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EXY log

(

PXY(X,Y)
PX(X)PY(Y)

)

.

Reliable communication requiresR < C.

Memoryless symmetric channels:Capacity-approaching error correcting codes

have been constructed, including turbo codes, low-density parity-check

(LDPC) codes, irregular RA codes, LT codes, concatenated tree codes, etc.

Performance:0.1∼1.5dB away from capacity.
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[Majani & Rumsey 91] showed that the ratio between

the symmetric mutual information rate and the

capacity is lower bounded bye ln 2
2 ≈ 0.942.

[Shulman & Feder 04] further proved that the

absolute difference is upper bounded by0.011

bit/sym.

C-C. Wang, S.R. Kulkarni, and H.V. Poor with Princeton University – p.3/27



Content
Low-density parity-check codes and the challenges of

non-symmetric memoryless channels

Codeword-dependent error resiliency

C-C. Wang, S.R. Kulkarni, and H.V. Poor with Princeton University – p.4/27



Content
Low-density parity-check codes and the challenges of

non-symmetric memoryless channels

Codeword-dependent error resiliency

Two approaches:

The LDPC coset code ensemble

Linear LDPC codes with generalized density evolution

C-C. Wang, S.R. Kulkarni, and H.V. Poor with Princeton University – p.4/27



Content
Low-density parity-check codes and the challenges of

non-symmetric memoryless channels

Codeword-dependent error resiliency

Two approaches:

The LDPC coset code ensemble

Linear LDPC codes with generalized density evolution

The typicality of linear LDPC codes among the coset code

ensemble

C-C. Wang, S.R. Kulkarni, and H.V. Poor with Princeton University – p.4/27



Content
Low-density parity-check codes and the challenges of

non-symmetric memoryless channels

Codeword-dependent error resiliency

Two approaches:

The LDPC coset code ensemble

Linear LDPC codes with generalized density evolution

The typicality of linear LDPC codes among the coset code

ensemble

The convergence rate consideration

C-C. Wang, S.R. Kulkarni, and H.V. Poor with Princeton University – p.4/27



Content
Low-density parity-check codes and the challenges of

non-symmetric memoryless channels

Codeword-dependent error resiliency

Two approaches:

The LDPC coset code ensemble

Linear LDPC codes with generalized density evolution

The typicality of linear LDPC codes among the coset code

ensemble

The convergence rate consideration

Applications

C-C. Wang, S.R. Kulkarni, and H.V. Poor with Princeton University – p.4/27



LDPC Codes & the Graph-based
Code Ensemble

A =















1 1 1 0 0 0

0 0 0 0 0 1

0 1 1 0 1 0

1 0 0 0 1 1















Ax = 0

C-C. Wang, S.R. Kulkarni, and H.V. Poor with Princeton University – p.5/27



LDPC Codes & the Graph-based
Code Ensemble

A =















1 1 1 0 0 0

0 0 0 0 0 1

0 1 1 0 1 0

1 0 0 0 1 1















Ax = 0
i =

i
1

i
2

i
3

i
4

i
5

i
6

1 2 3 4j =

�
��

@
@@

@
@@

@
@@

PPPPPPP

�����

�
��

@
@@

����������

@
@@

C6(dv, dc), dv = 2, dc = 3

C-C. Wang, S.R. Kulkarni, and H.V. Poor with Princeton University – p.5/27



LDPC Codes & the Graph-based
Code Ensemble

A =















1 1 1 0 0 0

0 0 0 0 0 1

0 1 1 0 1 0

1 0 0 0 1 1















Ax = 0
i =

i
1

- i
2

- i
3

- i
4

- i
5

- i
6

-

1 2 3 4j =

�
��

@
@@

@
@@

@
@@

PPPPPPP

�����

�
��

@
@@

����������

@
@@

C6(dv, dc), dv = 2, dc = 3

Belief Propagation:

(i) m0, (ii) Ψv(m0, m1, · · · , mdv−1), (iii) Ψc(m1, · · · , mdc−1)

