| equals 500 mm?,

~! The cross-sectional area of all

Ha AO F p | other members is equal to
e 2
" 25 kN S 250 mm - .
Vs 4.0m 40m v, Member BE is too short by
" " 3.0 mm.

Determine the value of the vertical deflection at joint F and the horizontal
deflection at joint B.
E=205kN/mm*and o= 12 x 10°/°C; 6=45° Sin6=0.707, Cosd=0.707

Length of members AB, BE and CD Lapprcp = 4.0%+4.0°=5.657m

AEsq= (500 x 205)=102.5 x 10* kN,  AE;50= (250 x 205) = 51.25 x 10° kN
Determine the Support Reactions

Consider the rotational equilibrium of the frame:

+ve) IMpo=0 +(25.0x4.0)+(25.0%x8.0)-(Fpx12.0)=0
s Vp=+25.0 kN T
Consider the horizontal equilibrium of the frame:

t+ve — ZF,=0 .. Hy =zero

Consider the vertical equilibrium of the frame:
tve }SF,=0  +7,-250-250+F5=0 . VaA=50.0-25.0
. Va=+250kN |

Assume all unknown member forces to be tension and use joint resolution to
determine the P-forces in the frame.

Consider joint A:
AB . )
Jero +ve T 2Fy=0  +25.0+ FagSin6=0 Equation (a)
(J Fap tve —LF =0 +Fap+ FpsCos6=0  Equation (b)
A 5 From Equation (a): Fup=-35.36 kN (Strut)
25 kN From Equation (b): F,r=+25.0 kN (Tie)

Consider joint F:

F
! tve —> SF, =0 — 25.0+ Fgr =0 Equation (a)
250kN | Fgr +ve T TFy=0 +Fpr-250=0 Equation (b)
F From Equation (a): Fgr=+25.0 kN (Tie)
From Equation (b): Fgr =+ 25.0 kN (Tie)

25 kN
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Solution
Topic: Unit Load Method for Deflection of Pin-Jointed Frames
Problem Number: 3.18 Page No. 2

Consider joint B:
B
mﬂm +ve }SF,=0  +35368in0 - 25.0 - FyuCos0=0
; Equation (a
35.36 kN Foe ] ©

25 kKN +tve —2Fy=0 +35.36Cosd + Fc + FueSinf= 0
Equation (b)
From Equation (a): Fgi = zero
From Equation (b): Fgc=-25.0 kN (Strut)
By symmetry:
Fcp=-35.36 kN (Strut), Fpg=+25.0kN (Tie),  Fcg=+25.0 kN (Tie)

B - 25.0 kN C

- 35.36 kN zero - 35.36 kN
+ 25.0 kN \ + 25.0 kN

A F
zero + 25.0 kN + 25.0 kN

25.0 kN 25 kKN

—

ABE= -3.0mm

Lack-of-fit (4 )

Vertical deflection at joint F:
Apply a Unit Load in the vertical direction at joint F and determine the values of the
u-forces using joint resolution as before.

0.67

Complete the Unit Load table to determine the value of &y
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Solution
Topic: Unit Load Mcthod for Deflection of Pin-Jointed Frames
Problem Number: 3.18 Page No. 3

Length AE P-force ] (PLIAE+ A, )xu
(mm) (kN) (kN) (mm)
5657 | 102.5x 10° | - 35.36 ) ) +1.83
4000 | 51.25x10° | +25.0 ) ; +1.31
4000 | 102.5x10° | -25.0 . ) +0.32
5657 | 51.25x10° 0 ) ) +1.41
4000 | 51.25x10° | +25.0 ) . +1.95
5657 | 102.5%x10° | -35.36 K ) +0.92
4000 | 51.25x10° | +25.0 | +1. : +0.64
4000 | 51.25x10° | +25.0 ) ) +0.64
4000 | 51.25x10° | +25.0 _ . +1.31

X=+10.33
5V,F=Z(%]Xu =+1033mm |

Horizontal deflection at joint B:
Apply a Unit Load in the horizontal direction at joint B and determine the values of
the u-forces using joint resolution as before.

1.0 ~-0.33
+0.47 -0.47 ‘%047

u - forces + 0.33

F
+0.67 J= +0.67

Member

Complete the Unit Load table to determine the value of 5y

Length AE P-force | PLIAE | A4, (PLIAE+ A) xu
mm) | (kN kN) | (mm) | (mm) | ¥ (mm)
AB 5657 | 102.5x10° | =35.36 | -1.95 0 . -0.92
AF 4000 | 51.25x10° | +25.0 | +1.95 0 ) +1.31
BC 4000 | 102.5%x10° | —-25.0 | -0.98 0 ) +0.32
BE 5657 | 51.25x 10° 0 0 -3.0 ) . +1.41
BF 4000 | 51.25%x10° | +25.0 | +1.95 0 0

CD 5657 | 102.5%x10° | =35.36 | -1.95 ) o +0.92
CE 4000 | 51.25%x10° | +25.0 | +1.95 : +0.64 -
DE 4000 | 51.25x10° | +25.0 | +1.95 . o +0.64
EF 4000 | 51.25x10° | +25.0 | +1.95 671  +131

T T-1563

Member

SH’B:Z(%JXH =+5.63 mm —p
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Solution
Topic: Unit Load Mecthod for Deflection of Pin-Jointed Frames
Problem Number: 3.19 Page No. 1

