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Abstract�Redundant via insertion is highly effective in improv-
ing chip yield and reliability. In this paper, we study the problem
of double-cut via insertion (DVI) in a postrouting stage, where a
single via can have, at most, one redundant via inserted next to it
and the goal is to insert as many redundant vias as possible. The
DVI problem can be naturally formulated as a zero�one integer
linear program (0�1 ILP). Our main contributions are acceler-
ation methods for reducing the problem size and the number
of constraints. Moreover, we extend the 0�1 ILP formulation to
handle via density constraints. Experimental results show that our
0�1 ILP is very ef�cient in computing an optimal DVI solution,
with up to 73.98 times speedup over existing heuristic algorithms.

Index Terms�Integer linear program (ILP), redundant via
insertion, via density.

I. INTRODUCTION

THE SCALING of manufacturing technology has made
integrated circuits (ICs) more sensitive to process vari-

ations. As a consequence, the yield of ICs has suffered [1].
In particular, via-open defects have been identified as one of
the main causes of chip failures [2]. Therefore, it is crucial to
reduce the yield loss due to via defects, which may be caused
by several reasons, such as electromigration, cut misalignment,
and thermal-stress-induced voiding effects [3]–[5]. Partially
failed vias add unexpected delay, and completely failed vias
leave open nets in a circuit. Considering that a redundant via
provides an alternative current path, redundant via insertion has
become one of the well-known and highly recommended meth-
ods to improve via yield and reliability [2], [6]–[9]. Redundant
vias can provide a 6% increase in the yield over the wafers with
single-cut vias, a significant improvement considering that a 1%
yield loss in a 300-mm wafer fab costs a chipmaker about five
million dollars on an annual basis [9].

In general, the redundant via insertion problem can be tack-
led during routing or in a postrouting stage. In [10]–[13], redun-
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dant vias are inserted in a postrouting stage. Lee and Wang [10]
formulated the problem as a maximum independent set (MIS)
problem, which considered all single vias simultaneously.
To solve the large-sized MIS problem, a divide-and-conquer
heuristic was proposed to partition the whole problem into
several smaller MIS problems that were solved one at a time.
However, optimality was not guaranteed. In [11], the single
vias of a design were considered individually for redundant
via insertion. Therefore, only locally optimal solutions could
be obtained. In [12], the redundant via insertion problem was
formulated as a bipartite matching problem that could be solved
optimally only when the design is grid-based and involves, at
most, three routing layers. All these works ignored via density
constraints, the violation of which could adversely affect the
yield and reliability of a design. Such constraints were con-
sidered in [13], which solved the problem with a two-stage
heuristic approach but with no guarantee on optimality. Some
previous works, such as [14] and [15], considered the redundant
via insertion problem in the routing stage. Nonetheless, for
further improvement of the yield and reliability of vias and
electrical characteristics, it may still be desirable to perform
additional redundant via insertion after the routing stage.

In this paper, we study the problem of double-cut via inser-
tion (DVI) in a postrouting stage, where a single via can have,
at most, one redundant via inserted and the goal is to insert
as many redundant vias as possible. As it is a MIS problem,
the DVI problem can be naturally formulated as a zero–one
integer linear program (0–1 ILP) [16]. Our main contributions
are acceleration methods that exploit the properties of the DVI
problem for reducing the problem size and the number of
constraints without sacrificing the optimality. Moreover, we
extend the 0–1 ILP formulation to consider also via density
constraints. Experimental results show that our formulation is
more complete than the bipartite matching formulation in [12].
Although a MIS formulation is, in general, not scalable, the
runtimes of our accelerated 0–1 ILP approach are comparable
with those of a bipartite matching algorithm reported in [12].
Moreover, our 0–1 ILP approach can always generate optimal
solutions, with runtimes that are up to 73.98 times faster than
the approach in [10], which was also based on a MIS formula-
tion. When via density constraints are considered, our approach
can insert more redundant vias than an approach adapted from
the two-stage approach in [13], with runtimes that are up to 41.9
times faster.

The rest of this paper is organized as follows. In Section II,
we give the definition of the DVI problem. In Section III, we
present a 0–1 ILP formulation and the accelerated methods
for the DVI problem. In Section IV, we extend the 0–1 ILP
formulation to consider via density constraints. We report the
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Fig. 1. Double-cut via types [10]. (a) Single via. (b) Type 1. (c) Type 2.
(d) Type 3. (e) Type 4.

experimental results in Section V and conclude this paper in
Section VI. Parts of the results presented in this paper ap-
peared in [17].

II. DOUBLE-CUT VIA INSERTION

Without the loss of generality, we assume that a redundant
via can be inserted next to a single via in one of four positions.
Therefore, as in [10], four types of double-cut vias can be
defined, as follows.

Definition 1 (Double-Cut Via): A single via and a redundant
via inserted next to it are defined as a double-cut via. Based on
the position of the redundant via, the double-cut via is one of the
four types, as shown in Fig. 1. Given a single via i, its double-
cut via of type j (j � {1, 2, 3, 4}) is denoted by dv(i, j). Aside
from this, a double-cut via is said to be feasible if replacing the
single via with the double-cut via does not violate any design
rule and does not overlap with any critical area, assuming that
other single vias are kept intact; otherwise, the double-cut via
is an infeasible one.

It should be noted that the via structures shown in Fig. 1
are only for illustration. In our experiments, different sets of
test circuits have different via-related rules, such as via cut
size, enclosure rule, and via cut spacing rule. These differences
are all accounted for in the experiments. The DVI problem is
formally defined as follows.