C-C. Wang, S.R. Kulkarni, and H.V. Poor with Princeton University – p.5/27



LDPC Codes & the Graph-based
Code Ensemble

A =















1 1 1 0 0 0

0 0 0 0 0 1

0 1 1 0 1 0

1 0 0 0 1 1















Ax = 0
i =

i
1

- i
2

- i
3

- i
4

- i
5

- i
6

-

1 2 3 4j =

�
��6

@
@@I

@
@@

@
@@

PPPPPPP

�����*

�
���

@
@@

����������

@
@@

C6(dv, dc), dv = 2, dc = 3

Belief Propagation:

(i) m0, (ii) Ψv(m0, m1, · · · , mdv−1), (iii) Ψc(m1, · · · , mdc−1)

C-C. Wang, S.R. Kulkarni, and H.V. Poor with Princeton University – p.5/27



LDPC Codes & the Graph-based
Code Ensemble

A =















1 1 1 0 0 0

0 0 0 0 0 1

0 1 1 0 1 0

1 0 0 0 1 1















Ax = 0
i =

i
1

- i
2

- i
3

- i
4

- i
5

- i
6

-

1 2 3 4j =

�
��	

6
@

@@I
@

@@
@

@@
PPPPPPP

�����

�
��

@
@@

����������

@
@@

C6(dv, dc), dv = 2, dc = 3

Belief Propagation:

(i) m0, (ii) Ψv(m0, m1, · · · , mdv−1), (iii) Ψc(m1, · · · , mdc−1)

C-C. Wang, S.R. Kulkarni, and H.V. Poor with Princeton University – p.5/27



LDPC Codes & the Graph-based
Code Ensemble

A =















1 1 1 0 0 0

0 0 0 0 0 1

0 1 1 0 1 0

1 0 0 0 1 1















Ax = 0
i =

i
1

- i
2

- i
3

- i
4

- i
5

- i
6

-

1 2 3 4j =

�
��	 @

@@
@

@@
@

@@
PPPPPPP

�����

�
��

@
@@

����������:

@
@@

C6(dv, dc), dv = 2, dc = 3

Belief Propagation:

(i) m0, (ii) Ψv(m0, m1, · · · , mdv−1), (iii) Ψc(m1, · · · , mdc−1)

C-C. Wang, S.R. Kulkarni, and H.V. Poor with Princeton University – p.5/27



LDPC Codes & the Graph-based
Code Ensemble

A =















1 1 1 0 0 0

0 0 0 0 0 1

0 1 1 0 1 0

1 0 0 0 1 1















Ax = 0
i =

i
1

- i
2

- i
3

- i
4

- i
5

- i
6

-

1 2 3 4j =

�
�� @

@@
@

@@
@

@@
PPPPPPP

�����

�
��

@
@@

����������:
6@

@@R

C6(dv, dc), dv = 2, dc = 3

Belief Propagation:

(i) m0, (ii) Ψv(m0, m1, · · · , mdv−1), (iii) Ψc(m1, · · · , mdc−1)

C-C. Wang, S.R. Kulkarni, and H.V. Poor with Princeton University – p.5/27



LDPC Codes & the Graph-based
Code Ensemble

A =















1 1 1 0 0 0

0 0 0 0 0 1

0 1 1 0 1 0

1 0 0 0 1 1















Ax = 0
i =

i
1

- i
2

- i
3

- i
4

- i
5

- i
6

-

1 2 3 4j =

�
�� @

@@
@

@@
@

@@
PPPPPPP

�����

�
��

@
@@

����������:
6@

@@R

C6(dv, dc), dv = 2, dc = 3

Belief Propagation:

(i) m0, (ii) Ψv(m0, m1, · · · , mdv−1), (iii) Ψc(m1, · · · , mdc−1)

Forcycle-free networks, the belief propagation works for

non-symmetric channelsas well.