¢ 30 kN ; .
S kN ) The cross-sectional area of all members is

30° equal to 1200 mm*
Determine the value of the horizontal
deflection at joint D.
E =205 kN/mm?
LDE - LEF = LFG= 2.887 m
Lm:=2.887m LCF=3.8l9m
LCE =1.443 m LBG =50m

a=tan"'(4.33/2.5) = 60°
G [ =1an"'(2.887/2.5) = 49.11°
60° Sina=0.866  Sin8=0.756
. s He Cosa=10.5 Cosf3= 0.655
Vo 433m Ve Tana=1.732  TanB=1.155

AE 1500 = (1200 x 205) = 246.0 x 10> kN

Determine the Support Reactions

Consider the rotational equilibrium of the frame:
+ve) EMpA=0 —-(5.0x75)-WVx433)=0

A Ve=—866KN |

Consider the horizontal equilibrium of the frame:
+ve > XFy=0 +Hs+H;-50=0 S Hg=5.0-H,

Consider the vertical equilibrium of the frame:
tve 1SF, =0  +74—-300+ V=0 . Va=30.0+8.66
o Va=+38.66 kN T

Assume all unknown member forces to be tension and use joint resolution to
determine the P-forces in the frame.

Consider joint A:

Fap +ve 27, =0 +38.66 + Fag=0 Equation (a)
+ve —ZFy=0 +Hp=0 Equation (b)
From Equation (a): Fp=—38.66 kN (Strut)
From Equation (b): H, =zero

HG =50 kN —

38.66 kN
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Solution
Topic: Unit Load Method for Deflection of Pin-Jointed Frames
Problem Number: 3.19 Page No. 2

Consider joint D:

300KN o> TF,=0 —5.0 + FpeSin30°= 0 Equation (a)

+ve }5F,=0  —30.0 - Fap— ForCos30° =0 Equation (b)

D3O

From Equation (a): Fpg =+ 10.0 kN (Tie)
Fep e From Equation (b): Fcp =— 38.66 KN (Strut)

Consider joint E: Resolve forces perpendicular and parallel to Fpg and Fge

10.0 kN . .
+ve 7 ZF perpendicular = 0 — FceSin60°= 0 Equation (a)

+ve \ ZFparallcl =( + FDE - FEF + FCEC0560° =0
Equation (b)
From Equation (a): Fygc=zero
From Equation (b): Fgr =+ 10.0 kN (Tie)
Consider joint C:

38.66 kN

Fer

+ve—> LF,=0 + FeeSing=0 Equation (a)
+ve $5F,=0  —38.66 - Fac— FsCosB=0  Equation (b)

From Equation (a): Fcy = zero

Fac Fer From Equation (b): Fyc =—38.66 kN (Strut)

Consider joint F: Resolve forces perpendicular and parallel to Fgg

10.0 kN
zero +ve 7 EFperpendicutar = 0 — FrSin60° = 0 Equation (a)

+ve N TFpuia =0  +10.0 - Frq + FrCos60° =0
Equation (b)
From Equation (a): Fgg = zero
From Equation (b): Fyg =+ 10.0 kN (Tie)

Consider joint B:
38.66 kN

+ve—> 2F,=0 + FpgSina=0
B ZEero
a
Fgg
38.66 kN
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Solution
Topic: Unit Load Method for Deflection of Pin-Jointed Frames
Problem Number: 3.19 Page No. 3

Horizontal deflection at joint D:
Apply a Unit Load in the horizontal direction at joint D and determine the values of
the u-forces using joint resolution as before.

30kN

5 KN et 1.0 KN <—t
D \ D
+ 10.0 kN

g3 +20

C_1 zero E C [ g zero LE

N\

—38.66 kN zero + 10.0 kN -1.73 zero +2.0

— 38.66 kN zero + 10.0 kN -1.73

zero =w-{ G 5.0 kN ZEIQ —iimne{ A
R

38.66 kN

P - forces u - forces

Complete the Unit Load table to determine the value of 4p

Length AE P-force | PLIAE (PLIAE) x u
mm) | &N | kN) | (mm) (mm)

AB 2500 | 246.0x10° | -38.66 | —0.39 | —1.73 | . +0.68

BC. 2500 | 246.0x10° | —38.66 | -039 | -1.73 | - +0.68

Member

BF 2887 | 246.0 x10° 0 0 0 0
BG 5000 | 246.0 x10° 0 0 0 | 0
CD 2500 | 246.0x10° | =38.66 | -0.39 | -1.73 | +0.68
CE 1443 | 246.0 x10° 0 0 0 | 0
CF 3819 | 246.0 x10° 0 0 0 0

DE 2887 | 246.0x10° | +10.0 | +0.12 | +20 | +0.23
EF 2887 | 246.0x10° | +10.0 | +0.12 | +20 | +0.23
FG 2887 | 246.0x10° | +10.0 | +0.12 | +2.0 |

5H,D=Z(%un =+2.73mm <—
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Solution
Topic: Unit Load Mcthod for Deflection of Pin-Jointed Frames
Problem Number: 3.20 Page No. 1

The cross-sectional area of members
AG, BG, CF, CG, EF, and G is equal
to 400 mm’.

The cross-sectional area of all other
members is cqual to 100 mm?,

All members are subjected to a decrease
in temperature equal to 20°C.
Determine the horizontal deflection
at joint F.

