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Abstract� The authors present a novel wire duplication-based
interconnect modeling technique. The proposed modeling tech-
nique exploits the sparsity of the 1 matrix, where is the
inductance matrix, and constructs a sparse and stable equivalent
circuit by windowing the original inductance matrix. The resulting
circuit model is sparse and exhibits the same stability property
as the method. Numerical results show that the proposed wire
duplication model has high accuracy and is more efficient than
many existing techniques.

Index Terms� Circuit, inductance, interconnect, modeling.

I. INTRODUCTION

WITH the continual increase of clock frequency and
global interconnect length and decrease of signal tran-

sition time, accurate modeling of inductance effects becomes
increasingly more important. The partial inductance matrix

obtained from the PEEC model [1] is extremely large and
dense. Direct simulation of the full matrix is very time
consuming and memory consuming. To make the simulation
more efficient, sparsification of and matrixes has been
considered in [2]�[7].

One sparsification approach is to discard the mutual coupling
terms that are below some threshold. However, the resulting in-
ductance matrix may not be positive definite and that leads to an
unstable circuit. The shift-truncate method proposed in [2] and
[3] can guarantee that the generated sparse inductance matrix is
positive definite. However, the accuracy is not satisfactory [4],
[5].

In [4], the locality of is demonstrated. Hence, the
matrix can be easily sparsified by dropping small entries while
keeping the stability. Thus, modeling the inductance with the
truncated matrix (denoted by L ) instead of the ma-
trix can reduce the number of coupling elements and speed up
the simulation. In [5], a new circuit element , which is de-
fined as the inverse of inductance, is introduced and is incorpo-
rated in a simulation tool (known as the method). To avoid
the element in simulation, the truncated matrix can be
inverted to obtain a new inductance matrix (denoted by L). As L
is also a dense matrix, direct simulation of L (referred to as the
L method) is not efficient. In [6], sparsification on the L matrix
(known as the double-inverse inductance model) is performed.
Essentially, the double-inverse inductance model requires two
approximation (sparsification) steps. In [7], the sparse induc-
tance matrix is calculated directly by using exponential poten-
tials and matrix inversions are avoided.
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It is expensive to calculate by direct inversion for large
circuits. Thus, as an approximate method, the windowing tech-
nique, is often used to calculate the L [5], [7], [8]. Although
the result is not exact, it is still denoted by L in this paper. In
practical applications, local extractions are preferred for better
efficiency. Nevertheless, for the ease of presentation, direct ma-
trix inversion is used to calculate the L matrix for all the nu-
merical examples in this paper.

In this paper, we present a novel interconnect modeling tech-
nique based on wire duplication. This technique is motivated
by the mathematical property that only a subset of the entries of
the L matrix is required to reconstruct the L matrix. Conse-
quently, we can construct a circuit that is equivalent to the L
matrix out of the subset of L by wire duplication. It is physically
equivalent to the model. However, it uses inductances in the
simulation and avoids the need for new simulators. Compared
with the double-inverse inductance model, it avoids the need
for a second approximation step. Furthermore, we can apply the
wire duplication technique to the original inductance matrix
directly. The wire duplication model using original inductance is
sparse and exhibits the same stability property as the method
[4], [5]. Numerical results show that the proposed wire duplica-
tion model has high accuracy and is more efficient than many
existing techniques.

We use the following notation in the paper.
original partial inductance matrix;
inverse of ;

L truncated or the matrix via local extraction;
L inverse of L ;
L method that uses L instead of in the simulation;

L wire duplication model using the L matrix;
WD/L wire duplication model using the original induc-

tance matrix .

II. MATHEMATICAL BACKGROUND

In this section, we present the mathematical property that
the L matrix contains redundant information. Consequently, we
may use only a portion of L to reconstruct the L matrix, which
is the key to the proposed wire duplication method. The theo-
rems and the proofs behind the mathematical property are given
in the Appendix.

For one layer of parallel structures, the L matrix is banded;
for more general structures, such as multilayer, L is a general
sparse matrix. First, we consider the simple case that L is a
banded matrix to illustrate the idea of wire duplication. General
cases are discussed in Section VI.

Let be an band matrix with bandwidth equal to
, and . We take the intersection of rows to

and columns to of to form a submatrix. Then,
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the center row and center column of the inverse of the submatrix
are identical to the th row and th column of the matrix

(1)

Here, we use the following notation: refers to
the submatrix at the intersection of rows to and columns
to of ; refers to column and refers to row
; refers to columns from to and

refers to rows from to . The index of the matrix begins at 1.
If or , we use 1 or instead.

