O(n) Algorithms for Banded Plus Semiseparable
Matrices

Jitesh Jain, Hong Li, Cheng-Kok Koh and VenkataramananKsialznan

Abstract. We present a new representation for the inverse of a mattxishsum of

a banded matrix and a semiseparable matrix. In particukasivow that under certain
conditions, the inverse of a banded plus semiseparabléxcatr also be expressed as
a banded plus semiseparable matrix. Using this result, wisela fast algorithm for
the solution of linear systems of equations involving sudtrives. Numerical results
show that the new algorithm competes favorably with exgstachniques in terms of
computational time.
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1. Introduction

Understanding of structured matrices and computation thigéim have long been prob-
lems of theoretical and practical interest [12]. Recentiieas of matrices called semisep-
arable matrices has received considerable attention [5,84,10, 14, 18, 19]. Perhaps the
simplest example of a semiseparable matrix is given by therée of a symmetric tridi-
agonal matrix: IfA = AT is irreducible tridiagonal and nonsingular, then it is welown
thatA~1 can be written as:

Aiijl: { uvj ifi<j, 1)

ujVi if i > j
Matrices such as the one in (1) and its generalizations m&saumber of practical appli-
cations like integral equations [2, 3], statistics [17]daibrational analysis [9]. Modeling
with a semiseparable matrix evidently offers the potemtfakducing the number of pa-
rameters describing a matrix by up to an order of magnitueen(D(n?) to O(n) in the
example in (1)). Moreover, it is known that computation weimiseparable matrices re-
quires significantly reduced effort; for example, for a ssgparable matrix of the form
in (1), matrix-vector multiplies can be performed@tn) (as compared t®(n?) in gen-
eral).

This work was done when the authors were at Purdue University
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In several practical situations, semiseparable matricesal arise alone; instead,
matrices that are encountered, are a sum of diagonal and iaegaEmable matrix or a
banded and a semiseparable matrix. Examples where sudeesarise, are in boundary
value problems [11, 13], and integral equations [15]. Thajgotation with such matrices
has been a subject of considerable interest. Several tigwihave been developed to
deal with matrix inversion and linear equation solutionhnstich matrices. Formulae for
inversion of diagonal plus semiseparable matrices wettedingeloped in [10]. However,
these formulae were valid under the assumption that thebmastrongly regular, i.e., it
has non-vanishing principal minors. These restrictiongwaer removed in [7]. Recently
several algorithms have been developed for solving lingstems of equation

Ax=c, (2

where the coefficient matrik is a sum of diagonal and semiseparable matrix [4, 7, 8, 14].
Fast and numerically stable algorithms for banded plus seymairable linear system of
equations were proposed in [5].

We present two main results in this paper. First, we providexplicit representa-
tion for inverses of banded plus semiseparable matricgmrtiicular, we show that under
certain conditions, the inverse of a banded plus semisblganaatrix is again a banded
plus semiseparable matrix. Our second contribution is dwige fast solutions of linear
systems of equations with these matrices. A comparisonthdtktate of the art shows that
our method is about two times faster than existing solutadtisear system with diagonal
plus semiseparable matrices. When banded plus semiséparatrices are considered,
our method is up to twenty times faster than existing sohgio

The remainder of the paper is organized as follow§2lnve establish mathematical
preliminaries and the notation used in the paper, as welllagareview of the state of
the art. In§3 we present formulae for the inverse of banded plus seniaklgamatrices.
We exploit this result irg4 to provide a fast algorithm for solving linear systems aizq
tions. In§5, we establish the effectiveness of the new algorithm viaerical results. The
extension of this algorithm to handle some special case®septed in an appendix.

2. Preliminaries

Fork=1,...,a andr =1,....b, letuc = {uk(i)}{'1, vk = {w() }Lq, pr = {pr ()},
andgr = {qr(i)}I,, be specified vectors. Th&lj, ann x nsemiseparable matrix of order
(a,b), is characterized as follows:

_ Seauww() i<,
s={ S0 ne ©
We useSy, as the generic notation for the class of semiseparablecuatoif sizen.
We useBj, to denote the class of banded matrices of siAg" = {Bij }:J.:l is used
to denote a banded matrix withnon-zero diagonals strictly above the main diagonal
andm non-zero diagonals strictly below the main diagonal, ifeB" € By, thenB;; =
0ifi—j>morj—i>Il.The numbersandmare called respectively the upper and lower
bandwidths of a banded matrB". Dy, is used to denote the class of diagonal matrices.
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D = diag(d) is used to denote a diagonal matrix widhas the main diagonal. We now
define a proper banded matrix.

