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The Support Tree

• The support tree is a {0, 1} 7→ Y channel, where

Y = R
#{involved var. nodes}.
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Iterative Finite Dimensional Bounds
• Assumption: symmetric-output channels.

• Iteratively trace the evolution of a one-dimensional noise

measure.
h
bb Ch
"" Ch

• pe := P{X 6= X̂ML(Y )}.

• [Burshtein and Miller 02]: DCB := 2EXY {P(X̄|Y )}.

Note: DCB 6= 2pe

• [Khandekar and McEliece 01]: CB := EXY {
√

P(X̄|Y )
P(X|Y )}.

• [Land et al. 03], [Sutskover et al. 03]: Mutual information,

or equivalently, conditional entropy h := H2(X|Y ).

• Simpler iteration formulas admit more analytical results.
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Symmetric Channels: Probabilistic Com-
bination of BSC’s

• Observation 1: The channel symmetry is preserved during

iterations. [Richardson & Urbanke 01].

• Observation 2:

BSC

dP (p)
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• Observation 3: For BSC’s, any one of CB, DCB, h, and pe

can uniquely specified the channel.
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Convexity & Concavity
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Existing Results

• UBCB and LBCB [Khandekar et al. 01, Wang et al. 04],

UBDCB and LBDCB [Burshtein et al. 02], UBinfo and LBinfo

[Land et al. 03, Sutskover et al. 03].

• UBCB/UBDCB/UBinfo:

Assuming consituent channels are BEC’s (of the same

CB/DCB/h values) at the check nodes and are BSC’s at

the variable nodes.

• LBCB/LBDCB/LBinfo:

Assuming consituent channels are BSC’s (of the same

CB/DCB/h values) at the check nodes and are BEC’s at

the variable nodes.
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Contents
• For binary channels:

Existing results:
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• Zm-based LDPC codes: A CB-based iterative bound, a tight

pair of necessary and sufficient stability conditions.
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Contents
• For binary channels:

A CB-based bound for non-symmetric channels:
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Contents
• For binary channels:

A two-dimensional (CB, DCB)-based bound:
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Memoryless Non-symmetric Channels

• Assuming X is uniformly distributed on {0, 1},

CB := EX,Y

{

√

p(X|Y )
p(X|Y )

}

is well-defined even for

non-symmetric channels.

• Probabilistic combination of BASC’s:

BASC

dP (p, q)

-X -Y
? -(p, q) -1 − p

-
1 − q

@
@Rp�
��q

BASC

• Hardness:

For BASC: CB =
√

p(1 − q) +
√

q(1 − p) and (p, q) are not

one-to-one, and neither the convexity nor concavity exists.
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Reverse Channel Perspective
r =

q

1 − p + q

s =
p

1 − q + p

R(0) =
1 − p + q

2

R(1) =
1 − q + p

2

P(Y = 0) = R(0)

Y

P(Y = 1) = R(1)

X

� 1 − r

�
1 − s

�
�	 s@
@I r

BASC

CB := EX,Y







√

p(X|Y )

p(X|Y )







= R(0)
√

r(1 − r) + R(1)
√

s(1 − s).

The CB value is seemingly decoupled as a probabilistic combina-

tion of two BSC’s with weights R(0) and R(1).
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A CB Bound for Non-Symmetric Chan-
nels

CB(l+1) ≤ CB(0)
(

1 −
(

1 − CB(l)
)dc−1

)dv−1
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UBCB,DCB for Symmetric Channels

For both variable and check nodes, the
(CBout, DCBout)-maximizing constituent channel can be
formally stated as a universal maximizer:

∀p2 ∈ [0, 1/2], max

∫

CBout(p1, p2)dP1(p1)

and
∫

DCBout(p1, p2)dP1(p1),

subject to
∫

2
√

p1(1 − p1)dP1(p1) ≤ CBin,1

∫

4p1(1 − p1)dP1(p1) ≤ DCBin,1.
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UBCB,DCB at Check Nodes

• For check nodes, such a universal maximizer dP ∗
1 (p1)

exists:

dP ∗
1 (p1) =















1 − CBin,1

t
if p1 = 0

CBin,1

t
if 2
√

p1(1 − p1) = t

0 otherwise

,

where t =
DCBin,1

CBin,1

.
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UBCB,DCB at Variable Nodes

• For variable nodes, no such universal maximizer
exists. Alternatively, we find a universal bound,
dP †

1 (p1), as a function of CBin,1 and DCBin,1.

∫

CBout(p1, p2)dP †
1 (p1) ≥

∫

CBout(p1, p2)dP1(p1), ∀p2 ∈ [0, 1/2]

subject to
∫

2
√

p1(1 − p1)dP1(p1) ≤ CBin,1

∫

4p1(1 − p1)dP1(p1) ≤ DCBin,1.
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dP †
1 (p1) for Variable Nodes

dP
†
1 (p1) =



























(1 − fDCB) t
t+CBin,1

if 2
√

p1(1 − p1) = CBin,1

fDCB if 2
√

p1(1 − p1) =
√

DCBin,1

(1 − fDCB)
CBin,1

t+CBin,1
if 2
√

p1(1 − p1) = t

0 otherwise

,

t =
DCBin,1

CBin,1

fDCB =







0 if 2
√

tCBin,1 − t +
√

CBin,1(2t − CBin,1) ≥ 0
η(w∗)

2t(t−CBin,1)2
otherwise

,

η(w) = w3 − 2tw2 + (t − CBin,1)
2w

w∗ =







2
√

tCBin,1 if η′(2
√

tCBin,1) ≤ 0

2t−
√

4t2−3(t−CBin,1)2

3 otherwise.
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UBCB,DCB

• Assuming consituent channels are dP ∗(p)’s (of the
same (CB, DCB) values) at the check nodes and are
dP †(p)’s at the variable nodes.
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A New Channel Degradation Argument

Stochastic Degraded Channel Arguments [Cover &
Thomas 91]: if the conditional distribution PY |X(y|x) can be
written as

∫

PY |W (y|w)P(w|x)dw, then we have

• P

(

X̂ML(Y ) 6= X
)

≥ P

(

X̂ML(W ) 6= X
)

,

• CBX→Y ≥ CBX→W ,

• and H(X|Y ) ≥ H(X|W ).