E=205kN/mm® and =12 x 10°/°C
Lagpecrer =V3.57 +3.52 = 4950 mm?
Sin45°=0.707, Cos45°=0.707
AE 00 = (100 x 205) = 20.5 x 10’ kN
AEq0 = (400 x 205) = 82.0 x 10° kN
The 6L value for members AG, BC, CF and EF due to temperature change:
dr=—alAr=—=(12x 107°x 4950 x 20.0)=— 1.19 mm

The L value for all other members due to temperature change:
Ar=—ald=—-(12x 107°x 3500 x 20.0) = — 0.84 mm

Determine the Support Reactions

Consider the rotational equilibrium of the frame:
tve JIMu=0 —(2.0x7.0)+ (10 x 10.5) = (Ve x 7.0 ) =0
VF =4+ 13.0 kN
Consider the horizontal equilibrium of the frame:
tve > 3XF=0 +Hy-20=0 L Hy=+20kN —

Consider the vertical equilibrium of the frame:
tvel SF,=0 +V4-100+ V=0 - ¥Va=100-13.0
VA =-3.0 kN l

Assume all unknown member forces 1o be tension and use joint resolution to
determine the P-forces in the frame.

Consider joint A:
+tve > ZF=0 + 2.0+ FagCos45°=0 Equation (a)

FaB
tve PEF,=0  —3.0+ Fup+ FagSind5° =0  Equation (b)

FaG

X From Equation (a): Fpg=—2.83 kN (Strut)
3.0kN From Equation (b): Fprg=+5.0 kN (Tie)
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Solution
Topic: Unit Load Method for Deflection of Pin-Jointed Frames

Problem Number: 3.20

Page No. 2

Consider joint B:
+ve } £F, =0

Be +ve — ZF, =0
B 455 .
%" From Equation (a):
A From Equation (b):
Consider joint G:
Fe +ve $EF, =0
5.0kN
G fr6 +ve — ZF,=0
45°
2.83 kN

Consider joint C:

20kN C tve TZFyZO

45

Fep
45°
t+ve —» 2F, =0

7.07kN For

2.0kN

From Equation (a):
From Equation (b):

Consider joint D:

10.0kN D +ve —>2F,=0

FpE

+ve } £F, =0
Fpr

From Equation (a):
From Equation (b):

Consider joint E:
10.0kN E

45° t+ve —»2F, =0

Fer 10.0KkN

From Equation (a):
From Equation (b):

“FDF:O

- 5.0+ FcSind5° =0
+ FB(; + FBcCOS45° =0

Equation (a)
Equation (b)

Fyc =+ 7.07 kN (Tie)
Fgc =-5.0 kN (Strut)

+ 2.83Co0s45° + Feg=0 Equation (a)

+ 5.0 +2.83Sin45° + Frg =0 Equation (b)

FCC =—-2.0kN (Strut)
Feg =~ 7.0 kN (Strut)

+2.0 - 7.07Sin45° — FcrSind5° =0
Equation (a)
—2.0 -7.07Co0s45° + FcpCos45°+ Fep =0
Equation (b)
Fep=—-4.24 kN (Strut)
Fcp=+10.0 kN (Tie)

-10.0+Fp=0 Equation (a)
Equation (b)

Fpg =+ 10.0 kN (Tie)
F DF = Zero

~10.0 — FgeCos45° =0

Fgr = — 14.14 kN (Strut)
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Solution
Topic: Unit Load Method for Deflection of Pin-Jointed Frames
Problem Number: 3.20 Page No. 3

Horizontal deflection at joint F:
Apply a Unit Load in the horizontal direction at joint F and determine the values of
the u-forces using joint resolution as before.

2kN + 10.0 kN +100kN
ZIO kN
+707kN -4.24 kN - 14.14 kN
—-2.0kN zero C D

E
zero

-50%-701«\1 A/‘F j
xF -0.71 ~0, zero

+50kN  —2.83kN 13.0 KN *10

+ 0.5
A

P - forces

u - forces
0.5

The oL value for members (AG, BC, CF and EF) due to temperature change:

Ar=-1.19 mm
The 6L value for all other members due to temperature change: ~ Ar =~ 0.84 mm
Complete the Unit Load table to determine the value of 6

Length AE P-force | PLIAE | 4y (PLIAE + Ay) x u
(mm) (kN) (kN) (mm) | (mm) (mm)

AB 3500 | 20.5x10° | +50 | +0.85 | -0.84 .  -0.01

AG 4950 | 82.0x10° | —2.83 | —-0.17 | - 1.19 . =192

BC 4950 | 205x10° | +7.07 | +1.71 | -1.19 . -0.37 .

BG 3500 | 82.0x10° | —-5.0 | —0.21 | -0.84 . -0.53

CD 3500 | 205x10° | +100 | +1.71 | -0.84 ' 0

CF 4950 | 82.0x10° | —4.24 | —0.26 | - 1.19 . 4+ 1.02

CG 3500 | 82.0x10° | —2.0 | —0.09 | -0.84 . =093

3500 | 205x10° | +10.0 | +1.71 | -0.84 0

DF 3500 | 20.5x10° 0 0 -0.84 0

4950 | 82.0x10° | —14.14 | —0.85 | - 1.19 0

FG 3500 | 82.0x10° | —7.0 | —0.30 | - 0.84

Member

Ouf= Z jg) xu =—4.45 mm €—
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3.6  Unit Load Method for Singly-Redundant Pin-Jointed Frames

The method of analysis illustrated in Section 3.5 can also be adopted to determine the
member forces in singly-redundant frames. Consider the frame shown in Example 3.6.

3.6.1 Example 3.6: Singly-Redundant Pin-Jointed Frame 1

Using the data given, determine the member forces and support reactions for the
pin-jointed frame shown in Figure 3.23.

o "
The cross-sectional area of all members is
E equal to 175 mm?.
S
E =205 kN/mm?
| D
™ Figure 3.23
10 kN

The degree—of—indeterminacy Ip=(m+r)—2n=(5+4)-(2x4)=1

Assume that member BD is a redundant member and consider the original frame to be the
superposition of two structures as indicated in Figures 3.24(a) and (b). The frame in
Figure 3.24(b) can be represented as shown in Figure 3.25.