DVI: Given a routed design and a user-specified set of single
vias, the problem of DVI is that of replacing as many single vias
in the given via set as possible with double-cut vias, without
violating any design rule and without rerouting any net.

Note that redundant via insertion may change the timing
behavior of a design [11]. Aside from this, inserting redundant
vias in congested areas may also hurt the yield and reliability
of a design [13]. We assume that designers have taken these
into consideration when they specify the set of single vias to
be considered for redundant via insertion. In particular, our
formulation in Section IV deals with via density constraints
directly.

III. 0–1 ILP FORMULATION FOR DVI

In this section, we shall describe the formulation of the DVI
problem as a 0–1 ILP. We also present methods to improve the
efficiency of our 0–1 ILP formulation.

TABLE I
NOTATION

A. Preliminaries

We follow the notation and definitions used in [10]. For
ease of reference, these notation and definitions are provided
in Table I and Definition 2.

Definition 2 (Conflict Graph): A conflict graph G(V, E)
is an undirected graph constructed from a detailed routing
solution and a user-specified set of single vias. Each feasible
double-cut via fdvi,j is associated with a vertex vi,j in V . An
edge (vi,j , vi�,j�) � E if and only if fdvi,j � fdvi�,j� .

B. 0–1 ILP Formulation

Before constructing the 0–1 ILP problem, we have to com-
pute all svi’s, all fdvi,j’s, and the conflict relation between
any pair of feasible double-cut vias. All information can be
obtained by constructing a conflict graph. In a conflict graph,
two vertices are connected by an edge if the corresponding fea-
sible double-cut vias cannot be simultaneously inserted into the
design due to some design rules (an external conflict relation)
or they originate from the same single via (an internal conflict
relation).

We use the algorithm proposed in [10] to construct the
corresponding conflict graph G(V, E) from a given design and
the user-specified set of single vias. To formulate the problem
as a 0–1 ILP, we associate each vi,j � V with a binary variable
Ri,j . If Ri,j = 1 in the 0–1 ILP solution, the corresponding
fdvi,j is inserted into the design. Therefore, we should add the
following conflict constraints into our 0–1 ILP formulation:

Conflict constraint : Ri,j + Ri�,j� � 1 �(vi,j , vi�,j�) � E
(1)

which means that, at most, one of the fdvi,j and fdvi�,j� can
be inserted into the design if fdvi,j � fdvi�,j� . Considering that
the objective of the DVI problem is to maximize the number of
inserted double-cut vias (i.e., #RVI, as defined in Table I), we
can now formally define our 0–1 ILP formulation, as follows:

Maximize
�

vi,j�V

Ri,j

subject to Ri,j + Ri�,j� � 1 �(vi,j , vi�,j�) � E

Ri,j � {0, 1} �vi,j � V. (2)

This formulation has been used in [16] to find a MIS of G.
However, the time complexity to solve a 0–1 ILP problem is,
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in general, quite high. Therefore, we cannot afford to apply the
0–1 ILP approach to a large design directly. In the following,
we will describe three acceleration methods that exploit the
properties of the DVI problem to speed up the 0–1 ILP solver
without sacrificing the optimality.

C. Speedup

1) Reducing the Number of Constraints: Given a conflict
graph G(V, E), the edge set E can be divided into two disjoint
subsets EI = {(vi,j , vi�,j�)| �(vi,j , vi�,j�) � E with i = i�}
(internal edge set) and EX = {(vi,j , vi�,j�)| �(vi,j , vi�,j�) � E
with i �= i�} (external edge set). Considering that each single
via svi has, at most, four feasible double-cut via types, it con-
tributes to G a clique that has, at most, four vertices. Therefore,
there are, at most, six edges in EI [and, at most, six constraints
of the form in (1)] for each svi. However, those internal conflict
constraints can be simplified by a single double-cut constraint
that limits the single via svi to have, at most, one redundant via
inserted next to it:

Double-cut constraint :
�

fdvi,j �s of svi

Ri,j � 1. (3)

In fact, this technique can be applied to any cliques of a
conflict graph so that all conflict constraints associated with
a clique can be combined into a single constraint. However,
the complexity for identifying cliques in a graph is, in gen-
eral, quite high. In the conflict graph of a DVI problem instance,
the cliques that are formed by internal edges can be identified
readily and efficiently. Therefore, we take advantage of such a
property of the DVI problem and replace the conflict constraints
of internal edges with the double-cut constraints.

It should be noted that we do not have to construct the
double-cut constraint for a single via that has only one feasible
redundant via. With the double-cut constraint (3), we only have
to construct the conflict constraints (1) for the edges of EX in
the following modified but equivalent 0–1 ILP formulation:

Maximize
�

vi,j�V

Ri,j

subject to
�

fdvi,j �s of svi

Ri,j � 1 �svi � SV

Ri,j + Ri�,j� � 1 �(vi,j , vi�,j�) � EX

Ri,j � {0, 1} �vi,j � V. (4)

From our experience, there are many more edges in EI than
in EX . Therefore, the number of constraints of our 0–1 ILP
formulation can be significantly reduced. The numbers of con-
straints and binary variables of the 0–1 ILP are |EX | + |SV|
and |V | (i.e., |FDV|), respectively.