Application: among all constituent channels of the same pe

value, BSC’s will lead to the highest P

(

X̂ML(Y1, · · · , Yn)
)

.

Theorem 1 Among all symmetric-output constituent
channels of the same DCB values, BSC’s will lead to the

highest CB := EXY

{
√

P(X̄|Y)
P(X|Y)

}

.
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Comparisons
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Consider regular (3,6) codes on Laplace channels with antipodal {+1,−1} inputs:

�� �� � �� � � �� � � �� 	
 �� ���� � �� �� ��� ��  � ����� �� ��� �� �

� ��� �� ��� � �� �  ! � " #%$ &'( & ! � " # $ ) &* ) + " # $( ' ) ) � ,.- " #%$ #/( 0  ! � " # $( #' /

1� 2 354  6 7 # $ ) &* ) " # $ & '( & " #%$ ) & * ) " # $( ' ) ) " # $ ) &* ) " # $ # /( 0 " # $( #' /

8�9 � � :�; � 35<  6 " # $ => * > " #%$ ' > ( ) " # $ ' # / / " # $ ' > )/ " # $ ) 0> " # $ = / # )

?A@ � � �B B � �� 3 , DCE 6 F # $ &( # ) � " #%$ > / ) ) � � " # $ > ' 0 ) �

1 : GH IJ 2 3 <  6 7 # $ / 0* # " # $ 0 )' # " #%$ 0' * # " # $ / #> / " # $ 0/ & ' " # $ 0 & ) ) " # $ / # #>

1 :K 2 3L  6 7 #%$ ' = " # $ = ' > # " #%$ = & &> " # $ = / ' ) " # $ = ' 0 # " # $ = =* = " # $ ' > )'

1 M 2 3 ,  6 7 # $ # /( 0 " # $ # 0 # / " #%$ # )/ ) " # $ #' * ' " # $ # 0> # " # $ # /( 0 " # $ #/( 0

Bounds on LDPC Codes with Iterative Decoding – p.17/22



CB-Bounds on Zm-based LDPC Codes

• Zm-based LDPC Codes: The ensemble of the parity
check matrices is the same as that of binary LDPC
codes. Namely, the entries in the parity check matrices
can only be 0 or 1. The party check equation Hx = 0

is evaluated in Zm.

• GF (q)-based LDPC codes: Similar to Zm-based codes,
but the non-zero entries in the parity check matrices
are randomly chosen from {1, 2, · · · , q − 1}. Namely,
there are “weights" assigned to the edges of the graph.
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Results

Consider symmetric Zm 7→ Zm channels, e.g.,
P(Y = y|X = x) = P(Y = y − x|X = 0). We can then
define the pairwise Chernoff bound values as

CB(0 → x) = E

{√

P(x|Y )
P(0|Y )

∣

∣

∣
X = 0

}

, and a compact vector

representation CB = (CB(0 → x))x∈Zm
. We have

Theorem 2 For variable nodes, we have
CBout = CBin,1 • CBin,2, where “•" stands for the
component-wise product. For check nodes, we have
CBout ≤ CBin,1 ⊗ CBin,2, where “⊗" is the circular
convolution. The combined result is thus

CB
(l+1) ≤ CB

(0)
dv−1
∏

j=1

(

dc−1
⊗

i=1

CB
(l)

)

.
Bounds on LDPC Codes with Iterative Decoding – p.19/22



Stability Condition for Symmetric Chan-
nels

Corollary 1 (Sufficient Stability Condition)

∀x ∈ Zm\{0}, CB(0)(0 → x) <
1

λ2ρ′(1)
,

Furthermore, the convergence speed (w.r.t. l) is either
exponential or super exponential depending on whether
λ2 6= 0.

Theorem 3 (Necessary Stability Condition)

If ∃x0 6= 0 such that CB(0)(0 → x0) >
1

λ2ρ′(1)
,

=⇒ the system is not stable.
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Corollaries

Since multiplication of random non-zero weights in GF(q) is
equivalent to even shuffling among non-zero elements, for
GF(q)-based codes, we can rederive some results in
[Bennatan & Burshtein 03].

Corollary 2 (Suff. Stab. Cond. for GF (q) Codes)
∑

x∈GF(q)\{0} CB(0)(0 → x)

q − 1
<

1

λ2ρ′(1)
,

Corollary 3 (Necc. Stab. Cond. for GF (q) Codes)

If

∑

x∈GF(q)\{0} CB(0)(0 → x)

q − 1
>

1

λ2ρ′(1)
,

=⇒ the system is not stable.
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Conclusions

Summary

• A general framework is provided for finite-dimensional
bounds on LDPC codes.

• An iterative CB-based bound for non-symmetric
channels.

• An iterative (CB, DCB)-based two-dimensional bound.

• A non-iterative tight DCB-based bound.

• A CB-based bound for Zm LDPC codes.

• A pair of necessary and sufficient stability conditions
for Zm LDPC codes.

Future Direction

• Look at some other finite-dimensional noise measures.

• Further explore the applications and performance of
Zm LDPC codes.
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