We illustrate the mathematical property using a layout of
seven parallel and aligned wires. The wire length is 100 m,
and the cross section is 0.5 1 m. The separation between the
wires is 0.5 m. The matrix and its inverse ( matrix) are

If we drop the small off-diagonal terms in , we obtain a band
matrix L with bandwidth 3

L

If we invert the L matrix, we obtain the L matrix

L

Although L is a full dense matrix, we know from (1) that we
can reconstruct the L matrix from only the bold entries in the

L matrix. Here, we illustrate how we can reconstruct the first
and third rows (columns) of the L matrix.

To obtain the first row and column of the L matrix, we use
the (1:2,1:2) window of L

L

Inverting , we obtain

whose first row and column correspond to the first row and
column of the L matrix.

Similarly, for the third row and column of the L matrix, we
use the (2:4,2:4) window of L

L

Thus, the central band (with bandwidth ) of the L matrix
contains all the information in the L matrix.

III. WIRE DUPLICATION MODEL

In the previous section, we have demonstrated that the infor-
mation of L is contained in a portion of the L matrix. The
next step is to build an equivalent circuit out of these entries and
ignore the remaining entries. Again, we show only the case that
L is a banded matrix for simplicity.

Equation (2), shown at the bottom of the next page, describes
the magnetic couplings between the wires in the single-layer
layout example in the previous section with the L matrix,
where and refer to the voltage drop due to the inductance
and the current in the wire , respectively.

We can rewrite (2) in terms of the L matrix, as shown in the
equation at bottom of the next page.

Now, we will show how an equivalent circuit can be con-
structed out of the windows of the L matrix. For example, if
we take the window corresponding to the (2:4,2:4) submatrix of
the L matrix and apply it to wires 2, 3, and 4, we have

(3)

or

(4)

Among the three circuit equations for , , and in (4),
only the following equation:

(5)
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Fig. 1. Modeling of wire 3.

matches that in (2). Hence, we can model wire 3 correctly, pro-
vided that and are correct. However, the equations for

and in (4) do not match those in (2), i.e., wires 2 and 4
are not correctly modeled. Thus, their voltages and are
incorrect. To provide a remedy to this problem, we can model
these two wires correctly somewhere else and use the correct

and values for the modeling of wire 3 here.
Fig. 1 shows the modeling of signal 3. In this figure, the

symbol stands for voltage controlled voltage source (VCVS)
element. The two VCVSs provide the correct voltages for
and . The inputs of the VCVSs come from the correct model-
ings of and . Since and here are controlled by their
corresponding correct modelings, they are just dummy copies.
We call such copies dummy wires and draw them in dashed lines.
In contrast, if a wire is correctly modeled, we call it a real wire
and draw it in solid lines. Here, wire 3 is a real wire and wires
2 and 4 are dummy wires. The real wire and the dummy wires
form a group. The total number of wires in a group is called
the group size or window size. Fig. 1 shows such a group, which
models wire 3 correctly. Similarly, we can construct a group that
includes dummy copies of wire 1 and wire 3 to model wire 2 cor-
rectly. In the group that models wire 4 correctly, dummy copies
of wire 3 and wire 5 are included. Real wires 2 and 4 in these two

groups provide the correct voltages and for the VCVSs
in Fig. 1.

In general, only one wire is correctly modeled in one group;
so groups are needed for wires in the simulation. There
are dummy wires and one real wire in each group if the band-
width of L is (the groups at the two ends are special
cases).

In each group, every pair of wires (including both real and
dummy ones) is inductively coupled, and there is no inductive
coupling among groups. Let be the partial inductance matrix
for the wire duplication model, then is block diagonal and
each block corresponds to one group of wires. is also block
diagonal. If we remove the rows for dummy wires in and
utilize the fact that dummy wires have the same voltages as the
corresponding real wires, we get back the L matrix. Thus, the
wire duplication model is physically equivalent to the model.
If the corresponding model is stable, the wire duplication
method is also stable.