Definition 2.1. A nonsingular banded matrixBis said to be proper if any sub-matrix
obtained by deleting(= max(l,m)) consecutive rows and r consecutive columns is non-
singular.

It is well-known that the inverses of banded matrices aresgparable matrices.

Theorem 2.2 (16]). Let B" be a nx n proper banded matrix. Then its inverse can be

written as
B :Sn’sﬂegn

Remark 2.3. The above semiseparable representation, though elegant@mpact, suf-
fers from numerical instabilitiefg], making it of limited practical use. Hence, the above
representation will be only used as a theoretical tool, antlin any numerical implemen-
tations.

We next present a brief review of the state of the art for sgjJinear system of
equation in (2), wheré\ is a sum of banded and semiseparable matrices. We first con-
sider the case whehis a sum of a diagonal and a semiseparable matrix. Two altgosit
for solving such systems were developed in [4]. The first &dhe same with both al-
gorithms, whereA € n x n is reduced to a upper Hessenberg malttixia n— 1 Givens
rotations:

A=GJG].--G] H.
——

It was shown thaGT n Is a lower Hessenberg matrix, whose upper triangular péneis
upper triangular part of a unit-rank matrix. The upper tgalar part ofH was shown to
be the upper triangular part of a matrix of rank two. The secstap of both algorithms
is to reduce the upper Hessenberg makttixnto an upper triangular matrix via— 1
Givens rotations. Two different algorithms were obtaingdeliher applying the Givens
rotations on the left oH, leading toQR algorithm, or applying Givens rotations to the
right of H, obtaining théJ RV algorithm. Exploiting the low rank structure GfT n and
H, both algorithms were shown to requirerb444 flops as compared to Bﬁops for the
algorithm in [8] and 58 flops for the one in [5].

The authors in [5] proposed a fast and numerical stable iéthgofor the more gen-
eral case of the solution of (2) whénis a sum of banded and semiseparable matrix. The
basic idea is to compute a two-sided decomposition of theixnatsuch thatA = W LH.
Herel is a lower triangular matrix, and botW andH can be written as a product of
elementary matrices. An efficient algorithm for solving {®)obtained by invertingV,

L, andH on the fly. The matrice®¥/ andH can be either obtained via standard Gaussian
elimination, or by using Givens rotations and Household#ection matrices. The algo-
rithm based on Gaussian elimination was shown to be matginetter in computational
time than the one based on Givens rotations and Househeflections, with the latter
algorithm performing better with respect to accuracy. Fdraaded matrix with upper
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and lower bandwidtth andm and a semiseparable matrix of sizand order(a,b), the
algorithm based on Givens rotation and Householder refieetas shown to have an op-
eration count of 11a?+ 2(2l + 2m+3b+ 5a) (I + &)) n flops, while the algorithm based
on Gaussian elimination requiré8a®+ 2 (I + 2m+ 2b+ 2a) (I + a)) n flops.

The approach we take in this paper is to first provide an eixpépresentation for
inverses of banded plus semiseparable matrices. We théwitdkpse results to come up
with a fast algorithm for solving linear systems of equasion

3. Structure for inverses of banded plus semiseparable maites

We begin this section by considering semiseparable matiaé¢eorder (1,1). We first
present a theorem on multiplicative structure of inverdelsamded plus semiseparable
matrices of orde(1,1).

Theorem 3.1. Let B" be a nx n banded matrix andiSe a nx n semiseparable matrix
of order (1,1). Then the inverse of their sum has the follgwinultiplicative structure:

-1 I
(B"+st)  =DL" (B"!) LD,

where D,D € Dy, BT ' € By, and L is a lower bidiagonal matrix.

