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Abstract

In this paper, we propose a new exact closed form mu-
tual inductance equation for on-chip interconnects. We ex-
press the mutual inductance between two parallel rectangu-
lar conductors as a weighted sum of self-inductances. We
do not place any restrictions on the alignment of the two
parallel rectangular conductors. Moreover, they could be
co-planar or reside on different layers. Most important,
experimental results show that our formula is numerically
more stable than that derived in [2] for long parallel on-
chip interconnects.

1 Introduction

In modern VLSI design, it is prudent that inductance
effect be considered in the timing and noise analysis of
on-chip global interconnects. The concept of inductance
is defined based on the magnetic fields caused by currents
flowing through closed conductor loops. For general three-
dimensional interconnects, however, the return paths of cur-
rents are distributed and not known a priori. An approach
that obviates the need for prior knowledge of return paths in
circuit simulation is the use of the partial element equiva-
lent circuit (PEEC) model [6]. In this model, partial induc-
tances are defined to represent the loop interactions among
conductors, each forming its own return loop with infinity.
In the following discourse, we use mutual inductance to re-
fer strictly to partial mutual inductance and self-inductance
to refer strictly to partial self-inductance.
In this paper, we derive the exact closed form formula

for the mutual inductance of two parallel conductors; for
two wires orthogonal to each other, the mutual inductance
is zero. Exact formulas for the mutual inductance of two
parallel conductors are available. For example, the mutual
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inductance between two parallel filaments with length l and
spacing d is given by the following exact formula [5]:
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where � is the permeability.
If d� l, a simpler approximate formula can be obtained

through Taylor’s expansion [1]:

M =
�l

2�
[ln(

2l

d
)� 1]: (2)

If the length is not sufficiently larger than the distance, the
accuracy could be affected. When that happens, Eqn. (2) is
not a good approximation of Eqn. (1).
For two conductors with the cross-sectional dimensions

comparable to their distance, which is typical of on-chip
interconnects, they cannot be treated as filaments. In this
case, the geometry mean distance (GMD) should be used in
Eqn. (2) instead of d. Although exact formula for GMD of
two rectangular area exists, it is common that only an ap-
proximation is used. In [1], pre-computed tables are used to
obtain GMD. In [7], table-lookup and summation are used
to calculate the GMD of two wires.
One major shortcoming of Eqns. (1) and (2) is that they

do not apply to more general cases; the parallel conductors
must be of the same length and their end points aligned.
There are techniques that can be deployed to overcome this
shortcoming [4].
In [2], the authors derived a closed form formula for the

mutual inductance of any pair of parallel rectangular con-
ductors even if they are not aligned. The formula is given
below:

M =
[[[f(X;Y; Z)]X=w3;w1+w2+w3

X=w1+w3;w2+w3
]Y=t3;t1+t2+t3Y=t1+t3;t2+t3

]Z=l3�l1;l3+l2Z=l3+l2�l1;l3

w1w2t1t2
;

(3)
where w1, w2, and w3 are the widths and the distance be-
tween the two lines in the x-direction; t1, t2, and t3 are the
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thicknesses and the distance in the y-direction; l1, l2, and l3
are the lengths and the offset in the z-direction; and

[[[f(X;Y; Z)]X=x3;x4
X=x1;x2

]Y=y3;y4Y=y1;y2
]Z=z3;z4Z=z1;z2

�

4X
i=1

4X
j=1

4X
k=1

(�1)i+j+k+1f(xi; yj ; zk):

The exact expression of f(X;Y; Z) can be found in [2]. Un-
fortunately, the computation of the exact formula in Eqn. (3)
is numerically unstable (see Section 6 for the numerical re-
sults).
Consider the special case when we calculate the mutual

inductance between two identical conductors that coincide
with each other, we obtain the self-inductance. The closed
form formulas for self-inductance in [2, 6, 8] are derived in
this fashion. However, the formulas in [6, 8] are numeri-
cally more stable than the formula given in [2].
To overcome the numerical instability of Eqn. (3) In this

paper, we reveal in this paper the inverse relation between
mutual inductance and self-inductance, that is, the mutual
inductance can be expressed in terms of self-inductance. To
be more specific, the mutual inductance of on-chip inter-
connects is a weighted sum of self-inductances. Just like
Eqn. (3), we do not impose any restrictions on the align-
ment of the two parallel rectangular conductors. Moreover,
the formula applies to co-planar wires or wires residing on
different layers. Most important, it is exact and numeri-
cally stable for practical cases of modern on-chip intercon-
nects. We also derive for special cases of parallel conduc-
tors that are commonly encountered among on-chip inter-
connects closed form formulas that are even more compact.
Experimental results in Section 6 show that our formula is
numericallymore stable than Eqn. (3) derived in [2] for long
parallel on-chip interconnects.