We use HSPICE to verify the correctness of this wire dupli-
cation model. We refer to the wire duplication model using the
L matrix as the L model. Two sets of simulation are car-
ried out: one set uses the full L matrix (the L method), the other
uses the L model. They produce exactly the same results
(see Section VII for details). This is expected, as they are physi-
cally equivalent. Since the L method and method [4] are also
physically equivalent, the simulation result of the L model
should be the same as that of the method [4] as well.

IV. OPTIMIZING THE GROUP SIZE

In the wire duplication model described in the previous sec-
tion, there are wires in each group (less than at the two
ends). There are altogether about inductive cou-
plings, whereas the full inductance matrix contains
couplings. If , the wire duplication technique will pro-
duce an equivalent circuit of a smaller size.

(2)
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Fig. 2. Modeling of wires 1 and 2.

There are two methods to reduce the circuit size even further.
The first method merges the groups at the ends. The following
window captures the modeling of wire 2:

L

We can see that wire 1 is also correctly modeled. It means that
wires 1 and 2 can share one group, as shown in Fig. 2. Similarly,
wires and can share one group.

Such an improvement is marginal; the second method, which
uses larger windows, can achieve more reduction. For example,
if we use a window of size 4, for the (1:4,1:4) window, the cor-
responding matrixes are

L

In this case, wires 1, 2, and 3 are correctly modeled in this
group with a dummy copy of wire 4.

With larger windows, fewer groups are needed to model all
the wires. However, this reduction is achieved at the expense of
more couplings within each group; the number of couplings in
each group increases quadratically with the window size. We
discuss the tradeoff in the remainder of this section.

For simplicity, we assume that all the groups are of the same
size, . The number of wires commonly found in two adjacent
groups should be . Let be the number of groups needed.
Then

(6)

The number of total wires used is ; the number of total
couplings is . The purpose of this study is
to build an equivalent circuit with a smaller size. It includes
both wires and the coupling elements. As a rough estimate, we
use as the circuit size and try to minimize it. We can

easily conclude that is
minimized when

(7)

and the minimal value of is

(8)

For the circuit example in Section VII, we set the bandwidth
of to be 5, i.e., , and perform wire duplication simula-
tions for different window sizes (5�12). The run times are shown
in Fig. 3. We can see that the circuit obtained with a window size
of 8, which is , has the smallest run time. That coincides with
our estimation.

Although the circuit sizes at different window sizes are dif-
ferent, all the resulting circuits are all physically equivalent. The
simulation results for all of them are exactly the same.

When , there are about inductive
couplings and wires ( of them are dummy
wires). Note that the method has about couplings and
requires no dummy wires. Therefore, the wire duplication tech-
nique uses about four times couplings required in the method
and an additional dummy wires. This is the price that
we pay for RLC simulation instead of RKC simulation.

V. WIRE DUPLICATION USING MATRIX

In the previous sections, we use the L matrix, which is ob-
tained by two matrix inversions, in the wire duplication model.
It turns out that we can use the original inductance matrix di-
rectly in the modeling to avoid matrix inversions. We refer to the
wire duplication model using the matrix as the WD/L model.

With the windowed L matrix, we can obtain the exact L
matrix and build the L model. The use of the windowed L
matrix is based on a strict mathematical property. That mathe-
matical property can also explain the validity of using the win-
dowed matrix to a certain extent, since is almost a sparse
matrix. It also validates the use of local inversions to extract the
L matrix.

In the following, we will construct the equivalent matrix
for WD/L and show some properties of this model. Let be the
partial inductance matrix for the wire duplication model. Both
and are block diagonal and each block is for one group. If
we remove the rows for dummy wires in and utilize the fact
that dummy wires have the same voltages as the corresponding
real wires to align the remaining rows, we will get the equiv-
alent matrix. Note that these are essentially the same steps
for the local extractions of the matrix in the model [4],
[5], [8]. Thus, if the corresponding windows in WD/L and the

model are the same, the equivalent matrix for WD/L is
exactly the same as the matrix from the local extractions. In
those local extractions, there is an additional step to symmetrize
the resulting matrix by letting L , where

is the transpose of the matrix [8], [9]. As
and have the same definiteness, WD/L exhibits the same sta-
bility property as the model.

Recall that the simple truncation method also uses a portion
of the original inductance matrix to model the interconnects.
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Fig. 3. Simulation times for different window sizes.

