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Question 1:[21%. Work-out question] Consider a random variable X with the correspond-
ing pdf being

f(r):{%} fl<zr<?

0  otherwise

Answer the following questions.

1. [12%] Define the two events A = {|X| < 1.5} and B = {\/g < X< \@} respec-

tively. Are events A and B independent? This is not a yes/no question. An answer
without any justification will receive zero point.

2. [3%] What is the value of the first central moment of X?

3. [6%] What is the value of the third moment of X?

Hint: If you do not know the answer to Q1.3, yvou can answer the following alter-
native question. What is the value of EF(X)? You will receive 4 points for Q1.3 if
YOUr answer is correct.
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Question 2: [14%, Work-out question] Suppose random variable X is of Bernoulli distri-
bution with p = §’ Answer the following questions.

1. [7%] Find the value of E(1 + 7X? — VX).

2. [7%] Find the closed-form expression of the function ®(s) = E(e*¥).

Hint: If you do not know how to find the expression of Q2.2, you can answer the
following alternative question instead. What is the value of ®(0) = E(e"¥), i.e., the

value of ®(s) when plugging in s = 0. You will receive 4 points for Q2.2 if your
answer is correct.
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Question 3: [15%, Work-out question| Consider a binomial random variable X with pa-
rameter n =4 and p = % Answer the following questions:

L. [4%] Find the value of P(X = 2). Your answer must be of the form ¢ where a and
b are two integers. For example, you may write P(X = 2) = ;—; Your answer must
not be something like (g) : %

The hint in the end of this question may be useful when computing the answer of

R3.1.
2. [11%] Let i = 1 and j = 3. Prove the following inequality
P(X > i+jIX > j) # P(X > i) (1)
Hint: we know that 0! =1; 1! = 1; 2! = 2; 3! = 6; and 4! = 24.

Also 2! =2; 22 = 4; 2% = 8 and 2¢ = 16.
Finally, 3 =3; 3% =0; 3% = 27 and 3*=81.

SX; %O/l;)'rgfé‘_jﬁ
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Question 4: [16%, Work-out question] Suppose the average incoming traffic flow of a web-
page server 1s “5400 requests per hour”. Please use either an exponential distribution or
a Poisson distribution when answering the following questions.

1. [8%] What is the probability that “the arrival time of the first web-page request is
> 10 seconds™?

93

x i % 12 13 = -
Hint: Your answer can be of a form similar to %—WO + s There is no need to
further simplify it.

2. [8%] We know that if there are > 20 requests in a 5-second interval, the server
will crash. What is the conditional probability that “there are strictly larger than
L5 requests in a 5-second interval, given that the server has not crashed in that
5-second interval”?

Hint: Your answer will be a fractional number. The numerator can be of a form

. 3 ql2 - 5 = 3 g i o .

similar to 35, T + ?}—,ea. There is no need to further simplify it. The denominator
: B gk . g . .

can be of a form similar to »_ -, 7 k:is)!' There is no need to further simplify the

summation. '
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Question 5: [10%, Work-out question] We know that random variable X is a Gaussian
random variable with parameters y = 7 and o2 = 10.
Find out the value of E (5(X + 3)?).

Hint 1: Tf you do not know how to solve this question, vou can find the values of E(X)
and Var(X) instead. You will receive 4 points if your answers of both E(X) and Var(X)
are correct.

Hint 2: Var(X) = E(X?) — (E(X)).

EX)=MmM=TC

Var (X) = ¢ =10 =EX") - (Fx)

> E(X) =\ (x)+(E(x)f‘ = lo+TT
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Question 6: [24%, Work-out question] Consider a function f(r) that converts any given
real-valued number & into either 1, or 2 in the following way.

1 ifzr<4 _
f(r-)—{2 e (2)

For example, f(0.99) =1, f(x) =1, and f(100.35) = 2.
We use a computer to generate a random number X that is exponentially distributed

with A = 0.5. (If you look up the random variable table, it also means that E(X) = % =2
and Var(X) = % =4.)
We then generate ¥ = f(X). Namely, the randomly generated X is fed into the

function to create a new value Y. Obviously, because X is random, so is Y. For example.
if the randomly generated X = 0.99, then ¥ = f(X) = f(0.99) = 1. If the randomly
generated X = 100.35, then Y = f(X) = f(100.35) = 2. That is, different X value will
lead to different ¥ value.

Answer the following questions.

1. [4%] What is the probability P(Y = 1)? Hint: it is equivalent to asking what is the
probability P(f(X) =1).

2. [4%] What is the probability P(Y" = 2)? Hint: it is equivalent to asking what is the
probability P(f(X) = 2).

3. [3%] Find the value of the expectation E(f(X)). Hint: You can either start from
scratch or you can use the answers of the previous two sub-questions.

4. [1.5%] What does the acronym pmf stand for?

an

'1.5%| What does the acronym cdf stand for?

6. [10%] Plot the cdf Fy(y) of the random variable Y for the range of —1 < y < 6.
Please carefully mark your cdf plot with solid/empty circles to represent the cdf in
a correct way.
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