458 IEEE TRANSACTIONS ON CIRCUITS AND SYSTEMS—II: EXPRESS BRIEFS, VOL. 53, NO. 6, JUNE 2006

Exact and Numerically Stable Closed-Form
Expressions for Potential Coefficients of
Rectangular Conductors

Jitesh Jain, Cheng-Kok Koh, and Venkataramanan Balakrishnan

Abstract—Existing exact closed-form expressions for the scalar
mutual and self-potential coefficients for rectangular conductors
may be ill-conditioned for certain geometries. We propose new,
exact, closed-form expressions for potential coefficients that are
much better-conditioned. The basic idea is to express all potential
coefficients as weighted sums of mutual and self-potential coeffi-
cients of suitably defined virtual plates. Experimental results are
presented to demonstrate the improved numerical stability of the
new formulas.

Index Terms—Capacitance extraction, closed-form expressions,
interconnect, potential coefficient.

1. INTRODUCTION

APACITANCE extraction has been a fundamental

problem in the modeling and analysis of VLSI intercon-
nects. A number of approaches are available for the extraction
of capacitance for a general structure of n conductors [1],
[2], [5], [7]. To calculate capacitance, Laplace equations have
to be solved numerically over a charge free region, with the
conductors providing the boundary conditions. Though there
are a number of numerical methods that could be employed for
the solution of Laplace equations involved, the usual approach
is to use a boundary element technique for solving the integral
form of Laplace equations [2], [5]. Here, the conductor surfaces
are divided into rectangular panels, and their surface charge
density o is computed by solving the equation

o(z) = / G(z,z")o(x")dd (1)

surfaces

where z, ©/ € R3, @ is the known surface potential, and
G(z, 1) is Green’s function. Given the surface charge density,
o, the total charge on the conductor can be calculated by
summing it over the panels that comprise the entire surface. If
conductor j is raised to a unit potential, the partial capacitance
between the sth and jth conductors Cj; is simply equal to the
charge on conductor 3.
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The approach presented in [5] is to divide the surface into
a large number of panels A; so that the charge on each panel
can be assumed to be constant. The charge voltage relationship
for the panels can then be written as matrix equation of the form
Pq = v, where v is the vector of panel potentials, g is the vector
of panel charges, and P is the potential coefficient matrix of the
system. The capacitance matrix is now obtained by summing
the panel charges. The potential coefficient between panels P;
and P; is given by

1 1
P = ——— da,da; 2
A Ay / / dmeqllai — sl 0 @
z;,EP; x;E€EP;

where A; and A; denote the areas of panels P; and P;, respec-
tively.
In [2], the potential coefficients are approximated by

1 1
Pi=— A 3
7 area(P;) / deg||z’ — 24| “ )

z; €P;

where 7/ is the center of panel j.

For rectangular geometries, the expression in (2) can be sim-
plified to yield explicit formulas [4]. While they are simple to
evaluate, these formulas are numerically ill-conditioned, con-
sequently when the separation between the conductor surfaces
is large (and yet realistic), the evaluation of the formulas, even
with double-precision, leads to erroneous results (see Section I11
for numerical results).

The numerical ill conditioning in the formulas is caused by
cancellation errors. The same issue arises in the calculation of
inductance of rectangular conductors, where it has been ob-
served that the numerical inaccuracies in the evaluation of mu-
tual inductance formulas are much more severe than those with
self inductance formulas [8]. Numerically stable formulas for
self-inductances were given in [3] and [6]. The authors in [8]
then derived numerically well conditioned formulas for mu-
tual inductances of parallel conductors by expressing them in
terms of self inductances. Our work in spirit takes a similar
approach to derive stable expressions for mutual potential co-
efficients. However, the work here is more involved than de-
riving inductance formulas. First, in inductance extraction with
parallel conductors, the basic problem has the filaments in a
parallel orientation. However, with capacitance extraction, the
plates can be aligned in three different configurations (see Sec-
tion II). Second, the expressions for self-potential coefficients
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Fig. 1. Cells aligned in parallel direction.

in [4] suffer from cancellation errors, and must be rewritten to
improve their numerical stability.

In this brief, we derive the explicit formulas for the expression
in (2) for rectangular conductors. We first present formulas for
self potential coefficients that are theoretically equivalent to, but
numerically more stable than, the ones derived in [4]. We then
express the mutual potential between two plates as a weighted
sum of self potentials. Numerical results show that our formulas
are numerically more stable than those derived in [4].

II. FORMULAS FOR POTENTIALS

A. Parallel Plates

We first consider the case of two parallel plates, as shown in
Fig. 1. Without loss of generality, we assume that plate ¢ is in the
xy-plane. Let ay, k, ! € {0, 1} denote the four corners of plate
i, with {xg, yi, 0} being the cartesian coordinates of corner ag;.
Let by, k, I € {0,1} denote the four corners of plate j, with
{ug, vy, 2z} being the cartesian coordinates of corner by;. Let A;
and A; be the areas of plates < and j respectively. For this case,
(2) yields

Ty uy Yi v

1 1
Pi=— —dzdudyd 4
47TGOAZ‘Aj////7"ij rEHeyen @

Zo Uo Yo Vo

where 7;; = \/(z — u)? + (y — v)2 + 22. The formulas in [4]
are essentially simplified forms of this integral.