Fig. 2 shows an example of the new 0–1 ILP formulation.
Given the routed design, as shown in Fig. 2(a), we assume that
the single vias 1, 2, and 3 are allowed to have one redundant
via inserted. We further assume that the top redundant via of
single via 1 and the left redundant via of single via 2 (the
right redundant via of single via 1 and the bottom redundant

Fig. 2. Example of the DVI problem.

via of single via 2, the bottom redundant via of single via 2
and the left redundant via of single via 3) cannot be inserted
simultaneously due to design rules. The corresponding conflict
graph is shown in Fig. 2(b), with the edges of EX shown in
bold. Considering that fdv1,1 � fdv2,4, the conflict constraint
R1,1 + R2,4 � 1 is included in the 0–1 ILP problem, as shown
in Fig. 2(c). Similarly, R1,2 + R2,3 � 1 and R2,3 + R3,4 � 1
are also included. For the single vias 1, 2, and 3, the double-
cut constraints R1,1 + R1,2 � 1, R2,3 + R2,4 � 1, and R3,2 +
R3,4 � 1 are also included.

2) Preselection: Given a conflict graph G(V, E = EI �
EX), for each single via svi, let Vi denote the set of vertices
vi,j’s of svi. We compute the vertex subset CVi ={vi,j | vi,j �Vi
has no incident edges that belong to EX}. Suppose the CVi of
svi is not empty. Considering that the vertices in CVi have
no conflict relation with the vertices originating from the other
single vias, we can arbitrarily include any vi,m � CVi in a MIS
of G. Aside from this, as a single via can have, at most, one
redundant via inserted next to it, we can now delete all vertices
vi,j originating from svi and all corresponding edges from the
conflict graph.

Let RVPS(G) denote the set of preselected vertices of G. Let
the reduced conflict graph be denoted by �G( �V , �E = �EI � �EX),
where

�V = V �
�

svi�SV

{vi,j |vi,j � Vi 	 |CVi| > 0}

�EI =
�

(vi,j , vi�,j�)|vi,j , vi�,j� � �V 	 (vi,j , vi�,j�) � EI

�

�EX =
�

(vi,j , vi�,j�)|vi,j , vi�,j� � �V 	 (vi,j , vi�,j�) � EX

�
.

(5)

Considering that this method can decrease the numbers of
variables and constraints of the 0–1 ILP problem, the efficiency
of our approach can be improved. It can be shown that the
preselection method does not hurt the optimality.

Lemma 1: Let RVPS(G) and �G denote the preselected ver-
tex set of conflict graph G and the reduced conflict graph,
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Fig. 3. Example of the preselection method.

respectively. Aside from this, let RV01(G) denote a MIS of G
[or a 0–1 ILP solution obtained from (4)]. Then, RVPS(G) �
RV01( �G) is an independent set of G, and |RVPS(G)| +
|RV01( �G)| = |RV01(G)|.

Proof: First we show that if a vertex vi,j � RVPS(G) and
vi,j /� RV01(G), we can always create another MIS M of G
such that |M | = |RV01(G)| and vi,j � M . Considering that the
vertices originating from single via svi form a clique in G,
there must exist one vi,k � RV01(G), where k �= j. Otherwise,
RV01(G) � {vi,j} is an independent set, which contradicts the
fact that RV01(G) is a MIS of G. In other words, we can always
form a MIS M that contains RVPS(G) as a subset.

For vi,j , vi�,j� � �G and G, (vi,j , vi�,j�) � �E if and only if
(vi,j , vi�,j�) � E. Therefore, it is trivial that M �RVPS(G)
 �V
is an independent set of �G. Hence

|M | � |RVPS(G)| �
���RV01( �G)

��� .

Similarly, RV01( �G) is also an independent set of G. Moreover,
considering that there are no edges between vp,q � RV01( �G)
and vp�,q� � RVPS(G) in E, RV01( �G) � RVPS(G) is an inde-
pendent set of G. Consequently

���RV01( �G)
��� + |RVPS(G)| � |RV01(G)| .

Therefore, we can conclude that

|M | �
���RV01( �G)

��� + |RVPS(G)| � |RV01(G)| .

As |M | = |RV01(G)|, |RVPS(G)| + |RV01( �G)| =
|RV01(G)|. �

Fig. 3 shows an example for the preselection method. In
the given conflict graph, v1,1 and v1,4 have no incident edge
belonging to EX ; v1,2 and v1,3 each has an incident edge that
belongs to EX and connects to subgraphs SG2 and SG3. The
computed vertex subset CV1 = {v1,1, v1,4}. Assuming that v1,1
is preselected, v1,2, v1,3, v1,4, and the associated edges shall
be deleted from the conflict graph. The reduced conflict graph
includes only the subgraphs SG2 and SG3.

As we remove the preselected vertices (and the associated
vertices and edges) from G, more vertices may become avail-
able for preselection. In other words, some vertices from �G,
the reduced graph, may not have external edges. This suggests
a recursive application of the proposed preselection method.
Instead of a recursive implementation, we present an iterative
procedure, as follows.

1) Construct a doubly linked list L = {v|v � V
has no external neighbors}. In addition, we define a
vertex set RVPS(G) to be the preselected vertex set of G.
Initially, RVPS(G) is an empty set.

Fig. 4. Vertex v is preselected, and vertex w may be preselected later.

2) If L is empty, return RVPS(G) and G.
3) Extract the first vertex v in L and add it to RVPS(G).
4) For each internal neighbor u that belongs to the same

single via as v:
a) For each external neighbor w of u, if w has no external

edges other than the one connecting it to u, as shown
in Fig. 4, add w to L.

b) If u is in L, delete it from L (considering that v is
already preselected).

c) Delete u and its associated edges from G.
5) Delete v from G.
6) Go to 2.

For an efficient implementation of the preselection proce-
dure, we augment the graph data structure with the doubly
linked list data structure. In other words, each vertex has
two pointers, namely “next” and “previous,” that facilitate its
insertion into the doubly linked list L with O(1) time com-
plexity. Hence, the presence of non-NULL pointers in these
two fields of a vertex indicates that the vertex is currently in
L. Consequently, it takes O(1) time complexity to determine
whether a vertex is in L. Naturally, it takes also O(1) time
complexity to remove such a vertex from L.