But, the two methods are radically different. The key difference
is that in the WD/L method, dummy wires are added and con-
trolled by VCVS elements. Thus, it exploits the sparsity of ,
whereas simple truncation tries to exploit the sparsity of ma-
trix, it is not accurate and may not be stable. In the previous
example, the simple truncation method that captures the same
inductance terms as the wire duplication method has negative
eigenvalues. It is not as accurate as the wire duplication model
even when it is stable.

VI. GENERAL SPARSE MATRIX

When multilayer structures are considered, the L matrixes
are no longer banded. Instead, they are more like general sparse
matrixes. For those kinds of structure, we have the following
conclusion.

Let be an symmetric sparse matrix, and
. For the th row (column) of the matrix, only the en-

tries are nonzero, the rest are zeroes. We take the
intersection of rows and columns to
form a submatrix. If there exists , such that ,
then the th row and column of the inverse of the submatrix is
equal to the th row and column of (omitting the zero entries
in the latter)

(9)

Here, the notation refers to the principle
submatrix at the intersection of rows and columns

of B.
This conclusion is just a special case of the Theorem 2 in

the Appendix. Thus, for the case that L is a general sparse
matrix, we can also use a portion of the L to reconstruct the L
matrix. We illustrate this mathematical property using a layout
with three layers of parallel wires. There are five wires in each

layer. The wire length is 100 m, and the cross section is 1 1
m. The separation between the wires is 1 m and the separation

between the layers is 3 m. The matrix and its inverse (
matrix) are as shown in the equation at the bottom of the next
page.

If we drop the small off-diagonal terms in , we obtain a
sparse matrix, L ; if we invert the L matrix, we obtain the
L matrix. The L matrix and the L matrix are shown at the
bottom of page 1527.

Here, we illustrate how we can reconstruct the L matrix by
using a portion of the L matrix.

To obtain the first row and column of the L matrix, we use
the [1,2,6,7] principle submatrix of L (the bold entries in L)

L

Inverting , we obtain

whose first row and column correspond to the first row and
column of the L matrix.

Similarly, for the eighth row and column of the L matrix,
we use the ([2,3,4,7,8,9,12,13,14]) principle submatrix of L.
The fifth row and column of its inverse correspond to the eighth
row and column of the L matrix. The submatrix and its in-
verse are shown at the bottom of page 1528.

We have shown that the L matrix can be reconstructed by
a portion of the L matrix when L is a general sparse matrix.
Similarly, we can build the equivalent wire duplication circuit
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model, optimize the group size, and apply the method to the
original inductance, just as we do when L is banded.

VII. EXPERIMENT RESULTS

A. Single Layer

We demonstrate the wire duplication technique on a bus with
128 signals. Shields are inserted after every four signals. The
wire length is 1 , the cross section is 1 1 m, and the sep-
aration between wires is 1 m. The wires are divided into five
segments along the length. The driver resistance is 30 and the
load capacitance is 40 . The wire capacitances are extracted
based on the interconnect structure. HSPICE is used for the sim-
ulation and the �ACCURATE� option is set.

Different simulation techniques are studied: the full matrix
method, the L method, L, WD/L, simple truncation, shift-
truncate [2], [3], and the double-inverse inductance model [6],
[7]. Because Ksim [5] is not available to us, we cannot per-
form the method directly. Instead, we use the L method,
which is physically equivalent to the method. (Note that the L

method is different from the double-inverse inductance model.)
The bandwidth of L is 5 , and the window size for
wire duplication is .

A 1V 20 ramp input is applied to the first signal, and the
rest are quiet. The waveforms for the first, second, and third sig-
nals are shown in Figs. 4, 5, and 6, respectively. In each figure,
results from the L method and the wire duplication methods
are shown on the left; and results from the shift-truncate and
double-inverse methods are shown on the right. As a reference,
the result from full matrix modeling appears in both plots. The
simple truncation method is not stable and not shown.

The first conclusion we can draw from these figures is that
L is physically equivalent to the L method. These two

methods match exactly on all figures. We can also see that WD/L
is more accurate than L. Although both of them match
very well with the full matrix method, the results of using the
original matrix are closer.

In the double-inverse method [6], [7], the same cutoff per-
centage is used for the matrix and the L matrix. Both the
double-inverse method with 2.2% cutoff and the shift-truncate
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Fig. 4. Simulation results for signal 1.

L

L
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Fig. 5. Simulation results for signal 2.

Fig. 6. Simulation results for signal 3.