2 Preliminaries

The mutual inductance between two conductors with
uniform cross sections is

M =
1

I0I1

Z
A0

Z
A1

M01J0J1dA0dA1; (4)

where A0 and A1 are the cross-sectional areas of the two
conductors. I0, I1, J0 and J1 are the current and the current
densities of the conductors. M01 is the mutual inductance
between two filaments dA0 and dA1, and the current is as-
sumed to be constant along the the length of each filament.
At relatively low frequency, the current distribution

varies very little in the cross sections and can be assumed
to be constant throughout the conductors. Hence, the mu-
tual inductance can be reduced to the following equation:

M =
1

A0A1

Z
A0

Z
A1

M01dA0dA1: (5)
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Figure 1. Two parallel wires.

As indicated by the preceding equation, the mutual in-
ductance is determined only by the geometries of the two
conductors. Under magneto-quasistatic condition, the mu-
tual inductance between two filaments L0 and L1 can be
calculated by Neumann’s formula:

Mf =
�

4�

Z
L0

Z
L1

dl0 � dl1
r

; (6)

where r is the distance between dl0 and dl1 and � is the
permeability.
Consider two parallel rectangular wires as illustrated in

Figure 1. Here, we assume that the current flows in the z
direction. As can be seen in the figure, the displacements
of the two wires along the x and y directions are non-zero.
Let the cross-sectional dimensions (in thex�y plane) of the
two wires be T0�W0 and T1�W1. We use pi;j;k and qi;j;k,
i; j; k 2 f0; 1g, to denote the corners of the two wires, as il-
lustrated in Fig 1. All corner points of the first wire has two
z coordinate values. We use zpk , k 2 f0; 1g, to denote the z
coordinate value shared by the corners p�;�;k. Similarly, we
use zqk , k 2 f0; 1g, to denote the z coordinate value shared
by the corners q�;�;k of the second wire. Similarly defined
are the x and y-coordinate values of the corners of the two
wires: xpi and xqi , i 2 f0; 1g, and ypj and yqj , j 2 f0; 1g.
Now, substituting Eqn. (6) into Eqn. (5), we obtain

M =
1

W0T0W1T1

Z xp1

xp0

Z xq1

xq0

Z yp1

yp0

Z yq1

yq0

Mfdy0dy1dx0dx1

=
1

W0T0W1T1
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Z xq1
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Z yp1
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Z yq1

yq0"
�

4�

Z zp1

zp0

Z zq1

zq0

1

r
dz0dz1

#
dy0dy1dx0dx1: (7)

If the two conductors coincide with each other, then the
preceding mutual inductance equation gives the equation
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for the self-inductance of one conductor:

L =
1

A2

�

4�

Z Z Z Z Z Z
1

r
dz0dz1dy0dy1dx0dx1:

(8)

3 Formula for Mutual Inductance

In the following, we reveal the relation between mutual
inductance and self-inductance, and then derive a closed
form formula for the mutual inductance as a weighted sum
of self-inductances.
It is trivial to show that for any function f(x),Z p1

p0

Z q1

q0

f(jx0 � x1j)dx0dx1
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2

�Z q1
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(9)

Making use of Eqn. (9), we can rewrite Eqn. (7) as fol-
lows:
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Figure 2. A virtual conductor defined by two
corner points.