Now, let us analyze the time complexity of the preselection
procedure. The computation of L in step 1) can be performed
using a depth-first graph traversal algorithm, which is O(|V | +
|E|). We traverse an edge of v to u to remove each internal
neighbor of v in step 4). Moreover, we traverse an edge of u
in step 4a) (to check on w, the other endpoint of the edge) right
before we remove u and its edges in step 4c). In other words, we
traverse each edge, at most, once in the iterative procedure of
steps 2)–6). As each vertex is inserted into L and subsequently
deleted from L, at most, once, the overall complexity of the
preselection procedure is therefore O(|V | + |E|).

It is clear to see that Lemma 1 still holds after performing our
preselection procedure to generate RVPS(G) and the reduced
conflict graph.

3) Computing Connected Components: From the real
circuits used in the experiments of [10], we observed that
their corresponding conflict graphs are all sparse graphs
(see Section V-B for details). For example, the conflict graph
of circuit C5 has 574 142 vertices; however, it has 257 015 con-
nected components,1 and the largest connected component (in
terms of the sum of the numbers of vertices and edges) contains

1In an undirected graph, two vertices are in the same connected component
if and only if there exists a path between them.
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only 24 vertices and 37 edges. Moreover, after performing the
preselection procedure, a conflict graph may be decomposed
into even more connected components due to the preselected
and subsequently removed vertices. Therefore, our 0–1 ILP ap-
proach can also be accelerated by first computing the connected
components of a (reduced) conflict graph and then solving
a smaller 0–1 ILP problem associated with each connected
component. The union of the solutions for individual connected
components (and the preselected double-cut vias) is the overall
solution to the DVI problem. It can be proved that the accel-
erated 0–1 ILP approach described here also solves the DVI
problem optimally. Note that the conflict graph in Lemma 2
could be the original (G) or the reduced ( �G) one.

Lemma 2: Let RV01(G) denote the MIS obtained from a
0–1 ILP solution of G. Then,

�
Gcc�G RV01(Gcc) is an indepen-

dent set of G and |RV01(G)| =
�

Gcc�G |RV01(Gcc)|, where
Gcc is a connected component of G.

Proof: Without the loss of generality, we assume that a
conflict graph G(V, E) is composed of two connected com-
ponents Gcc1(Vcc1, Ecc1) and Gcc2(Vcc2, Ecc2). Similarly, let
RV01(Gcc1) and RV01(Gcc2) denote the MISs obtained from
the 0–1 ILP solutions of Gcc1 and Gcc2, respectively. Based on
the definition of a connected component, if two vertices vi,j and
vi�,j� belong to different connected components, they are not
connected by any edge. Therefore, RV01(Gcc1) � RV01(Gcc2)
is an independent set of G.

By contradiction, assume that

|RV01(Gcc1)| + |RV01(Gcc2)| < |RV01(G)| .

We can partition RV01(G) into two disjoint subsets

M1 = {vi,j |vi,j � RV01(G) and vi,j � Vcc1}

M2 = {vi,j |vi,j � RV01(G) and vi,j � Vcc2} .

Therefore

|RV01(G)| = |M1| + |M2| > |RV01(Gcc1)| + |RV01(Gcc2)| .

Hence, |M1| > |RV01(Gcc1)| or |M2| > |RV01(Gcc2)|, con-
tradicting that RV01(Gcc1) and RV01(Gcc2) are, respec-
tively, the MISs of Gcc1 and Gcc2. Therefore, |RV01(G)| =�

Gcc�G |RV01(Gcc)|. �
We use the depth-first graph traversal algorithm [18], which

has O(|V | + |E|) time complexity, to determine the connected
components of a (reduced) conflict graph. Consider a connected
component Gcc(Vcc, Ecc). Let SVcc 
 SV be the set of single
vias such that svi � SVcc if it has, at least, one feasible double-
cut via fdvi,j and vi,j � Vcc. The 0–1 ILP formulation for Gcc
is as follows:

Maximize
�

vi,j�Vcc

Ri,j

Subject to
�

fdvi,j �s of svi

Ri,j � 1 �svi � SVcc

Ri,j + Ri�,j� � 1 �(vi,j , vi�,j�) � Ecc and i �= i�

Ri,j � {0, 1} �vi,j � Vcc. (6)

Fig. 5. Improper breaking of the original problem.

Note that when computing the connected components of
G ( �G), we consider both EI and EX ( �EI and �EX ). Otherwise,
the accelerated 0–1 ILP approach may not solve the original
problem optimally or correctly. In the conflict graph, as shown
in Fig. 5(a), if we ignore the edges (v1,1, v1,2) and (v3,1, v3,2),
both of which represent internal conflicts, there will be three
connected components, as shown in Fig. 5(b). Suppose v1,1
and v3,1 in connected components SG1 and SG3 are included
in the final solution. When solving the 0–1 ILP problem of the
connected component SG2, any of v1,2, v2,1, and v3,2 can be in
the solution. However, only v2,1 can lead to the optimal overall
solution while the other two choices lead to illegal solutions.
Therefore, the edges (v1,1, v1,2) and (v3,1, v3,2) should not be
ignored during the computation of connected components.

D. Overall Approach

Given a conflict graph G(V, E), we first preselect a set
RVPS(G) of redundant vias and then compute the connected
components of the reduced conflict graph �G. Next, we construct
and solve the 0–1 ILP problem of each connected component.
Let RV01( �G) denote the set of inserted redundant vias obtained
by taking the union of all 0–1 ILP solutions. The final DVI
solution is RVPS(G) � RV01( �G).