B C
Hy %? 0]

()

>X Fgp

Figure 3.25
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To maintain compatibility in the length of member BD in the original frame the change in
length of the diagonal BD in Figure 3.24(a) must be equal and opposite to that in
Figure 3.24(b) as shown in Figure 3.26.

>XFBD=0

Figure 3.26
(8%p due to P-forces) + (65p due to unit load forces) x FBD =0

ie. j;é + (Z%u] X Fgp =0 FBD"_Z /z

Using joint resolution the P-forces and the u-forces can be determined as indicated in
Figure 3.27.

B C ( B C
10.0 kN ﬁm +10.0 KN ey 2ero -%T -0.71 7

zero

4N + { +10  -071 »x Fpp=0
1.0
A D D
10.0 kN zero = zero -0.71
N \ )
10.0 kN 10kN
P - forces u - forces
Figure 3.27
Member Length AE P-force | PLIAE u (PLIAE) x u | (uL/IAE ) x u | Member
(mm) (kN) (kN) (mm) (mm) (mm) forces
BC 3000 | 35.88x10° | +10.00 | +0.84 | - 0.71 - 0.59 0.04 +4.38
CD 3000 | 35.88x10° | +10.00 | +0.84 | —0.71 -0.59 0.04 +4.38
DA 3000 | 35.88 x10° 0 0 -0.71 0 0.04 -5.62
AC 4243 | 35.88x10° | —14.14 | —1.67 | +1.00 - 1.67 0.12 - =623
BD 4243 35.88 x10° 0 0 + 1.00 0 0.12 + 7.91
2=-285 | T=+0.36

Fpp= —}: / Z =+2.85/0.36 =+ 7.91 kN (Tie)



Pin-Jointed Frames 137

The final member forces = [P-forces + (u-forces x 7.91)] and are given in the last
column of the table

Va=+10.0-(0.71 x 7.91) = + 4.38 kN T
Hy=+10.0 + zero =+ 10.0 kN —
Vs=1zero+ (0.71 x 7.91) =+ 5.62 kN T
Hy=-10.0 + zero = - 10.0 kN <«

B C
10.0 kN +4.38 kN _—
N
5.62 kN

+7.91 kN

+438 kN E

Final member forces and

- 6.23 kN .
support reactions

10.0 kN - 5.62 kN —F
10 kN Figure 3.28

N
438 kN

3.6.2 Example 3.7: Singly-Redundant Pin-Jointed Frame 2

Using the data given, determine the member forces and support reactions for the
pin-jointed frame shown in Figure 3.29.
The cross—sectional area of all members is equal to 140 mm?. Assume E =205 kN/mm?

30.0 kN

60°\L < D

J 3.0m J 3.0m 30m Figure 3.29

All member lengths L = 3.0 m

AE = (140 x 205)=28.7 x 10° kN

Sin60° =0.866  Cos60°=0.5

Consider the applied load as two components ~ 30.0Sin60° = 25.98 kN
30.0Cos60° = 15.0 kKN —p

The degree of indeterminacy Ip= (m + ) - 2n = (8 + N-2xT)=1
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Consider the vertical reaction at support F to be redundant. The equivalent system is the
superposition of the statically determinate frame and the (unit load frame x V;) as

shown in Figures 3.30 and 3.31.

25.98 kN

Figure 3.30

( B C D

k VA" VG”

Figure 3.31

Using joint resolution the P-forces and the u-forces can be determined as indicated in
Figures 3.32 and 3.33.

25.98 kN
B C D
15.0 kN zero zero
zero —30.0 kN zer o zero zero zero P -forces
zero \/ zero
A 15.0 kN 4
zero 25.98 kN 7ero

Figure 3.32
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ANAV A

zero zero -0.58 -0.58 + (.58
u - forces
zero
A 0.29 G
1.0
zero 0.5
Figure 3.33
Member | L€ngth "AE P-force | PLIAE | = | (PLIAE)xu | (uLIAE)x u | Member
{mm) (kN) (kN) (mm) (mm) (mm) forces

AB 3000 | 28.7 x10° 0 0 0 0 0 0

BC 3000 | 28.7 x10° 0 0 0 0 0 0

CcD 3000 | 28.7 x10° 0 0 +0.58 0 0.035 0

DE 3000 | 28.7 x10° 0 0 +0.58 0 0.035 0

DF 3000 | 28.7 x10° 0 0 - 0.58 0 0.035 0

CF 3000 | 28.7 x10° 0 0 ~-0.58 0 0.035 0

CG 3000 | 28.7 x10° 0 0 +0.58 0 0.035 0

BG 3000 | 28.7 x10° | —30.00 | -3.14 0 0 0 —30.00

Z=1zero r=+0.18
PL ul
ie. Y —u + Z—u] X V=
AE AE

V|,~—Z / —u—0/018 Zero

The final member forces = [P-forces + (u-forces x 0)] and are given in the last column
of the table.

Ve=+2598kN 1
Hg=—15.0 kN «—

All other reactions are equal to zero.

25.98 kN

B C
15.0 kN%\ zero /\ zero

zero

zero
A

Zero

- 30.0 kN zero

25.98 kN

zero

zero

Zero

zero

zero

Final member forces
and support reactions

zero

Figure 3.34
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3.6.3 Problems: Unit Load Method for Singly-Redundant Pin-Jointed Frames

Using the data given in the singly-redundant, pin-jointed frames shown in Problems 3.21
to 3.24, determine the support reactions and the member forces due to the applied loads.