Proof: Let
1 _ UiVj if i S ja
(S = { pa ifi> .
Assumevy (i) # 0,q1(i) # 0 for this and the next section. The results have been extiende

for the more general case in the appendix.Det= diag(v) andDq = diag(q) be diagonal
matrices. Let. be a lower bidiagonal matrix, which is defined as follows:

1
-1 1
L= -1 1 (4)
-1 1
It can be easily verified that

LDgSIDLT =1L, (5)
DLTSILDg =S +D, (6)
LDGSIDLT =S+ L, 7)

whereL, L are lower bidiagonal matriceB, € D, andé}, é} € Sp. Now, from (5)

LDq (B"+S}) DL = LDgB™D\LT + L.
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It can be readily verified that matrlxDqumD\,LT is banded with lower and upper band-
width | + 1 andm-+ 1 respectively, i.e.L DyB"D{LT = B! € By. Moreover, ad is
lower bidiagonal, we have

LDq (B"+S}) DL =BT

Thus

(B"+s}) " =D\LT (B LD,
0

Remark 3.2. Suppose the banded matri*'ﬂ?1 in Theorem3.1 is proper. Then using
Theoren®.2and (6), we have the following elegant additive structure for tnveirse of a
banded and semiseparable matrix of ordéyl):

-1 ~
@+ 8) = DLTEALD,
_ D,
where §! € Sp, and D€ Dn.

More generally, the following theorem characterizes tlvelises of general banded
plus semiseparable matrices.

Theorem 3.3. Let B be a nx n banded matrix and%e a nx n semiseparable matrix.
Then the inverse of their sum has the following multiplieastructure:

(B{“+ $) DT DLt (Bm;b) “'LDa---LDy,

where D,Dy,D2,D,, ..., Da, Dy, Db, Dy, € Dy, BMP € By, and L is a lower bidiagonal
matrix.

Proof: Without loss of generality, assunbe> a. Now, from (5) and (7)
LD: (B + ) DiLT = B+ S

LDa:-LDy (BM+ ) DILT -+ DLLT = B2+ §°

LDg:+LDy (B +82) DYLT -+ D,LT -+ DyLT =BT,

whereD1,D},Dz,Dy, ...,Dp, Dy, € Dy. Thus

(B{“+ sig) DT DT DT (B{‘E’) “LDa---LDy.
O

Remark 3.4. Suppose the banded matriﬂg’ in Theorem3.3 is proper. Then using
Theoren®.2and (6), we have the following elegant additive structure for thnveirse of a
banded and semiseparable matrix:

71 ! ! ! ~
(Br+) =DuLT- DL DpLTENRLD, - LDs

b—1 b
= Ba—l + S?:a )
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where B_1 € By, and $7%° € Sp.

Corollary 3.5. The inverse of a diagonal plus semiseparable matrix is agalragonal
plus semiseparable matrix.

4. Fast solution ofAx=_c

In this section, we consider the problem of finding the solubtf linear systems of equa-
tion, Ax= ¢, where the coefficient matri is a sum of banded and semiseparable matrix,
ie.,

A=B"+S B"eBp, L e Sh.
Without loss of generality assunbe> a.

71 ! ! i 71
x=Alc=(B+) c=D\LT-DlLT--DLT (BIY) LDa--LDic  (8)

function X = Ainvc(S,BM,c)
1. CalculateDy,Dy, ..., Da, Dy, ..., Dp, Dy, andBtP
as described in proof of Theorem 3.3;
2.2=LDj;---LD1cC;
3.y=B""\z (SolveB"Py=1z);
4.x=DyLT---D,LT---D,LTy;
return X,

Note that for solvingAx = ¢, we do not need the condition of the banded matrices
being proper.

We now present a complexity analysis of the above mentioneckpure of solving
Ax = c. We will assume k< a,b,l,m << nto make the complexity analysis simpler.
The flop count of the overall algorithm is dominated by thet@dssteps 1 and 3. Total
cost of step-1, i.e., calculatir@y, D}, ..., Da, Dy, ..., Dp, D, andB™ is

I+a
(2(I + m)max(a,b) + 8 (a2 +b?))n

flops. In step-3 the cost of solving a banded system of equatiaZ| + a)(m+ b)n flops.
Hence the total complexity of the proposed algorithm is

(2(1 +a)(m+b) +2(1 + m)max(a,b) + 8 (a? + b%) ) n

operations. For diagonal plus semiseparable systemspthplexity reduces to 2#op-
erations.