Now, we have the following theorem regarding the optimality
of our approach.

Theorem 1: Given a conflict graph G, the DVI problem
can be solved optimally by first preselecting a set RVPS(G)
of redundant vias, then computing a MIS for each connected
component of the reduced conflict graph �G, and finally taking
the union of RVPS(G) and all the computed MISs.

Proof: Based on Lemma 1, we know that RVPS(G) �
RV01( �G) is an independent set of G and

|RV01(G)| = |RVPS(G)| +
���RV01( �G)

���

where �G is the reduced graph after performing the preselection.
From Lemma 2, we know that

�
�Gcc� �G RV01( �Gcc) is an inde-

pendent set of �G and
���RV01( �G)

��� =
�

�Gcc� �G

���RV01( �Gcc)
���

where �Gcc is a connected component of �G. Therefore,
RVPS(G) �

�
�Gcc� �G RV01( �Gcc) is also an independent set of

G, and |RV01(G)| = |RVPS(G)| +
�

�Gcc� �G |RV01( �Gcc)|. �
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IV. VIA DENSITY CONSIDERATION

In this section, we study a variant of the DVI problem,
called DVI/VD, taking into account the maximum via density
constraint. As pointed out in [13], if the number of inserted
redundant vias is not well controlled, it may violate the max-
imum via density constraint and adversely affect the yield
and reliability of a design. We shall now extend our 0–1 ILP
formulation to tackle this problem.

Definition 3 (Maximum Via Density Constraint): Each via
layer is partitioned into a set of overlapping rectangular regions,
each of which has the same width W and height H , where
W and H are process-dependent constants. For each region,
its via density is defined as the number of vias located in it.
The maximum via density constraint places an upper bound
constraint U on the via density, where U is also a process-
dependent constant.

Definition 4 (Candidate Violating Region): For a via region
rp, if the summation of the number of single vias in rp and
the number of single vias, which each has at least one feasible
redundant via in rp, is greater than the maximum via density
constraint U , rp is a candidate violating region. Note that a
single via that is not in rp may contribute a feasible redundant
via to rp in the computation of candidate violating regions.

Given a conflict graph G(V, E = EI � EX), a candidate
violating region rp can be associated with a two-tuple (Vp, Kp),
where Vp 
 V and Kp < |Vp|. Vp denotes the vertex set of
fdvi,j’s that may be inserted in the region rp and, at most, Kp of
them can be simultaneously inserted into the design in order to
meet the maximum via density constraint. The set of candidate
violating regions, denoted R, in a design can be computed by
the method proposed in [19] (with some modifications), which
is a sliding-window-based approach to identify the density
violation regions. Given G and R, we should add density
constraints (7) into the 0–1 ILP formulation (4) in order to
handle the maximum density constraint, as follows:

Density constraint :
�

vi,j�Vp

Ri,j � Kp �rp � R. (7)

We refer to this extended 0–1 ILP formulation as 01VD. To
efficiently solve the DVI/VD problem, we adopt the approach
in Section III. However, we first have to modify the definitions
of CVi and Gcc of G. The vertex subset CVi is redefined to
be {vi,j |vi,j � Vi is not in any candidate violating region and
has no incident edges that belong to EX}. Steps 1) and 4a)
of the preselection procedure shown in Section III-C2 are also
modified as follows.

1) The doubly linked list L is redefined to be {v|v � V is
not in any candidate violating region and has no external
neighbors}.

2) The vertex w is added to L only when it is not in any
candidate violating region and has no other external edges
except the one connecting it to the vertex u.

Lemma 3: Let RVPS(G) and �G denote the preselected vertex
set of the conflict graph G and the reduced conflict graph,
respectively [RVPS(G) is computed by the modified preselec-
tion procedure]. Moreover, let RV01VD(G) denote the inde-
pendent set of G obtained from an optimal solution to 01VD.

Then, RVPS(G) � RV01VD( �G) is an independent set of G, and
|RVPS(G)| + |RV01VD( �G)| = |RV01VD(G)|. Aside from this,
the corresponding double-cut vias of RVPS(G) � RV01VD( �G)
can be simultaneously inserted into the layout without violating
the maximum via density constraint.

Proof sketch: Considering that the corresponding double-
cut vias of RVPS(G) are not in any candidate violating regions
and the corresponding double-cut via set of RV01VD( �G) must
meet the via density constraint (7), the corresponding double-
cut vias of RVPS(G) � RV01VD( �G) can be simultaneously
inserted into the layout without violating the maximum via
density constraint. In addition, we can follow a similar rea-
soning as in Lemma 1 to show that RVPS(G) � RV01VD( �G)
is an independent set of G and |RVPS(G)| + |RV01VD( �G)| =
|RV01VD(G)|. �

Given a conflict graph G(V, E = EI � EX) and a set R
of candidate violating regions, we define a density constraint
graph G+(V, E � E+), where E+ = {(vi,j , vi�,j�)|�rp =
(Vp, Kp) � R such that vi,j and vi�,j� � Vp}. Let
G+

cc(V +
cc , E+

cc) be a connected component of G+. Then, we re-
define a Gcc of G to be

Gcc
	
Vcc = V +

cc , Ecc = E+
cc � E



. (8)

Note that, now, each Gcc may contain several connected com-
ponents of G.