Assume E = 205 kN/mm” and a= 12 x 107%/°C where required.

I.Om 20m

50 kN 100 kN 50 kN The cross-sectional area of
members AH, GH, EF and
FG is equal to 200 mm”.

The cross-sectional area of
all other members is equal to
500 mm®.

The support at G settles by

12 mm.

Problem 3.21
B C
S > . .
The  cross-sectional
D area of all members
=258 is equal to 180 mm?
Hy )
Va F E Vb
40 kN Problem 3.22
I 6.0m | zom |
K - N N
The cross-sectional area of member 30 kN
BD is equal to 100 mm?.
The cross-sectional area of all other c -
members is equal to 300 mm?, "
Member AD is too long by 1.5 mm <
and all members are subject to an =
increase in temperature of 10°C.
Ve H L
ol "
C H . N w
C Vi Ve
e Problem 3.23
<
o
B 25 kN .
> The cross-sectional area of all
members is equal to 150 mm”.
20m 20m
A S 450\ D Member BD is 2.0 mm too short
SRS N S Problem 3.24
Va Vb
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3.6.4 Solutions: Unit Load Method for Singly-Redundant Pin-Jointed Frames

Solution
Topic: Unit Load Method for Singly-Redundant Pin-Jointed Frames
Problem Number: 3.21 Page No. 1

The cross—sectional area of members AH, GH, EF and FG is equal to 200 mm?
The cross-sectional area of all other members is equal to 500 mm?.

The support at G settles by 12 mm.

E =205 kN/mm?

Las, 86, 06,06 =V3.0° +3.02 =4.243 m
Sing=(3.0/4.243)=0.707  Cosé = (3.0/4.243) = 0.707

AEy0 = (200 x 205) =41.0 x 10° kN
AEs0 = (500 x 205) = 102.5 x 10> kN

Consider the vertical reaction at support G to be redundant.
The equivalent system is the superposition of the statically determinate frame
and the (unit load frame x V) as shown:

S0kN 100 kN 50 kN

P - forces
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Solution
Topic: Unit Load Method for Singly-Redundant Pin-Jointed Frames
Problem Number: 3.21 Page No. 2

Determine the Support Reactions for the statically determinate frame.

Consider the rotational equilibrium of the frame:
+ve) IMA=0 +(50.0 x3.0) + (100 x 6.0) + (50.0 x 9.0) — (15.0 x 3.0)
-(Ve'x12.0)=0 o Ve =+96.25 kN

Consider the horizontal equilibrium of the frame:
+ve—>LF=0 +H\N-150=0 S HY=+150kN —»

Consider the vertical equilibrium of the frame:
+ve T ZF,=0 + VA'=50.0-100.0-50.0 + V¢ =0 .. V,'=200.0-96.25
o Va'=+103.75 kN

Assume all unknown member forces to be tension and use joint resolution to
determine the P-forces in the frame.

Consider joint A:

Fo  tvelZF,=00 +103.75+ FuSing=0 Equation (a)

+ve —» LF,=0 + 15.0 + Faoy+ FagCosd=0  Equation (b)

From Equation (a): Fop=-146.70 kN (Strut)

103.75 KN From Equation (b): Fan =+ 88.75 kN (Tie)

Consider joint H:
+ve T LF,=0 +Fpgy=0 Equation (a)

Fau +ve —» SF =0 — 88.75+ Fgu=0 Equation (b)
88.75 kN FGh )
From Equation (a): Fgy = zero

H From Equation (b): Fgu =+ 88.75 kN (Tie)

Consider joint B:
50 kN +veZF, =0 —50.0 + 146.7Cos6— FgCosf =0
Equation (a)
Fge Tve —>XF=0 +146.7Sin6 + Fys Sin@ + Fpc =0
Equation (b)
(Al
1674k 1 Fag  From Equation (a): Fy =+76.0 kN (Tie)
From Equation (b): Fpc=-157.45 kN (Strut)
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Solution
Topic: Umt Load Method for Singly-Redundant Pin-Jointed Frames
Problem Number: 3.21 Page No. 3

Consider joint C:
100.0 kN
157.45 kN +ve t LF,=0 -100.0-Fe=0 Equation (a)
+ve — 2Fy=0 + 15745+ Fcp=0 Equation (b)

Fee From Lquation (a): Fce =-100.0 kN (Strut)
From Equation (b): Fep =-157.45 kN (Strut)

Consider joint G:

100.0 kN
76.0 kN Foc  +vel TF,=0  —100.0 +76.0 Sind + FieSin6=0

0 4 Equation (a)
88.75kN G Fu +ve —>2F, =0 —88.75-76.0Cos@ + FDGCOSH + Fpg =0
Ko Equation (b)

From Equation (a): Fpc =+ 65.42 kN (Tie)
From Equation (b): Fgc =+ 96.25 kN (Tie)

Consider joint F:

+ve T 2F,=0 + Fpr=0 Equation (a)

Fpr
f tve—> 2F =0 —-96.23+Fg =0 Equation (b)

96.25kN F  Fpp From Equation (a): Fpr = zero
From Equation (b): Fy =+ 96.25 kN (Tie)

Consider joint E:
FpE
+ve—> ZFy=0 —96.25— FpgCosf=0
96.25kN ; Fpg=—136.12 kN (Strut)
96.25KN |

50 kN 100 kN 50 kN

-157.45 kN=&= 157.45 kN 15 kN
C

~ 146.7 kN +76. 0 kN “ + 65 42 kN —136.12kn P - forces

zZero 100.0 kN zero
ll
EIL _liL
+ 88.75 kN + 88.75 kN + 96.25 kN +96.25 kN

103.75 kN 96.25 kN
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Solution
Topic: Unit Load Method for Singly-Redundant Pin-Jointed Frames
Problem Number: 3.21 Page No. 4

Apply a Unit Load in the vertical direction at support G and determine the values of
the u-forces using joint resolution as before.