C-C. Wang, S.R. Kulkarni, and H.V. Poor with Princeton University – p.5/27



LDPC Codes & the Graph-based
Code Ensemble

A =















1 1 1 0 0 0

0 0 0 0 0 1

0 1 1 0 1 0

1 0 0 0 1 1















Ax = 0
i =

i
1

- i
2

- i
3

- i
4

- i
5

- i
6

-

1 2 3 4j =

�
�� @

@@
@

@@
@

@@
PPPPPPP

�����

�
��

@
@@

����������:
6@

@@R

C6(dv, dc), dv = 2, dc = 3

Belief Propagation:

(i) m0, (ii) Ψv(m0, m1, · · · , mdv−1), (iii) Ψc(m1, · · · , mdc−1)

Forcycle-free networks, the belief propagation works for

non-symmetric channelsas well.

By simulation, belief propagation + LDPC codes also have

outstanding performance for non-symmetric channels.
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Sym. Chs: Assumingx = 0.

P(l) = P(0) ⊗
(

Q(l−1)
)⊗(dv−1)

Q(l−1) = Γ−1

(

(

Γ
(

P(l−1)
))⊗(dc−1)

)

,
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Non-sym. Chs: Codeword-dependent.

P(l)(x) = P(0)(x) ⊗
(

Q(l−1)(x)
)⊗(dv−1)

Q(l−1)(x) = Γ−1

(

(

Γ
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))⊗(dc−1)

)

,
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Symmetric Channel

x y

b

P(b, y|x = 0) = P(b − 1, y|x = 1) = P(T (b, y)|x = 1).
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Ax̃ = A(x + b) = Ax + Ab = Ab = s

Averaged performance of the LDPC coset code ensemble
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The difficulty: Maintaining the synchronization of two random

strings.

[Kavčić 03]: Asymptotically, almost alls ∈ {0, 1}n(1−R) are
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The difficulty: Maintaining the synchronization of two random

strings.

[Kavčić 03]: Asymptotically, almost alls ∈ {0, 1}n(1−R) are

typical. Namely,

lim
n→∞

P (s : |pe(s) − Es{pe(s)}| < ǫ) = 1, ∀ǫ > 0.

Due to theirhardware uniformity, linear codes are always the

superior choice.
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(1,1) := {x1x5x6 :
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Averaging the trimmedtree codeis not equivalent to aver-

aging theoriginal code.
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Perfect Projection Condition
Definition 1 (Perfect Projection) The supporting treeN 2l is

perfectly projected, if for any codewordxt of the tree codeXt,

∣

∣

∣{x∈X:x|tree=xt}
∣

∣

∣

|X| = 1
|Xt|

.
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Perfect Projection Condition
Definition 1 (Perfect Projection) The supporting treeN 2l is

perfectly projected, if for any codewordxt of the tree codeXt,

∣

∣

∣{x∈X:x|tree=xt}
∣

∣

∣

|X| = 1
|Xt|

.

In other words, averaging the trimmedtree codeis equivalent to

averaging over theoriginal code.

We then have

P(l)(x) :=
〈

P(l)(x)
〉

{x∈X:x|0=x}
=
〈

P(l)(xt)
〉

{xt∈Xt :xt|0=x}
,

p
(l)
e =

1

2

(

∫ 0

m=−∞

P(l)(0)(dm) +

∫ 0

m=−∞

P(l)(1)(dm)

)

.
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New Iterative Formula for DE

x1

x

x2

P (x)

P   (x1) P   (x2)

Q   (x)

P (x)(0)

(l)

(l-1)

(l-1)

(l-1)

x = 0, x1x2 = 00, 11

x = 1, x1x2 = 01, 10

∀x ∈ {0, 1}, P(l)(x) = P(0)(x) ⊗
(

Q(l−1)(x)
)⊗(dv−1)

Q(l−1)(x) = Γ−1





1

2dc−2 ∑
x1∈X1(x)

dc−1
⊗

v=1

Γ
(

P(l−1)(xv)
)
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Q(l−1)(x) = Γ−1





1

2dc−2 ∑
x1∈X1(x)

dc−1
⊗

v=1

Γ
(

P(l−1)(xv)
)