Given a Gcc(Vcc, Ecc 
 E) and the subset Rcc = {rp|rp �
R and Vp � Vcc �= 
} of the candidate violating regions, we
should add the following constraint into the 0–1 ILP formu-
lation (6) in order to handle the maximum density constraint:

�

vi,j�Vp

Ri,j � Kp �rp � Rcc. (9)

Lemma 4: Let RV01VD(G) denote the independent set of
G(V, E) obtained from an optimal solution to 01VD. Aside
from this, let G+(V, E � E+) be the corresponding density
constraint graph. Then,

�
Gcc�G RV01VD(Gcc) is an indepen-

dent set of G, and |RV01VD(G)| =
�

Gcc�G |RV01VD(Gcc)|,
where Gcc is computed by (8). Moreover, the correspond-
ing double-cut vias of

�
Gcc�G RV01VD(Gcc) can be simulta-

neously inserted into the layout without violating the maximum
via density constraint.

Proof sketch: For any two connected components G+
cc1

and G+
cc2 of G+, there are no paths between any v1 � G+

cc1 and
any v2 � G+

cc2 in G+. Hence, for all v1 � G+
cc1 and v2 � G+

cc2,
(v1, v2) /� E and (v1, v2) /� E+. In other words, v1 and v2 do
not have any conflict relation, and the corresponding candidate
violating regions of G+

cc1 and G+
cc2 do not overlap. Moreover,

for each Gcc derived from G+
cc [see (8)], the corresponding

double-cut via set of RV01VD(Gcc) must meet the via den-
sity constraint (9). Therefore, the corresponding double-cut
vias of

�
Gcc�G RV01VD(Gcc) can be simultaneously inserted

into the layout without violating the maximum via density
constraint.

As Gcc here is a collection of connected components of G
in Lemma 2, we can follow a similar line of argument as in
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TABLE II
TEST CASES

Lemma 2 to show that
�

Gcc�G RV01VD(Gcc) is an independent
set of G and |RV01VD(G)| =

�
Gcc�G |RV01VD(Gcc)|. �

Note that Lemma 4 still holds when G is a reduced graph.
With the aforementioned modifications, we can also use the
flow described in Section III-D to solve efficiently and opti-
mally the DVI/VD problem.

V. EXPERIMENTAL RESULTS

We used three sets of circuits to evaluate our 0–1 ILP
approaches. The first set of test circuits was from [12]. The
second set of test circuits was from [10] and was implemented
with a 0.18-µm technology that has five metal layers. The third
set of test circuits was also from [12]. However, as the circuits
in the third set were not design rule check clean [20], we re-
placed and rerouted them by Cadence SoC Encounter [21]. The
detailed information of all test circuits is shown in Table II. For
each test circuit, “Circuit” shows the circuit name, “CU(%)”
gives the core utilization,2 “#Nets” shows the number of nets,
“#I/Os” gives the number of I/O pins, “#Layers” indicates the
number of routing layers, “#Vias” shows the total number of
single vias, and “#A-Vias” gives the number of alive single
vias (i.e., the ones that have at least one feasible double-cut
via each).

There are some differences in these numbers reported in this
paper and in [12] and [17]. For the first set of test circuits, as
the program of [12] could identify only a subset of the feasible
double-cut vias that we could identify [20], the numbers of
“#A-Vias” shown in Table II are larger than those reported
in [12]. It should be also noted that in [12], a stack via is
counted as one via, even if it consists of two or more single vias.
Hence, for the first set of test circuits, the numbers of “#Vias”
in Table II are larger than those reported in [12] (we will

2Considering that the circuits of the first set are all flattened designs, each
of them has only one macro, and the core dimensions are equal to the macro
dimensions. Therefore, all the core utilizations of the circuits in the first set are
100%.

show the number of stack vias in Table III when we compare
our formulation with the formulation of [12] in Section V-A).
For the second set of test circuits, because we consider different
design rules when identifying feasible double-cut vias, the
numbers of “#A-Vias” shown in Table II and the sizes of the
corresponding conflict graphs shown in Table IV are larger
than those reported in [17]. Despite their differences, the results
in [17] and in this paper are all optimal with respect to the
constructed conflict graphs.

We used CPLEX [22] as the solver for 0–1 ILP. All the
experiments were conducted on a Linux-based machine with
2.4-GHz processor and 4-GB memory. In order to demonstrate
the efficiency of our approaches in handling large-sized prob-
lems, we assumed that all single vias in each test circuit were
considered to be replaced with double-cut vias. For the DVI/VD
problem, because different sets of test circuits had different
technologies, we used regions of different dimensions W and H
to check for via density violations. For each test circuit, we used
W = H = 8 times the largest spacing rule among all layers as
the region dimensions. The maximum via density bound U for
a test circuit was specified to be the maximum number of single
vias among all regions in that circuit. That allowed us to stress
test our formulation with the DVI/VD problem instances with
large numbers of candidate violating regions.

For the DVI and DVI/VD problems, we shall show the results
of our 0–1 ILP approaches described in Sections III-D and IV.
Considering that our 0–1 ILP approaches use the algorithm
proposed in [10] to construct a conflict graph, the reported CPU
times (in seconds) are measured after the completion of graph
construction.

A. Completeness of 0–1 ILP Formulation

Chen et al. [12] pointed out that if a grid-based design has
up to three metal layers, the DVI problem can be modeled
as a maximum bipartite matching (MBM) problem under the
constraint that the redundant vias for the stacked single vias
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TABLE III
INADEQUACY OF THE MBM FORMULATION

TABLE IV
STATISTICS ON CONFLICT GRAPHS

are all simultaneously inserted on the same side. For a design
that has more than three metal layers, the MBM-based approach
reported in [12], called TDVI, uses a layer partitioning method
to divide the design into several layer groups, each of which is
composed of up to three metal layers. Then, TDVI iteratively
applies the MBM formulation to each layer group. In Table III,
the columns under “TDVI [12]” give the related results re-
ported in [12] that were generated by TDVI. “#SDVI” gives
the numbers of inserted double-cut vias, in which each stack of
double-cut vias is counted as one double-cut via. “#DVI” gives
the numbers of inserted double-cut vias, where each double-
cut via in a stack is counted individually. “T(s)” gives the
runtimes.