The approach that we employ relies on the following simple,
yet key, observation from calculus [8].

Lemma I: Let f : R? — R satisfy f(z,y) = g(|z — y|) for
some g : R — R and for all z, ¥y € R.. Then

/f(:v w)dzdu

Zo Uo

wy uq ug

% //f(:v,u)dxdu+/7)f(:v,u)d:vdu

T T

_77ﬂ%mmm—77ﬂ%mmm

To To r1 T1
1 Uj Uy
1 "
=3 z:(—l)’“"]+1 //f(a;u)da:du. (5)
i5=0 ﬂ;fi Tq
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Fig. 2. Virtual plate for corners aoo and by of Fig. | when z = 0.

Lemma 1 states that the integral of a function of two variables
x and wu, that is symmetric about the line z = wu over a rec-
tangle, can be expressed as a combination of integrals over four
squares.

Using (5), we may rewrite (4) as

1

Pi=— Z

7 47r60AiAj // 2
o Uo

1

1 v v
1
Z (—1)k+l+1//—d:vdydudv
J J T

k,1=0 Yr Yk

1
o 16’/T€0AZ'A i

7 k,l,m,n=0
Un Un V| Vi

X ////#da:dudydv. (6)

Tij

(_1)k+l+m+n

Tm Tm Yk Yk

Thus, the implication of Lemma 1 for the calculation of the po-

tential coefficient F;; is that P;; can be expressed as a weighted

sum of sixteen integrals. These integrals have interesting phys-

ical interpretations, and can be further simplified.

* Consider the case z = 0, i.e., when plates ¢ and j both lie

in the zy-plane. In this case every integral in the formula
(6) can be interpreted as the self-potential of a “virtual”
rectangular plate of dimensions |, — u,| X |yr —v;|. One
such virtual plate is shown in Fig. 2.
Itis readily shown that in this case, we may further simplify
each integral

Un Un VI Ul

1
I(k,l,m,n) = //—dxdudydv
Tiq
Tm Zr'm, Yk Yk !
2 , 2< 1 1 )
= — — w —|—
3 4+ V02 +w? w4 V2 4 w?
+ 20208 (9) +20tS <£> %
/ w
where { = |z, — un|, w = |yp — v, and S(z) =
sinh™!(z).

* Next, consider the case z # 0. In this case each integral
can be interpreted as the potential coefficient between two
parallel plates of dimension |z, — w,| X |yr — v, with a
separation of z. One such set of virtual plates is shown in
Fig. 3.
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Fig. 3. Virtual plate for corners aoo and boq of Fig. 1 when = # 0.

It is readily shown that in this case, each integral can be
further simplified

I(k,l,m,n)

Up Up UV Vg

= ///idmdudydv
Tij

Tm Tm Yk Yk

= 2| (2= B
= l(p D)qs ( i 1)
2 p
+6(q” — 1)pS <W)

pq
+ 6pS(p) + 6¢S(q) — 12pqT | ———
Vi +P+1
1 1
+ 4p? -
VPP + P +1+V@+1 14+ /14p?
+2¢°V @ + 1+ 2p7/p? + 1
_2(p2+q2) /p2 +q2+ 1i| ,
where T'(z) = tan~Y(x), S(z) = sinh *(z), p = (|£m —

unl|/2), ¢ = (lyx — wil/2), 7 = /P* + ¢*

In summary, we have the following new formula:

®)

1
1
- - _1)ktHAmtn L g ]
Ty > (=1 (k,l,m,n). (9)

J k,l,m,n=0

P, =

We note that it is possible that some of the virtual plates have
zero area, e.g., when x1 = wuy. In such cases, the corresponding
integrals simply drop out of the sum in (9) yielding expressions
with fewer than sixteen terms. Finally, while the formula in (9)
appear different from the ones in [4], they evaluate in theory the
same quantity. However, we will demonstrate via examples in
Section III that the formula in (9) is much better conditioned
numerically than the formulas in [4].

B. Perpendicular Plates

We next consider the second potential coefficient calculation
encountered in conductors with rectangular geometries, that of
two perpendicular plates, as shown in Fig. 4.

Without loss of generality, we assume that plate ¢ is in the
xy-plane. Let ax, k, I € {0, 1} denote the four corners of plate
1, with {xg, y;, 0} being the cartesian coordinates of corner ag;.
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Fig. 4. Cells aligned in perpendicular direction.
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Fig. 5. Virtual plate for corners aqo and boo of Fig. 4.

Let by, k, I € {0,1} denote the four corners of plate j, with
{uk,y;, 2} being the Cartesian coordinates of corner by;. Let
A; and A; be the areas of plates ¢ and j, respectively.