5. Numerical Results

In this section, we compare the results for computationa @nd accuracy for solving a
linear system of equations of forAx = b, for several algorithms. We compare the results
for following four algorithms:
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e Algorithm I: QR algorithm for solving a diagonal plus semiseparable systsn
givenin [4].
e Algorithm II: URV algorithm for solving a diagonal plus semiseparable systsm
givenin [4].
e Algorithm Ill: Chandrasekaran-Gu algorithm for bandedgdemiseparable system
of equations, as givenin [5].
e Algorithm IV: The new algorithm as describedga.
All numerical experiments were performed in MATLAB runniog a Intef® Pentiun®
4 CPU 1.5GHz machine. For Algorithm | and Il, we used the atshimplementation,
taken directly from [1]. All the matrix entries are randonggnerated, drawn from a
Gaussian distribution with zero mean and unit variance.

5.1. Ais a sum of diagonal and semiseparable matrix

We first present the computational requirements and theacgof our approach against
Algorithm | and 1l from [4]. The matrixA comprises of a diagonal plus a semiseparable

matrix. Table 1 summarizes the results. Error in solwimgAx=bis defined a \SAA\\):\\?H‘L:'
As expected all three algorithms are linear in computatitme. Algorithm IV is faster
than and comparable in accuracy to Algorithms | and Il. Foysiesn with size 320000,
Algorithm 1V is 1.9x faster than Algorithm | and.2x faster than Algorithm Il. This
supports the theoretical complexities mentioned preWpughere Algorithm IV takes

24n operations as compared torb4 44 operations taken by Algorithm I and II.

Size Error = % Time (in sec)

Alg 14] Alg 11 T4] Alg IV AlgT[4] [AlgTi[4] [Alg IV

10000 || 3.33x10 19 532x10 9| 327x10 18 34 43 14

20000 || 8.01x10°19| 466x 1019 | 1.40x 107 .68 .85 27

40000 || 9.24x10°19| 1.80x 10718 | 563%x10°18| 1.39 1.74 .65
80000 || 1.47x 10718 | 827x10°19| 2.15x 10717 | 2.77 3.50 1.41
160000 || 1.29x 10719 | 549%x 10°19| 565x 10°19| 5.59 7.00 3.05
320000 || 2.34x 10719 | 524x10°19| 230x 10°18| 11.06 13.92 5.86
640000 || 6.53x 10720 | 1.71x10°19| 891x 10°18| 22.02 27.79 | 11.86
1280000|| 8.30x 10720 | 8.40x 10719 | 2.88x 10718 | 44.17 55.89 | 24.39

TABLE 1. Error values and Computational time as compared with Al-

gorithms I and II.

5.2. Ais a sum of banded and semiseparable matrix

We now present the computational requirements and theaeof our approach against
Algorithm IIl from [5]. The matrixA comprises of a banded plus semiseparable matrix.
The three variables of interest of the coefficient matrixtaeebandwidth of the banded
matrix, order of the semiseparable matrix and size of theegysWe first give results by
varying one of the quantities at a time, keeping other twostamt. Table 2 shows the
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results for increasing sizes of the linear systems. The nugpe lower bandwidth of the
banded matrix in all cases is 5. The order of the semisepanaairix is also kept constant
at (5,5). Algorithm IV performs favorably in terms of computatiortahe, being 1
faster than Algorithm IV for the size of 8000. Similar resudtre seen in Table 3 and 4,
where we are varying the bandwidth and the order respegtigdgorithm Ill exhibits
better accuracy than Algorithm 1V, as it relies heavily owésis rotations.

We now give results when all three variables are varied aséime time. Table 5
shows the results for increasing sizes of the linear systéims upper and lower band-
width of banded matrices as well as the order of semiseparaalrices are varied a%;,
wheren denotes the size of the system. Algorithm IV is faster, buhatexpense of nu-
merical accuracy. The computational times are consistéhtthe theoretical flop count.
Fora=b=1=m=r, flop count of Algorithm Ill reduces to 59n. For the same case,
flop count of the proposed Algorithm is 8.