= Γ−1





(

Γ

(

P(l−1)(0) + P(l−1)(1)

2

))⊗(dc−1)

+(−1)x

(

Γ

(

P(l−1)(0) − P(l−1)(1)

2

))⊗(dc−1)


 .
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Comparisons
Linear code ensemble:

P
(l)
linear(x) = P

(0)
linear(x) ⊗

(

Q
(l−1)
linear(x)

)⊗(dv−1)

Q
(l−1)
linear(x) = Γ−1





(

Γ

(

P
(l−1)
linear (0) + P

(l−1)
linear (1)

2

))⊗(dc−1)

+(−1)x

(

Γ

(

P
(l−1)
linear (0) − P

(l−1)
linear (1)

2

))⊗(dc−1)




〈

P
(l)
linear

〉

=
P

(l)
linear(0) + P

(l)
linear(1)

2
.
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Γ
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+(−1)x

(

Γ

(

P
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linear (0) − P

(l−1)
linear (1)

2

))⊗(dc−1)




〈

P
(l)
linear

〉

=
P

(l)
linear(0) + P

(l)
linear(1)

2
.

Coset code ensemble:

P
(0)
coset =

P
(0)
linear(0) + P

(0)
linear(1)

2

P
(l)
coset = P

(0)
coset ⊗

(

Q
(l−1)
coset

)⊗(dv−1)

Q
(l−1)
coset = Γ−1

(

(

Γ
(

P
(l−1)
coset

))⊗(dc−1)
)
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Similarities
Symmetry:

Monotonicity:

Stability Conditions:
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〈
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〉

(dm)

p
(l)
e,coset =

∫ 0−

m=∞

P
(l)
coset(dm).

Both p
(l)
e,linear andp

(l)
e,coset are monotonically decreasing

w.r.t. l.

Stability Conditions: Let λ(x) := ∑ λkxk−1 and

ρ(x) := ∑ ρkxk−1 denote theedge degree distributionpoly., and
〈

CB(0)
〉

=

∫

e−
m
2

〈

P
(0)
linear

〉

(dm) =

∫

e
m
2 P

(0)
coset(dm).
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ρ(x) := ∑ ρkxk−1 denote theedge degree distributionpoly., and
〈

CB(0)
〉

=

∫

e−
m
2

〈

P
(0)
linear

〉

(dm) =

∫

e
m
2 P

(0)
coset(dm).

Having the same stability conditions:
〈

CB(0)
〉 ?

<
1

λ2ρ′(1) .
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Comparisons
Linear codes:

- lin. LDPC ENC - Non-sym. CH. - -lin. LDPC DEC-

The coset code ensemble:

- lin. LDPC ENC h+

Rand. Bits

?

-

?- - Non-sym. CH. - h+ - -lin. LDPC DEC

LDPC Coset ENC LDPC Coset DEC

LDPC coset code ensemble:Ax = s ands ∈rand. {0, 1}n(1−R).
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A Short Answer

Not equivalent:
P

(l)
linear(x) = P

(0)
linear(x) ⊗

(

Q
(l−1)
linear(x)

)⊗(dv−1)

Q
(l−1)
linear(x) = Γ−1





(

Γ

(

P
(l−1)
linear (0) + P

(l−1)
linear (1)

2

))⊗(dc−1)

+(−1)x

(

Γ

(

P
(l−1)
linear (0) − P

(l−1)
linear (1)

2

))⊗(dc−1)
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Typicality of Linear LDPC Codes

(λ, ρ) (x2, x3) (x2, x5) (x2, 0.5x2 + 0.5x3) (x2, 0.5x4 + 0.5x5)

Linear 0.4540 0.2305 0.5888 0.2689

Coset 0.4527 0.2304 0.5908 0.2690
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Typicality of Linear LDPC Codes

(λ, ρ) (x2, x3) (x2, x5) (x2, 0.5x2 + 0.5x3) (x2, 0.5x4 + 0.5x5)