L

method have a similar number of mutual inductances as the wire
duplication methods, while the double-inverse method with 1%

cutoff has about twice as many mutual inductances. We can see
that they perform worse than WD/L.
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TABLE I
RUN TIME AND MEMORY USAGE

Fig. 7. Three-layer interconnect structure.

Table I lists the memory and time usage for different
methods. Both L and WD/L methods use the same
amount of time and memory. It is clear that the wire duplication
methods are faster and require less memory even than the
shift-truncate method and the double-inverse method (2.2%
cutoff), despite the fact that their circuit sizes are actually larger
(due to the additional dummy wires).

B. Multiple Layers

Next, we demonstrate the wire duplication technique on a
three-layer bus structure with 32 signals on each layer (Fig. 7).
Shields are inserted after every four signals. The wire length is
1 , the cross section is 1 1 m, and the separation between
wires is 1 m. The separation between two layers is 3 m. The
wires are divided into five segments along the length. The driver
resistance is 30 and the load capacitance is 40 .

The full matrix method, the L method, L, WD/L, simple
truncation, shift-truncate [2], [3], and the double-inverse induc-
tance model [6], [7] are applied to this structure. To get the L
from , the width of the coupling window in the horizontal
direction is set to be five; vertical couplings are also included.
The cross-sectional view of the coupling window is shown in
Fig. 8. In the wire duplication simulation, the group size in the
horizontal direction is seven.

A 1V 20 ramp input is applied to the first signal of the
middle layer, and the rest are quiet. The waveforms for the first
signal of the top layer and the first and second signals of the
middle layer are shown in Figs. 9�11, respectively.

Similarly, we can see that L is equivalent to the L
method. In the double-inverse method [6], [7], the same cutoff
percentage is used for the matrix and the L matrix. Both
the double-inverse method with 1.8% cutoff and the shift-trun-

Fig. 8. Cross-sectional view of the coupling window for three-layer
interconnect structure.

cate method have a similar number of mutual inductances as
the wire duplication methods, while the double-inverse method
with 1% cutoff has about twice as many mutual inductances.
We can see that they perform worse than WD/L.

Table II lists the memory and time usage for different
methods. Again, both L and WD/L methods use the same
amount of time and memory, and they are faster and require less
memory than the shift-truncate method and the double-inverse
method.

In these two sets of examples, forward couplings are not in-
cluded in the wire duplication simulations. The forward cou-
pling is also truncated in the L method and all the double-inverse
methods. If needed, the forward couplings can be incorporated
in the wire duplication model in the same way the lateral cou-
plings and the vertical couplings are (Theorem 2). Fig. 12 shows
the waveform for the second signal in the middle layer when two
nearest forward couplings are included for each wire segment in
the WD/L model. For comparison, the results from the full ma-
trix model and WD/L without forward coupling are also shown.
We can see that including the forward couplings makes little dif-
ference in accuracy in these examples.

VIII. SUMMARY AND CONCLUSION

In this paper, we propose a new interconnect modeling tech-
nique�wire duplication. With this technique, we can generate
stable, sparse, and yet accurate inductance models for on-chip
interconnects. It uses a very small portion of the original induc-
tance matrix and discards the rest. The wire duplication model
using the double-inverse inductance is physically equivalent to
the method. However, we exploit the sparsity of by using
inductances in the simulation. Although it is not as sparse as the

simulation, it avoids using the new circuit element . The
wire duplication model can be applied to the original inductance
directly and the matrix inversions are avoided. The wire duplica-
tion model using the original inductance has the same stability
as the method.

A common theme in the method, double-inverse induc-
tance model, and the wire duplication model is that they all ex-
ploit the sparsity of by windowed inductance matrix. The

method and the double-inverse inductance model do it at the
inductance extraction level, while the wire duplication model
does it at the simulation level. The wire duplication model has
the following advantages:
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Fig. 9. Simulation results for signal 1 on the top layer.

Fig. 10. Simulation results for signal 1 on the middle layer.

Fig. 11. Simulation results for signal 2 on the middle layer.

TABLE II
RUN TIME AND MEMORY USAGE

� It is compatible with most of the existing simulators; we
use inductance in the simulation.

� It is compatible with existing inductance extractors; we
use the original inductance.

APPENDIX

Theorem 1: Suppose A is a nonsingular matrix and
B is the inverse of A. is the submatrix of A formed by the
intersection of rows and columns .
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