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GraphEnsemble&BeliefPropagation
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Figure1:C
6
(dv,dc)anddv=2,dc=3.

BeliefPropagation:
(i)m0,(ii)Ψv(m0,m1,···,mdv−1),(iii)Ψc(m1,···,mdc−1)

Note:thebeliefpropagationisaninferencealgorithm,whichisindepen-
dentofchannelmodels.
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SupportingTreeandtheDensityEvolution
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CodewordDependence
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DifficultyofCodewordAveraging
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X
1
(1,1):={x1x5x6:

x1x5x6=000,011,101,110}

Averagingofthetrimmedtreecodeisnotequivalenttoaveragingthe
originalcode.
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FullRankCondition

Definition1(FullRankofN
2l
)ThesupportingtreeN

2l
isoffullrank,

ifforanycodewordxtofthetreecodeXt,
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|X|
=
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.

averagingofthetrimmedtreecode=averagingovertheoriginalcode.
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NewIterativeFormula
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NewIterativeFormula

P
(l)
(x)=P

(0)
(x)⊗

(

Q
(l−1)

(x)
)

⊗(dv−1)

Q
(l−1)

(x)=Γ
−1

(

(

Γ

(

P
(l−1)

(0)+P
(l−1)

(1)

2

))
⊗(dc−1)

+(−1)
x

(

Γ

(

P
(l−1)

(0)−P
(l−1)

(1)

2

))
⊗(dc−1)

)

.

ISTC03,Brest,France.p.7Chih-ChunWang,9/3/03



ConvergencetoFullRank

Theorem1(ConvergencetoFullRankinProbability)ForanyC
n
(dv,dc),

withfixedl,wehave
P
(

N
2l
isoffullrank

)

=1−O(n
−0.1

).

Theoreticalfoundationsforthecodewordaveragingapproach:

Cycle-freeconvergence.

Performanceconcentration.∼[Richardsonetal.01]

Convergencetofullrank.
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FiniteCodewordLengthSimulations
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12A:
[Richardson01],
optimizedfor
BiAWGNC,
maxDv=12.

12B:
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z-channels,
maxDv=12.

12C:
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maxDv=12,
λ2=0.
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DensityEvolution
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Monotonicity&Symmetry

Monotonicityofp
(l)
e=(p

(l)
e(0)+p

(l)
e(1))/2withrespecttothenumberof

iterationsandtophysicallydegradedchannels.

Symmetry:

•P
(l)
(x)isthedistributionofm:=log
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P(x=0|y).

•I(ω):=−ω.

•〈P
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2issymmetric.I.e.itisasifbeingobtained
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SufficientStabilityConditions

Proposition:2p
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,

whichimmediatelyimpliesliml→∞〈CBP
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〉=0.
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SufficientStabilityConditions
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NecessaryStabilityCondition

Theorem3(NecessaryStabilityCondition)r:=〈CBP
(0)
〉.Ifλ2ρ

′
(1)r>

1,thenliml→∞p
(l)
e>0.

Note:Itisfirststatedin[Richardsonetal.01]forsymmetricchannels.
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SketchesoftheSufficientStabilityCondition
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SketchesoftheSufficientStabilityCondition

Strongerversion:
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ComparisonbetweenBEC:
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.

Applicationsofthesufficientstabilitycondition:

•Stoppingtimeforthedensityevolution

•Finitedimensionaliterativeformula.

•Analyticalupperthresholdcomputation:BEC,Gallager’sdecodingal-
gorithmA[BazziandRichardson].
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ConvergenceRateandBlockErrorProbability

Bytheconvergencerateresultsandtheunionbound,weprovethatif
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ThresholdsforDifferentChannels

Ourbestcodesforz-channels:maxdv=20andmaxdc=10.

•Hittingε
∗
within100iterations:0.2741.

•Hittingε
∗
within500iterations:0.2796.

•SymmetricInformationRatebound:0.2932.

•Capacitybound:0.3035.
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Conclusions

•Anewiterativeformulaofdensityevolutionforasymmetricmemo-
rylesschannelswiththesamecomputationalcomlexity.

•Goodcodesforz-channelshavebeenfound.Rate1/2code:0.2796
vs.symmetricmutualinfo.rate:0.2932.

•LDPCcodesplusbeliefpropagationalgorithmsworkwellevenin
asymmetricmemorylesschannelsasexpectedandtheoreticallyshown
bythenewdensityevolution.

•Thestabilityregion/stoppingcriterionandasymptoticconvergence
rateshavebeenfoundandarefullyspecifiedbyλ2,ρ,andtheBhat-
tacharyyanoiseparameter

r:=〈CBP
(0)
〉=

∫

R

e
−ω/2

〈P
(0)
〉(dω).
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Conclusions

•ByfocusingonitsChernoffdomain,aone-dimensionaluniversal
upperboundisprovidedandwithsimilarformtoBECthresholds.

•Theconvergencebehavioroftheblockerrorprobabilityisdiscussed.

•Applicationsbesidez-channelsandotherasymmetricchannels:

–Theanalysisofartificialchannels.Example:fromq-arytobinary.
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