+0.71 l] -0.71 “ -0.71 " +0.71 u - forces

(0 vi due to P-forces) + (8 vg due to unit forces) x Vg =~ 12.0 mm

i.c.Z%u + (Z%u] x Ve=-12.0
PL ul
. VG=(—]2.0— ZE”)/ ';4—Ell

Complete the Unit Load table to determine the value of Vg

Length AE P-force | PLIAE u (PLIAE)x u | (uLIAE ) x u | Membe

Member | "om) | Ny | Ny | (mm) (mm) (mm) forces

AB 4243 ] 102.5x10° | -146.70 | —6.07 | +0.71 —4.293 +0.021

AH 3000 41.0x10° | +88.75 | +6.49 | -0.50 -3.247 +0.018

BC 3000 | 102.5x10° | -157.45 | -4.61 | +1.00 - 4.608 +0.029

4243 | 102.5x10° | +76.00 | +3.15 | -0.71 - 2.224 +0.021

3000 | 102.5 x10° 0 0 0 0 0

3000 | 1025 x10° | -157.45 | —4.61 | +1.00 - 4.608 +0.029

3000 | 102.5x10° | -100.00 | -2.93 0 0 0

4243 | 102.5x10° | —136.12 | -5.63 | +0.71 - 3.984 +0.021

4243 | 102.5x10® | +65.42 | +2.71 | -0.71 - 1.915 +0.021

3000 | 102.5x10° 0 0 0 0 0

3000 41.0x10° | +96.25 | +7.04 | -0.50 - 3.521 +0.018

3000 | 41.0x10° | +96.25 | +7.04 | —0.50 -3.521 +0.018

GH 3000 41.0 x10°> | +88.75 | +6.49 | ~0.50 - 3.247 +0.018

=-35169 | Z=+0.215

AE
The final member forces = [P-forces + (u-forces x 107.76)] and are given in the last
column of the table
Va=103.75-(0.5 x 107.76) = + 49.87 kN T H,=+150 kN —»
Ve =96.25 (0.5 x 107.76) =+ 42.37 kN

Vo= [~12.o - Z—-uJ/Z—u =[-12.0 - (- 35.169)]/0.215 = + 107.76 kNT
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Solution
Topic: Unit Load Method for Singly-Redundant Pin-Jointed Frames
Problem Number: 3.22 Page No. 1

10m 20m

The cross-sectional arca of all members is equal to 180 mm”’.
E =205 kN/mm’

LAB,CD= 3.606 m LAF,DE =3.162 m LBE, cr = 6.708 m
Sina = (3.0/3.606) = 0.832 Cosar=(2.0/3.606) = 0.555
Sinf=(6.0/6.708) = 0.894 Cosf=(3.0/6.708) = 0.447
Sing=(3.0/3.162) = 0.949 Cos8=(1.0/3.162)=0.316
AE 5= (180 x 205) =36.9 x 10° kN

Consider member CF to be redundant.

145

The equivalent system is the superposition of the statically determinate frame

and the (unit load frame x Fcy) as shown:

¥

Y.

P - forces

1.0m 2.0m
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Solution |
Topic: Unit Load Method for Singly-Redundant Pin-Jointed Frames
Problem Number: 3.22 Page No. 2

Determine the Support Reactions for the statically determinate frame.

Consider the rotational equilibrium of the frame:
+ve> SMy=0 +(40.0x3.0) —(Vp'x12.0)=0 - Vp' =+10.0 kN T

Consider the horizontal equilibrium of the frame:
+ve—> SF,=0 +H\=0 s Hy' =1zero

Consider the vertical equilibrium of the frame:
+ve 1 LFy=0 + Va' —40.0+ Vp' =0 o Va'=40.0-10.0
- Vi'=+30.0 kN

Assume all unknown member forces to be tension and use joint resolution to
determine the P-forces in the frame.

Consider joint A:
+ve 1 LFy=0 +300+ Fap Cosa — FarCos6=0  Equation (a)
+ve —» SF, =0 + FapSinot + Fap Sin6=0 Equation (b)

From Equation (a): F\p=—36.06 kN (Strut)

30.0 kKN From Equation (b): Fap =+ 31.6 kKN (Tie)

Consider joint F:
+ve} £F,=0  +31.6Cos0 —40.0+ Fp: =0 Equation (a)

For tve —» SF, =0 —31.6Sin0+ Fgr =0 Equation (b)

31.6 kN
F
T From Equation (a): Fyp =+ 30.0 kN (Tie)

From Equation (b): Fer=+30.0 kN (Tie)
40.0 kN

Consider joint B:
i +velEF,=0  —30.0+36.06 Cosax~ FacCosB=0
B BC

Equation (a)
/ZLK +ve — LF, =0 +36.06Sina+ Fgg Sinf+ Fpc =0
36.06 kN FRE Equation (b)

30.0 kN
From Equation (a): Fyg, = —22.34 kN (Strut)
From Equation (b): Fgc=-10.0 kN (Strut)
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Solution
Topic: Unit Load Method for Singly-Redundant Pin-Jointed Frames
Problem Number: 3.22 Page No. 3

Consider joint E:

Fee
2 3kN b +ve == ZF, =0 - 30.0 +22.34Sinf3 + Fp:Sin0=0
)_gtﬂ/r Equation (a)

300kN E Do tve b£r,=0  -2234CosB + FiCosO + Fer=0
Equation (b)

From Equation (a): Fp; =+ 10.57 kN (Tie)
From Equation (b): F¢ =+ 6.65 kN (Tie)

Consider joint D:

+ve —> XF,=0 -10.57Sinf- FcpSina=0
F¢p = — 12.06 kN (Strut)

~10.0kN
- 36.06 k& ; Il ~12.06 kN

+ 30.0 kN -22.34 kN + 6.65 kN

+316kN + 10.57 kN
~/ é +30.0kN > “ o P - forces

30.0 kN E 10.0 kN
r40kN

Apply a Unit Load at joints F and C in the direction of member FC and determine
the values of the u-forces using joint resolution as before.