For the circuits in Table II, however, the MBM formulation is
inadequate, as these circuits all have gridless layouts and many
of them have more than three metal layers. On the contrary, our
0–1 ILP formulation can optimally solve the DVI problems of
general designs. In order to support the completeness of our
0–1 ILP formulation, we also adapted our 0–1 ILP formulation
to consider the same problem as [12]. The modifications are
as follows.

Let single vias {sv1, sv2, . . . , svn} form a stack via SVt.
If there exists a svi in SVt whose double-cut via of type j
is infeasible, we delete all vi,j’s from the conflict graph for
each svi in SVt. If, for all single vias in SVt, each has a
feasible double-cut via of type j, we merge all corresponding
vertices vi,j’s, �svi � SVt, into a vertex vt,j . We then apply
our 0–1 ILP-based approach on the modified conflict graph. If
the DVI solution contains a merged vertex vt,j , the double-cut
vias dvi,j’s, �svi � SVt, will be inserted into the design. This
methodology is called 01ILP-SV.

In Table III, “#Vias” shows the numbers of single vias, which
are the same as those numbers shown in Table II. “#Stack vias”
indicates the numbers of stack vias. “SVias” and “A-SVias,”
respectively, give the numbers of single vias and the numbers
of alive single vias; here, each stack via is counted as one
via. “01ILP-SV” shows the results generated by 01ILP-SV.
“0–1 ILP” gives the results of our 0–1 ILP approach for the
general DVI problem, where we are free to insert redundant
vias of different types to the single vias in a stack via.

As in this paper we could identify more alive single vias
than in [12], we implemented a version of the TDVI ap-
proach called TDVI_ours. In Table III, the columns under
“TDVI_ours” give the results of TDVI_ours. Considering that
different implementations of the layer partitioning method af-
fect the solution quality and performance, it is unfair to compare
the results of those circuits that have more than three metal
layers. Moreover, the MBM formulation is optimal only for
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TABLE V
STATISTICS ON REDUCED GRAPHS AND CONNECTED COMPONENTS AFTER PERFORMING PRESELECTION AND CONNECTED-COMPONENT COMPUTATION

the DVI problem that is grid-based and has up to three metal
layers. Therefore, for TDVI_ours, only the results of the circuits
that each has, at most, three metal layers are presented in
Table III.

Considering that TDVI_ours identifies more alive vias, it
always generates better results than TDVI. On account that
all circuits have gridless layouts, we can see that, as com-
pared with TDVI_ours, 01ILP-SV can insert more double-
cut vias for almost all circuits, except for the circuits struct,
primary1, and primary2, for which TDVI_ours and 01ILP-SV
have the same numbers of double-cut vias inserted (see the
results in the corresponding “#SDVI” columns). Therefore, we
can conclude that the 0–1 ILP formulation is more complete
than the MBM formulation. Although 01ILP-SV is slower
than TDVI_ours, it is still very efficient. Moreover, we can
see from column “0–1 ILP” that when we are free to insert
redundant vias of different types to the single vias in a stack
via, our 0–1 ILP approach can always generate a better solution
than TDVI, TDVI_ours, and 01ILP-SV (see the results in the
corresponding “#DVI” columns). The other detailed results of
our 0–1 ILP approach for the DVI problem will be presented
in Section V-C.

B. Efficiency Improvement

For each test case, the statistics on the given conflict graph
are shown in Table IV, where “|V |” gives the number of
vertices in the conflict graph (i.e., the number of feasible
double-cut vias); “|EI |” and “|EX |” show the numbers of edges
(vi,j , vi�,j�), with i = i� and i �= i�, respectively. We can see
that most of the edges are in EI . By comparing “|EI |” with
the column “#A-Vias,” as shown in Table II, for most of the
test cases, the number of single vias that have at least one
feasible double-cut via each is about 26%–78% of the number
of edges of EI . Therefore, using the double-cut constraints

instead of the conflict constraints corresponding to the edges
of EI , the number of constraints of our 0–1 ILP can be reduced
significantly.

Table V gives the statistics on the reduced graphs and con-
nected components after performing the preselection procedure
and connected-component computation. The columns below
“DVI” and “DVI/VD” show the statistics of the connected com-
ponents of each test case for the DVI and DVI/VD problems,
respectively. “| �V |” and “| �E|,” respectively, give the numbers
of vertices and edges of the reduced conflict graph �G. “#CC”
shows the number of connected components of �G. The size of
a connected component is measured by the summation of the
number of vertices and the number of edges. “NUM” and “%”
under “Small-CC,” respectively, show the number and the ratio
of the connected components with sizes less than 50. Aside
from this, “Max-CC” shows the numbers of vertices and edges
of the largest connected component, denoted by |Vcc| and |Ecc|,
respectively.