=
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41
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�

4�
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Z zqk1

zpk0

Z zqk1

zpk0

1

r
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�
:

(10)

Note that the six-fold integration in Eqn. (10) is simply
Eqn. (8), the formula for the self-inductance of a rectangular
conductor defined by its two diagonal corner points pi0;j0;k0
and qi1;j1;k1 , i0; i1; j0; j1; k0; k1 2 f0; 1g, as illustrated in
Figure 2. The indices i0, j0, and k0 of pi0;j0;k0 identify a
corner of the first wire (see Figure 1). Similarly, qi1;j1;k1
is one of the eight corner points of the second wire. Al-
together, the corner points of the first wire and second wire
defines 64 virtual wires, each defined by a corner point from
the first wire and a corner point from the second wire.
Let Lpi0;j0;k0 ;qi1;j1;k1

refer to the self-inductance of a
rectangular conductor with two points pi0;j0;k0 and qi1;j1;k1
on the diagonal ends, and Api0;j0;k0 ;qi1;j1;k1

denote the
cross-sectional area of the conductor. Substituting Eqn. (8)
into Eqn. (10) yields

M

=
1

W0T0W1T1

1

8

1X
i0;i1;j0;j1;k0;k1=0

(�1)i0+i1+j0+j1+k0+k1+1

A2
pi0 ;j0;k0 ;qi1;j1;k1

Lpi0;j0;k0 ;qi1;j1;k1
: (11)

In other words, the mutual inductance of two parallel
wires is a weighted sum of the self-inductances of the 64
virtual wires defined by the two wires, the weight of each
self-inductance being+A2 or�A2. In some cases, pi0;j0;k0
and qi1;j1;k1 may share one or more coordinate values, re-
sulting in one or more dimensions in the defined virtual
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conductor being zero. The self-inductance of such a vir-
tual conductor is infinite. However, the cross-sectional area
A of such a virtual conductor is zero. As A2 of such a vir-
tual conductor approaches zero faster than the inductance
approaches infinity, the multiplication in Eqn. (11) is zero.
Therefore, the equation is still valid in this special case. In
fact, this equation is valid for any two parallel conductors
that have rectangular cross sections.
The remaining issue is the computation of the self-

inductances. In [2, 6, 8], closed form formulas for the
self-inductance of a rectangular conductor are derived.
Although the formulas are symbolically equivalent, the
closed-form formulas from [6, 8] are numerically more sta-
ble. The closed-form formula for the self-inductance of a
rectangular conductor of length l, thickness T , and width
W is as follows [8]:

L

l
=
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4
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[

1

r + �r
+

1

�w + �r
+

1
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]) (12)

where w = W=l, t = T=l, r =
p
w2 + t2, �w =

p
w2 + 1,

�t =
p
t2 + 1, �r =

p
w2 + t2 + 1, S(x) = sinh�1(x) =

ln(x+
p
1 + x2), T (x) = tan�1(x). In this work, we com-

pute self-inductances using Eqn. (12).

4 Special Cases

Eqn. (11) is valid for any two conductors that are rect-
angular and parallel. For the general case, we need to cal-
culate 64 self-inductances to obtain the mutual inductance
between the two conductors. For special cases (such as
aligned interconnects in the same layer), the computation
complexity becomes much less. In Figure 3, for example,
we consider two identical conductors that are parallel and
properly aligned. The width of the wires is w and the spac-
ing between the two wires is s. In such a case, only three

W S W

Figure 3. Two parallel conductors that are
aligned.

sl0 l1

Figure 4. Two coaxial conductors.

distinct integrations (out of the 64 in Eqn. (11)) remains af-
ter eliminating those that are equal to zero. The formula for
mutual inductance can be simplified as

M =
1

2w2
[(2w + s)2L2w+s + s2Ls � 2(w + s)2Lw+s];

(13)
where LW represents the self-inductance of a rectangular
conductor with widthW .

Consider another special case where two conductors
with identical cross section are coaxial, as shown in Fig-
ure 4. Let the lengths of the two conductors be l0 and l1.
The distance between the two closest end points of the con-
ductors is s. The exact formula for the mutual inductance
between the two conductors can be simplified as

M =
1

2
[Ll0+s+l1 � Ll0+s � Ll1+s + Ls]; (14)

where Ll is the self-inductance of a conductor with length
l.