Paralleling the development in Section II-A, the formula in
(2) can be simplified to yield

1 ul Y1 z1

1 1
Pi=— —dzdudyd 10
J 47FEOAZ‘A]'/// TAij rautyes ( )
To Uo Yo Zo
where ’Iﬁij = \/(.’170 — 371)2 + (y — yj)Z + 22.
Using (5), we can rewrite the above equation as
1 1 up up Y1 z1 1
Pj=——"" —1)kHtHt dzdudydz.
J 8’/T€0AZ'A]' ( ) ’I%‘j raucyes
k,1=0
T Tp Yo 20
(11)

Thus, as with the case of parallel plates, the potential coeffi-
cient F;; can be expressed as a weighted sum of integrals of a
special type, there being four integrals in the sum in this case.
Each integral can be interpreted as the self potential of a virtual
plate, an example of which is shown in Fig. 5. Moreover, each
integral can be simplified to yield a closed-form formula

(k1) = / /
Tr Tk Yo 20

DI UCT

m=1n=1

Y1 z1

1
dzrdudydz

Tij

—_

C3 b’m + Pmn
In ——

X [z2cn In(bm + pmn) —

+ 2%b,y, ln(cn + pmn) —
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Cnpmn

where © = |zx — wil, pmn = 22+ b2, + 2, Tin =
Vb tck, b = b + (ay/2), ba = by — (ay/2),
c1 = ¢ + (bz/Q), C2 = Cijj — (bz/Q)

Thus 1 1

Pj=—"——
I SWGOAiAj b1=0

(=) 1K, D). (13)

This formula is theoretically equivalent to those in [4]; however,
it turns out to be much better conditioned.

III. NUMERICAL RESULTS

In this section, we compare the results for numerical stability
of potential coefficients as obtained by evaluating our expres-
sions and as given by formulas in [4]. Results are shown for the
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following four cases with parallel and perpendicular configura-
tions. In each of the cases, the cross-section of the two plates are
0.1 gm x 0.1 pgm. All the expressions have been implemented
in MATLAB! with double precision.

» Configuration 1: Both plates are in the same plane. Poten-
tial coefficients are calculated as the horizontal separation
between the plates is increased.

» Configuration 2: Plates are oriented in parallel direction in
two different planes. Potential coefficients are calculated
as the vertical separation between the planes is increased.

» Configuration 3: Plates are oriented in parallel direction in
two different planes. Potential coefficients are calculated
as the vertical as well as the horizontal separation between
the plates is increased.

* Configuration 4: Plates are oriented in perpendicular di-
rections in two different planes. Potential coefficients are
calculated as the horizontal separation between the plates
is increased.

IMATLARB is a registered trademark of Mathworks.
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TABLE 1
CAPACITANCE VALUES( X 10~'% F) AS OBTAINED BY OUR TOOL AND FASTCAP

L(in um) Our tool | Fastcap | Standard
2 95.26 94.89 95.59
4 132.56 132.20 132.90
6 165.44 165.10 165.80
8 195.86 195.50 196.30
10 224.63 | 224.30 225.10
12 252.19 | 251.80 252.70
14 278.80 | 278.50 279.30
16 304.64 | 304.30 305.20

Results are shown in Figs. 6-9, respectively. As can be seen
from the figures, the formulas from [4] tend to become unstable
as the separation between the plates is increased. On the other
hand, the new formula proposed are much more numerically
stable over long distances. Note that some of the setup in these
experiments may not reflect on-chip interconnect realistically.
However, they do demonstrate the differences in the numerical
robustness of the two formulas.

We have also implemented a simple capacitance extrac-
tion tool in MATLAB, using the new formulas, based on
the Boundary Element Method (BEM) approach described
in Section I. The purpose is to evaluate the accuracy of the
newly derived potential coefficient expressions in the context
of capacitance extraction. For this experiment we considered
wires of cross-sectional area 1 pm X 1 pm and lengths varying
from 2 pm to 16 pm. For each 1 um x 1 pm surface, we used a
uniform discretization of 5 X 5 panels. The capacitance values
extracted by our tool and Fastcap are listed in Table I, columns
2 and 3. Note that “L” denotes length of the conductor under
consideration. To demonstrate the accuracy of our tool, we also
ran Fastcap with very fine discretization (20 x 20 panels for
each 1 ym x 1 pum surface), leading to more accurate values.
These “Standard” results are reported in column 4 of Table I.

The table shows that the capacitance values obtained from our
tool are at least as accurate as Fastcap with the same panel
discretization.

IV. CONCLUSION

We have presented formulas for mutual and self potential co-
efficients of plates that are numerically more stable than the ones
derived in literature [4]. The main reason behind the stability of
our expressions is that all potential coefficients, mutual as well
as self, have been expressed as a weighted sum of self potential
coefficients of virtual plates, which are derived to be numeri-
cally stable than their counterparts in [4].
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