Without via density constraints, we can see from Tables IV
and V that after performing the preselection, the sizes of
all conflict graphs are reduced significantly. Moreover, the
sizes of all connected components are very small. However,
when via density constraints are considered, the ratio of the
small connected components is decreased, and the size of
the largest connected component is increased. Although the
sizes of the largest connected components are now larger than
those in the DVI problem, they are still much smaller than
those of the original conflict graphs. On the average, |Vcc|
and |Ecc| are only 0.2% and 0.2% of |V | and |E|, respec-
tively. In other words, after performing the preselection and
connected-component computation, the DVI/VD problem is
decomposed into much smaller subproblems. Therefore, as
we shall see in Tables VI and VIII and Section V-D, our
0–1 ILP approach is also very efficient in computing an optimal
DVI/VD solution.
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TABLE VI
RESULTS OF SPEEDUP METHODS

Table VI shows the efficiency improvement of our speedup
methods when applied to the 0–1 ILP approaches for the DVI
and DVI/VD problems.3 “With acceleration” shows the CPU
time of our 0–1 ILP approach; on the other hand, “Without
acceleration” shows the CPU time of our 0–1 ILP approach
without speedup methods. We can see that the acceleration
methods help to reduce the runtime of our 0–1 ILP approach
significantly. For the DVI problem, with the acceleration meth-
ods, the solution for risc2_dfm can be generated in 5.98 s.
On the other hand, without the acceleration methods, it takes
1055.2 s to generate a similarly optimal solution. For the
DVI/VD problem, with the acceleration methods, the solution
for risc1_dfm can be generated in 22.42 s. However, without the
acceleration methods, it takes 3703.73 s to generate a similarly
optimal solution.

C. Comparing With an Existing Method for the DVI Problem

For comparative studies in the DVI problem, we imple-
mented the MIS-based approach [10], called H2K. H2K solves
the MIS problem on a conflict graph in an iterative manner.
In each iteration, H2K extracts a subset of vertices, and finds
an independent set of the subgraph composed of the extracted
vertices. When all vertices in the given conflict graph have been
considered, H2K terminates. We used the qualex-ms [23] as the
MIS solver and limited the subgraph extracted at each iteration
of H2K to consist of at most 225 vertices. The reported CPU
time of H2K is also measured after the completion of graph
construction.

Table VII shows the results of the DVI problem. The columns
“H2K” and “0–1 ILP,” respectively, show the results generated

3For the second set of test circuits, considering that the conflict graphs and
the maximum via density rule used in this paper are different from those in [17],
the CPU times shown in Table VI are different from those reported in [17].

by H2K and our 0–1 ILP approach. “#RVI” gives the number of
inserted double-cut vias, and “#D-RVI” indicates the difference
between the numbers of double-cut vias inserted by H2K and
our 0–1 ILP approach. “Rate(%)” gives the insertion rates of
double-cut vias. “Time(s)” gives the runtimes, and “Speed-
up” gives the runtime improvements of our 0–1 ILP approach
over H2K.

For the DVI problem, our 0–1 ILP approach is always able to
generate a solution in which the number of inserted double-cut
vias is the same or larger (i.e., #RVI is the same or larger),
as compared with H2K. In other words, our approach always
generated an optimal solution for each test case; however,
H2K did not. Considering that the problem size that H2K
handled in each iteration is relatively larger compared with the
size of each connected component that our 0–1 ILP approach
handled, our 0–1 ILP approach ran much faster than H2K,
particularly for the second and third sets of test circuits. In
particular, for C5, our 0–1 ILP approach is 73.98 times faster
than H2K. Although the runtimes of our 0–1 ILP approach are
slightly longer than those of H2K in four test circuits (mcc1,
primary1, s5378, and s9234), our approach is still very efficient
in these test circuits. It is worth noting that if we apply the two
acceleration methods shown in Sections III-C2 and C3 to H2K,
similar speedup results can be observed. However, considering
that the accelerated H2K, such as H2K, is still a heuristic and
has no guarantee of optimality, we do not report its detailed
results here.

D. Comparing With an Existing Method for the
DVI/VD Problem

For comparative studies in the DVI/VD problem, we adapted
the approach proposed in [13] and implemented a two-stage
heuristic. First, it uses H2K to insert as many double-cut
vias as possible. Then, it uses a 0–1 ILP approach proposed
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TABLE VII
RESULTS OF THE DVI PROBLEM

TABLE VIII
RESULTS OF THE DVI/VD PROBLEM

in [13] to eliminate redundant vias for satisfying the maximum
via density constraint. We refer to this method as Two-Stage.
Moreover, the reported CPU time of Two-Stage is measured
after the completion of graph construction.

The results of the DVI/VD problem are shown in Table VIII.
The columns “Two-Stage” and “0–1 ILP,” respectively,
show the results generated by Two-Stage and our 0–1 ILP
approach. “#RVI” gives the number of inserted double-cut
vias, and “#D-RVI” gives the difference between the numbers
of double-cut vias inserted by Two-Stage and our 0–1 ILP
approach. “Rate(%)” gives the insertion rates of double-cut
vias. “Times(s)” gives the runtimes, and “Speed-up” gives
the runtime improvements of our 0–1 ILP approach over
Two-Stage.

For the DVI/VD problem, our 0–1 ILP approach is also
always able to generate an optimal solution. It can insert more

double-cut vias than Two-Stage for each test case, with runtimes
that are up to 41.9 times faster. Similarly, for the four test
circuits mcc1, primary1, s5378, and s9234, the runtimes of our
0–1 ILP approach are slightly longer than those of Two-Stage;
however, our approach is still very efficient.

VI. CONCLUSION

In this paper, we have studied the DVI problem with and
without via density constraints. We have shown that the DVI
problems can be formulated as a set of smaller 0–1 ILP
problems. Each smaller problem can be solved independently
and efficiently without sacrificing the optimality. Although the
0–1 ILP formulation is, in general, intractable, experimental
results show that our accelerated approaches are efficient in
optimally solving the DVI and DVI/VD problems.
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