K"” %{P
zero ero

u - forces
A +1.0 D

—045 - 0.45

zero
-0.89
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Solution
Topic: Unit Load Method for Singly-Redundant Pin-Jointed Frames
Problem Number: 3.22 Page No. 4

(S due to P-forces) + (I g due to unit forces) x Fep =0

. P
1.€. ZA—é'll + [Z%ZIJ X FCF=()

Complete the Unit Load table to determine the value of F¢p

Member Length AE P-force | PL/IAE u (PLIAE Y x u | (uLIAE)x u | Member
(mm) (kN) (kN) | (mm) (mm) (mm)
AB 3606 | 369 x10° | -36.06 | —3.52 0 0 0
AT 3162 | 36.9x10% | +31.60 | +2.71 0 0 0 a6
BC 6000 | 36.9x10° | -10.00 | —1.63 | —0.89 +1.454 +0.130 |28
BE 6708 | 36.9x10° | —22.34 | —4.06 | 1.00 - 4.061 +0.182 | 307
BF 3000 | 36.9x10° | +30.00 | +2.44 | —045 - 1.090 +0.016 |
CD 3606 | 36.9x10° | —12.06 | - 1.18 0 0 0 , 6
CE 3000 | 36.9x10° | +6.65 | +0.54 | —0.45 -0.242 +0.016 )
CF 6708 | 36.9 x10° 0 0 1.00 0 +0.182 565
DE 3162 | 369 x10° | +10.57 | +0.91 0 0 0 874
EF 6000 | 36.9 x10% | +30.00 | +4.88 | —0.89 - 4361 +0.130
"5=-830 | T =+0.656"

PL L .
Fe=-Y, i u/Z;L;Eu = _ (- 8.30)/0.656 =+ 12.65 kN (Tie)

The final member forces = [P-forces + (u-forces x 12.65)] and are given in the last
column of the table

V,=+30.0 kN T Hy=zero Vo=+100kN }
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Solution
Topic: Unit Load Method for Singly-Redundant Pin-Jointed Frames
Problem Number: 3.23 Page No. 1

The cross-sectional area of member BD is equal to 100 mm?.

The cross-sectional area of all other members is equal to 300 mm®.

Member AD is too long by 1.5 mm and all members are subject to an increase in
temperature of 10°C.

E=205kN/mm*>  a=12x10"°C

LAB,BC=3-162 m LAD,CD=3-O41 m LBD=O.5 m

The OL value for all members due to temperature change:
Arappc=—alAr=—(12x107°x 3162 x 10.0) =+ 0.38 mm
Arapcp=— aldr=—(12 x 107% x 3041 x 10.0) =+ 0.36 mm
Arpp=— aLdr=— (12 x 107° % 500 x 10.0) =+ 0.06 mm

Sina=(1.0/3.162) = 0.316 Cosar = (3.0/3.162) = 0.949
Sing= (0.5/3.041) = 0.164 Cos@ = (3.0/3.041) = 0.987
AE 0= (100 x 205) = 20.5 x 10° kN AE3 = (300 x 205)=61.5 x 10° kN

Consider member BD to be redundant.

The equivalent system is the superposition of the statically determinate frame
and the (unit load frame x Fpyp) as shown:

P - forces
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Determine the Support Reactions for the statically determinate frame.

Consider the rotational equilibrium of the frame:
ive YEMy=0 +(30.0x3.0) - (V' x6.0)=0 Ve =+150kN

Consider the horizontal equilibrium of the frame:
tve — ZF,=0 +H) +H'=0 H' =-Hy'

Consider the vertical equilibrium of the frame:
+ve | ZFy=0 + VN =300+ V=0 Va'=300-150
VA =+ 15.0 kN T

Assume all unknown member forces to be tension and use joint resolution to
determine the P-forces in the frame.

Consider joint B:
30.0 KN +ve}TF,=0  ~30.0 - FasSina — FacSina=0 Equation (2)
B 4+ve — LF, =0 — FgaCosa + FpcCosax=10 Equation (b)
2 ¢ From Equation (a): Fya =—47.47 kN (Strut)
Fia Fgc From Equation (b): Fyc=—47.47 kN (Strut)
Consider joint A:
i +ve [EF,=0 +150-47.47Sina + FapSinf=0 Equation (a)
+ve — 2F,=0 H,—47.47Cosa + FapCosf=0 Equation (b)

From Equations (a): Fap = zero
From Equation (b): H,y=+45.0 kN
Hc=-45.0 kN
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Consider joint C:

tve } TF, =0 +15.0 - 4747Sina + FeoSind=0  Equation (a)
FC[) =Zero

47.47 kN

45.0 kN

C
15.0 kN

Apply a Unit Load at joints B and D in the direction of member BD and determine
the values of the u-forces using joint resolution as before.

u - forces

(dgpdue to P-forces) + (dgp due to unit forces) x Fgp =0

. PL ul
"e'Z(E+AL +Al.ju + (ZEUJ X Fpp=0

" Fgp=-— Z(—ML + A4, ] /Z—u
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PL . . .
The term Z(E+ A+ A,-] is evaluated separately here for convenience, normally

this would be incorporated in one table.