Now, consider the special case where the two conductors
are identical and they coincide with each other. In this case,
only eight of the 64 integrations deal with virtual conductors
with non-zero cross-sectional areas and lengths. Moreover,
these virtual conductors are identical to the conductor of
interest. Therefore, the mutual inductance between the two
conductors is

M =
1

8WT
(8AL) = L: (15)

That coincides with the definition of self-inductance of the
conductor.
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5 Skin Effect and Other Considerations

In the preceding derivations, we assume that the current
distribution is uniform in the cross section of the conductor.
In other words, we ignore the skin effect. Theoretically, the
current in the a conductor is not uniformly distributed due to
skin effect. However, for relatively low frequency, it is rea-
sonable to ignore the skin effect on current distribution and
assume that the current distribution is purely determined by
the resistive effect and is thus uniform. For cases where the
skin effect cannot be ignored, we can divide the cross sec-
tion of a conductor into a mesh and then apply the formula
to each pair of filaments in those meshes. The frequency-
dependent inductances (and resistances) of conductors can
then be calculated based on the resistances and partial in-
ductances of the meshes based on a nodal analysis formula-
tion. In such an approach, even the computation of the self-
inductance of a conductor requires the mutual inductances
of filaments in the mesh that discretizes the conductor.
It is worthy of note that the result of mutual inductance

is a weighted sum of the self-inductance of 64 rectangular
virtual wires. Some virtual wires may be too large to be re-
alistic or so large we should consider skin effect. However,
it is important to realize that they constitute only the inter-
mediate results. The validity of the final result depends on
the structures of the two real wires, not these virtual wires.
The formula we derived applies only to parallel rectan-

gular conductors. If the structures of the wires are complex,
the formula may not apply directly. However, if they can
be decomposed into rectangular conductors that are parallel
or orthogonal to each other, we can still apply this formula
to each pair of conductors and obtain the total inductance
value according to the PEEC model.

6 Numerical Results

In this section, we compare the numerical results ob-
tained by our formula with those obtained by the formula
in [2] and FastHenry [3]. Eqn. (3) is also a result of 64 ex-
pressions. However, the function f(X;Y; Z) (see [2] for
details) in this expression is different from the product of
the square of cross-sectional area and self-inductance in our
formula.
In Figure 5, we obtain the mutual inductance between

two wires with cross-sectional dimensions of 0:5�m�1�m.
They are 1:5�m apart. The plots in Figure 5(a), Figure 5(b)
and Figure 5(c) are respectively obtained with the formula
from [2], our formula and FastHenry. It is evident that the
formula from [2], and FastHenry are numerically less sta-
ble than our formula; the mutual inductance should increase
smoothly as wire length increases.
FastHenry uses the formula from [2] not only in the

mutual inductance calculation, but also in the self induc-
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Figure 5. Mutual inductance extracted with (a)
the formula from [2], (b) our formula, and (c)
FastHenry [3] for two wires with a fixed spac-
ing of 1:5�m at varying lengths.
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tance. Figure 6(a) plots the self-inductance values obtained
by FastHenry [3] for a rectangular bar with a cross sec-
tion of 1�m�1�m at different lengths. We expect the
self-inductance to increase smoothly as the wire length in-
creases. However, Figure 6(a) does not show such a trend.
The behavior of FastHenry can be explained as follows:
When calculating the self-inductance, FastHenry first di-
vides a wire into several segments along the length, then ob-
tains the self-inductance of the wire by summing up the self-
inductances of the segments and the mutual inductances be-
tween the segments. When the wire length is small, the
formula from [2] is sufficiently accurate to get the mutual
inductances between the segments and the plot shows a
smooth increase in self-inductance when the wire length in-
creases. However, as the wire length becomes longer, nu-
merical errors cause wide-range fluctuations in the induc-
tance values. When the wire length is sufficiently long, Fas-
tHenry uses some other approximate methods, which are
numerically stable, to calculate the mutual inductance. As a
result, the inductance plot becomes smooth again. When
we replace the mutual inductance formula from [2] with
our formula, the results of FastHenry improve significantly
(Figure 6(b)).

7 Conclusion

In this paper, we proposed a new closed form formula
for on-chip mutual inductance. It is an exact formula that is
practical and convenient for on-chip inductance extraction.
Most important, it is numerically stable for long parallel on-
chip interconnects.
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