Linear 0.4540 0.2305 0.5888 0.2689

Coset 0.4527 0.2304 0.5908 0.2690
l 0.29% l 0.043% l 0.17% l 0.037%

Theorem 1 (Main Theorem) Considernon-symmetric channelsand

a fixed pair of degree polynomialsλ andρ. The shifted check node

polynomial is denoted byρ∆ = x∆ · ρ. Let P
(l)
linear andP

(l)
coset denote the

evolved densities of the linear and coset code ensemble withdegrees

(λ, ρ∆). Then, ∀l0 ∈ N, lim∆→∞

〈

P
(l0)
linear

〉

D
= P

(l0)
coset in distribution,

with the convergence rate beingO
(

const
∆
)

for someconst < 1.
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Intuition
Considerthe 1st check node iteration. Suppose for all possible
{

P
(0)
linear(x)

}

, Q
(0)
linear(0) = Q

(0)
linear(1) = Q

(0)
coset . Then

P
(1)
linear(x) = P

(0)
linear(x) ⊗

(

Q
(0)
coset

)⊗(dv−1)

〈

P
(1)
linear

〉

=
P

(0)
linear(0) + P

(0)
linear(1)

2
⊗
(

Q
(0)
coset

)⊗(dv−1)
= P

(1)
coset.
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(

Q
(0)
coset

)⊗(dv−1)
= P

(1)
coset.

Furthermore,Q(1)
linear(0) = Q

(1)
linear(1) = Q

(1)
coset .

Since the iterative equations of DE are continuous, we need only

to prove that for all possible
{

P
(0)
linear(x)

}

,

lim∆→∞ Q
(0)
linear(0)

D
= lim∆→∞ Q

(0)
linear(1)

D
= Q

(0)
coset
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Proof of the Main Theorem
m = log P(X=0|Y)

P(X=1|Y) .
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∣
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Proof of the Main Theorem
m = log P(X=0|Y)

P(X=1|Y) .

γ(m) = (1{m<0}, log cot
∣

∣

m
2

∣

∣)

P
(0)
linear(x)(dm) 7→ P′

x(dγ) andQ
(0)
linear(x)(dm) 7→ Q′

x(dγ).

The characteristic function:ΦP(λ1, λ2) = E(−1)λ1γ1eiλ2γ2.
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By Taylor’s expansion, the RHS converges to zero for allλ1, λ2

and the convergence rate is exponential.
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Typicality in Terms of the Decod-
able Threshold

Z-Channels:

-0 0

-1 1
1 − p1→0

�
�

���
p1→0

p∗1→0,linear := sup

{

p1→0 > 0 : lim
l→∞

p
(l)
e,linear = 0

}

and p∗1→0,coset := sup

{

p1→0 > 0 : lim
l→∞

p
(l)
e,coset = 0

}

.
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.

Corollary 1 (Typicality Results for Z-Channels) For anyǫ > 0,

there exists a∆ ∈ N such that
∣

∣

∣p∗1→0,linear − p∗1→0,coset

∣

∣

∣ < ǫ.
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Def: ∃l0, P
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(l)
e,coset = 0.

By definition, whenp1→0 = ptemp, ∃l0 such that afterl0

iterations,P(l0)
coset is in its stability region, which is an open set.

Note: The stability region is continuous w.r.t. weak convergence.

By Theorem 1, there exists a∆ ∈ N such that
〈

P
(l0)
linear

〉

is also in

the stability region of the coset code ensemble.

Note: The stability regions of the coset code ensembles and the

linear codes are identical.

By the definition of the stability condition,liml→∞ p
(l)
e,linear = 0.
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Corollary 1 (Typicality Results for Z-Channels) For anyǫ > 0,

there exists a∆ ∈ N such that
∣

∣

∣p∗1→0,linear − p∗1→0,coset

∣

∣

∣ < ǫ.