Length AE P-force | (PL/IAE) Temp. ) (PLIAE +4, + 4 )
(mm) (kN) (kN) (mm) change (mm)

AB 3162 | 61.5x10° | —47.47 | -2.44 +10 -2.06

BC 3162 | 61.5x10° | —47.47 | —2.44 + 10 -2.06

BD 500 | 20.5 x10° 0 0 +10 +0.06

CD 3041 | 61.5x10° 0 0 + 10 +0.36

DA 3041 | 61.5x10° 0 0 +10 +1.86

Member

Complete the Unit Load table to determine the value of F pp

- (PLIAE
Length AE SO )

(mm) (kN) (mm)
AB 3162 | 61.5x10° | —-2.06 +3.261 +0.129
BC 3162 | 61.5x10° | —2.06 +3.261 +0.129
BD 500 | 20.5x10° | +0.06 +0.060 +0.024
CD 3041 | 61.5x10° | +0.36 +1.110 +0.457
DA 3041 | 61.5x10° | +1.86 +5.671 +0.457
¢ $=%13363 | £=+1.196

(PLIAE +4, + ar) xu | (uL/IAE ) x u | Member

Member (mm) (mm) forces

Fpp=— Z(%+AL +Al-]u/zj:%u =-13.363/1.196 = — 11.17 kN (Strut)

The final member forces = [P-forces + (u-forces x (-)11.17)] and are given in the
last column of the table

V,=+15.0 + zero =+ 15.0 kN T
H,=+450-(1.5x(9)11.17)=+61.76 kN —»

Ve=+15.0 + zero =+ 15.0 kN T
He=—45.0+(1.5%x (-)11.17)=-61.76 kKN <4—
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The cross-sectional area of all members is
equal to 150 mm’.

Member BD is 2.0 mm too short.
E =205 kKN/mm?

AE1s50=(150 x 205) =30.75 x 10° kN

\ D Sin 45° =0.707
45 Hy Cos45°=0.707

RN
£

Consider member AB to be redundant.
The equivalent system is the superposition of the statically determinate frame

and the (unit load frame x F,g) as shown:

W

VD"

(u —forces) X Fap




154 Examples in Structural Analysis

Solution
Topic: Unit Load Method for Singly-Redundant Pin-Jointed Frames
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Assume all unknown member forces to be tension and use joint resolution to
determine the P-forces in the frame.

Consider joint B:

Fac tve —» SF, =0 + 25.0 + Fgp Cost=0 Equation (a)
‘ rvel 5F,=0  + Fyc - Fup Sing=0 Equation (b)
25.0 kN
BN From Equation (a): Fyp =—35.36 kN (Strut)

Frp From Equation (b): Fyc =—25.0 kN (Strut)

Consider joint C:

(W rvelZF,=0 +250+ V=0 Equation (2)
c He | e >F,=0 +H:' =0 Equation (b)
25.0 kN From Equation (a): Ve =-250KkN l

From Equation (b): H¢' = zero

Consider joint D:

35.36 kN +ve TZFY =0 —35.36Sin6 + ¥y =0 Equation (a)

+ve — F, =0 +35.36Cos6+ Hp' =0 Equation (b)

From Equation (a): Vp' =+ 25.0 kN

From Equation (b): Hp' =—250kN <«—
25.0 kN

w
C t»zero C

—25.0 kN

P - forces

?Y 25kN

~35.36 kN

Lack-of-fit

Am) = 2.0 mm
N

P

N

Zero 0 >)
43 45 25.0 kN

! W
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Apply a Unit Load at joints A and B in the direction of member AB and determine
the values of the u-forces using joint resolution as before.
1.42

C

u - forces

+ 1.0 kN

1.0
: D
0.71 5 X 0.71
0.71 0.71

(0as due to P-forces) + (Jap due to unit forces) x Fag =0

ie. Z[%+4)u + (ZZ—éu] X Fag=10

The term Z(%+ AL] is evaluated separately here for convenience, normally this

would be incorporated in one table.

Length AE (PLIAE) (PLIAE +A4,)
(mm) (kN) (mm) (mm)

AB 2000 | 30.75 x10° 0 0

BC 2000 | 30.75 x10° - 1.63 - 1.63

BD 2000 | 30.75 x10° ~-2.30 ) -4.30

Member
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Complete the Unit Load table to determine the value of Fap

Length AE (PLIAE+A4;) (PLIAE +4,)) x u | (uL/AE ) x u | Member
(mm) (kN) (mm) (mm) (mm) forces
2000 | 30.75 x10° 0 0 +0.065 +25.38
2000 | 30.75 x10° - 1.63 -2315 +0.131 +10.87
2000 | 30.75 x10° -4.30 - 4.300 +0.065 -9.99

% =-6.615 X =+0.261

Member

) u / Z%u = +6.615/0.261 = 25.34 kN (Tie)

The final member forces = [P-forces + (u-forces x 25.37)] and are given in the last
column of the table

Va=zero— (0.71 x 25.34) = — 17.99 kN l
H, =zero — (0.71 x 25.34) = - 17.99 kN <+

Ve=-—25.0 +(1.42 x 25.34) =+ 10.98 kN T
H¢ = zero

Vp=+25.0 - (0.71 x 25.34) = + 7.01 kN
CHp=-125.0+(0.71x2534)=—7.01 kN <