Size Error = % Time (in sec)
Alg T [5] Alg TV Alg T [5] | Alg TV
1000| 858x 10 17| 3.07x 10 13 1.33 0.13
2000 6.41x 10717 | 8.42x10° 13| 265 0.26
3000 1.78x 10716 | 2.68x 10713 3.96 0.39
4000|| 7.14x 10717 | 1.57x 1012 5.29 0.53
5000 1.84x 1016 | 1.87x 1012 6.57 0.65
6000 1.20x 1016 | 1.25% 1012 7.98 0.80
7000 9.05x 10717 | 8.48x 10713 | 9.27 0.96
8000|| 3.73x 1017 | 1.03x 10 12 10.62 1.12
TAaBLE 2. Error values and Computational time as compared with Al-
gorithm lll;l =m=a=b=>5.
I=m Error = % Time (in sec)
Alg T [5] Alg 1V Alg I [5] | Alg 1V
11 || 751x 1017 334x10° 5 2.24 0.16
21 | 233x10716| 240x 10713 | 3,57 0.24
31 | 864x10716|482x10713| 4.90 0.35
41 | 6.88x10716| 1.22x10712| 5.554 46
51 || 432x10716| 561x10713| 5.60 .55
61 || 1.33x107%°| 233x10°12| 7.24 .67
71 || 495x 10716 | 1.26x10°12| 8.19 71
81 || 9.71x10716| 287x10°12| 9.61 .81
TABLE 3. Error values and Computational time as compared with Al-

gorithm lll; n=4000,a=b=1.
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a=b Error = m";’m‘: Time (in sec)
Alg 111 [5] Alg IV Alg Il [5] | Alg IV
11 || 241x 1071 | 270x 10710 8.96 1.09
21 || 352x 10716 | 2.88x 10710 15.47 3.20
31 | 9.79x 10716 | 1.82x 1078 25.29 6.04
41 || 6.37x 1076 | 2.48x10°° 43.19 9.40
51 || 1.16x 1071 | 3.75x107° 61.07 14.83
61 || 1.01x 1071 | 6.06x 10°° 117.37 | 21.32
71 || 1.68x 1071 | 1.62x 10/ 188.40 | 27.26
81 || 1.70x 107 %% | 1.03x 107 | 288.77 | 34.94
TABLE 4. Error values and Computational time as compared with Al-

gorithm Ill; n=4000, = m=1.

Size Error = % Time (in sec)
Alg 1T[5] Alg IV Alg 1T [5] [ Alg 1V
1000| 7.00x 10 I 1.21x 10 12 1.31 0.13
2000| 6.68x 1017 | 7.69x 10712 4.49 0.90
3000 2.69x 1016 | 1.69x 1011 8.84 2.71
4000|| 2.51x 107 16| 1.46x10°° 16.46 6.53
5000 5.14x 1016 | 6.25x 10°10| 26.36 | 11.62
6000 2.32x 1016 | 1.11x10°1°| 41.16 | 19.50
7000|| 2.55x 10716 | 2.67x 10°° 63.70 | 30.93
8000| 6.37x10°16|339%x 1010 96.16 | 45.39

TaBLE 5. Error values and Computational time as compared with Al-

gorithm lll; | =m=a=b= ;.

6. Conclusions

We have presented a representation for inverse of bandedsphiiseparable matrices.
We have also presented fast algorithms for solving lineatesy of equations with these
matrices. Numerical results show that the proposed appr@unpetes favorably with the
state of the art algorithms in terms of computational efficie

Appendix

In the discussion till now, we have assumed we are given asegaiable matri€), as
defined in (3), such that for allk w(i) # 0,0x(i) # 0. Now, we will give procedure to
modify the proposed methods when such assumptions do ndttha. We will only
consider the symmetric case, i.p.= u, g = V. In addition, we assume that the order of
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semiseparable matrices in consideratioftid ), i.e.,| = m=1. Hence
oy ifi<,
S‘J—{ v ifi> .
The general case can be handled in a similar fashion.

Let us assumgg = 0, andv; # 0 if i £ k. The technique that we propose next can
be easily extended to handle the case when for more than ane zero. Consider the
matriced., andDy as defined i33. In addition, leL.(k,k— 1) =0, andDy(k,k) = 1. Then
it can be easily verified that

LD,SID,LT = Myy,
whereM is defined as follows:

o] o1
a2 a2
Mu,v = 0 Ok s
o1 02 ... Ok Okl

On

Whereocl = Uu1Vy, ok = Uk, Ok+1 = Ukg1 — Uk, O = UiVi —Uji—1Vi—1 foralli ¢ {1, k, k+ 1}.
We can now do a tridiagonal decompositior\dify as

PMPT =T,
whereT is a tridiagonal matrix, an® is given by
1 —g—; .
T
P= _
1 %1

On

1

Proceeding as with the proof of Theorem 1, we can show that
(B"+Sh) t=DLT (B"2) LD,

whereD, De D, B{TZZ € By, andL is a lower bidiagonal matrix.
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