Similar corollaries can be easily derived for

other types of channel models.
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The Convergence Rates
Exponential convergence rateO

(

const
∆
)

: The thresholds are

nearly identical (the discrepancy is< 0.05%) whendc ≥ 6.
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The Convergence Rates
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)

: The thresholds are

nearly identical (the discrepancy is< 0.05%) whendc ≥ 6.

Revisit the check node iteration:

Consider a check node of degree 10000.

All information will be erased after the check node, and it is

equivalent to an erasure channel.

lim
∆→∞

Q
(1)
linear(0)

D
= lim

∆→∞
Q

(1)
linear(1)

D
= lim

∆→∞
Q

(1)
coset = δ0
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The Convergence Rates
Exponential convergence rateO

(
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: The thresholds are

nearly identical (the discrepancy is< 0.05%) whendc ≥ 6.

Revisit the check node iteration:

Consider a check node of degree 10000.

All information will be erased after the check node, and it is

equivalent to an erasure channel.

lim
∆→∞

Q
(1)
linear(0)

D
= lim

∆→∞
Q

(1)
linear(1)

D
= lim

∆→∞
Q

(1)
coset = δ0

No error correcting capability.p∗1→0,linear = p∗1→,coset = 0.

We have proved that the convergence rate isO
(

1
∆

)

.
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The Weak Convergence

−2.5 −2 −1.5 −1 −0.5 0 0.5 1 1.5 2 2.5
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

m
out

C
u

m
u

la
ti
v
e

 D
is

tr
ib

u
ti
o

n
 F

u
n

c
ti
o

n

The check node iteration, w. d
c
=6, one−way p

1→ 0
:0.2305

x=0
x=1
average

−2.5 −2 −1.5 −1 −0.5 0 0.5 1 1.5 2 2.5
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

m
out

C
u

m
u

la
ti
v
e

 D
is

tr
ib

u
ti
o

n
 F

u
n

c
ti
o

n

The check node iteration, w. d
c
=10, one−way p

1→ 0
:0.2305

x=0
x=1
average

C-C. Wang, S.R. Kulkarni, and H.V. Poor with Princeton University – p.24/27



Comparisons
Linear codes:

- lin. LDPC ENC - Non-sym. CH. - -lin. LDPC DEC- lin. LDPC ENC

The LDPC code ensemble:

- lin. LDPC ENC h+

Rand. Bits

?

-

?- - Non-sym. CH. - h+ - -lin. LDPC DEC

LDPC Coset ENC LDPC Coset DEC
malmost equivalent for moderatedc

[Kavčić 03]: Asymptotically, almost alls ∈ {0, 1}n(1−R) are typical.
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the typicality of individuals (including linear codes,s = 0, as a special case).
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Comparisons
Linear codes:

- lin. LDPC ENC - Non-sym. CH. - -lin. LDPC DEC- lin. LDPC ENC

The LDPC code ensemble:

- lin. LDPC ENC h+

Rand. Bits

?

-

?- - Non-sym. CH. - h+ - -lin. LDPC DEC

LDPC Coset ENC LDPC Coset DEC
malmost equivalent for moderatedc

[Kavčić 03]: Asymptotically, almost alls ∈ {0, 1}n(1−R) are typical.

Our results can be viewed as a complementing theorem explicitly describing

the typicality of individuals (including linear codes,s = 0, as a special case).

Not much improvement left for choosing the optimals.
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Applications
On a solid basis to interchangeably use the linear codes and

the coset code ensemble whendc is of moderate size.
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Applications
On a solid basis to interchangeably use the linear codes and

the coset code ensemble whendc is of moderate size.

Analysis: Use the fast density evolution (for coset codes) or the

EXIT chart to optimize the degree distribution of linear codes for

non-symmetric channels.

Finite code simulation: Thecodeword-averagedperformance of

linear codes vs. theall-zero codewordperformance of coset

codes.

Implementation: Use solely linear codes.
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Summary
Non-symmetric channels

Linear codes vs. the coset code ensemble

Convergence in distribution with respect to the check

node degreedc

Typicality results on Z channels:< 0.05% when

dc ≥ 6

Analysis, simulations, and implementations
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