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The Subject

#® Binary erasure channels:

® Stopping Sets:

» aset of variable nodes- the induced graph contains no

check node of degree 1. ji=1 2 3
L L

#® Frame error rates
» Frame decoding fails iff “the erasure bits''“a stopping set."

#® Error Floors<—=- Minimal Stopping Distance
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[Di et al. 02] computes the ensemble FER by combinatorial methods.

The Ensemble FER
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The Ensemble FER

[Di et al. 02] computes the ensemble FER by combinatorial methods.
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Error Floor Scaling Law?
[Montanari, Allerton 06] for bit-error rates

Chih-Chun Wang - p. 3/20 £ puﬂ




The Ensemble FER

[Di et al. 02] computes the ensemble FER by combinatorial methods.

0.0 01 015 0.2 025 0.3 045 €

"FER Error Floor Scalmg Law?
Irregular, Cyclic Lifted Ensemble?
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The Ensemble FER

[Di et al. 02] computes the ensemble FER by combinatorial methods.

Non-constructive, expurgate

short ensembles
with very low

FER error floor.
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The Ensemble FER

[Di et al. 02] computes the ensemble FER by combinatorial methods.

Constructive
short ensembles
with very low

FER error floor.
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The Ensemble FER

[Di et al. 02] computes the ensemble FER by combinatorial methods.
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Constructive
short ensembles
with very low

FER error floor.
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A conjectured waterfall curve

n=1024

A rigorous error floor curve
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Finding Good Codes

Observation in [Det al. 02].

IT
Pb
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Finding Good Codes

Observation in [Det al. 02].

IT
Pb

How to find good codes in a (good) ensemble?
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Constructing Good Finite Codes

#® Algebraic Approaches: [Koet al. 01], [Vasicet al. 04]

#® Progressive Edge Growth (PEG) constructions:

o

o

Girth — [Hu et al. 05],

Approximate Cyclic Extrinsic message degree — [Taan.
04],

Partial stopping set removal — [Ramamoorthyl. 04],
Upper-bound-based construction — [Shaeonl. 06].

Global constructiommay change the threshold [Sharonet
al. 06].

#® Loop Removal Construction: Girth — [McGowahal. 03]
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Constructing Good Finite Codes

#® Algebraic Approaches: [Koet al. 01], [Vasicet al. 04]

#® Progressive Edge Growth (PEG) constructions:

o

o

Girth — [Hu et al. 05],

Approximate Cyclic Extrinsic message degree — [Taan.
04],

Partial stopping set removal — [Ramamoorthyl. 04],
Upper-bound-based construction — [Shaeonl. 06].

Global constructiommay change the threshold [Sharonet
al. 06].

#® Loop Removal Construction: Girth — [McGowahal. 03]

#® Code AnnealingBase omminimal stopping distance
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Stopping Set Exhaustion

® Hardness

s Frame-wise minimal stopping distanee-~ NP-complete
[Krishnanet al. 06],

» Bit-wise minimal stopping distance— NP-completd\Wang
et al. 06]
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Stopping Set Exhaustion

® Hardness

s Frame-wise minimal stopping distanee-» NP-complete
[Krishnanet al. 06],

» Bit-wise minimal stopping distance— NP-completdWang
et al. 06]

#® INPUT: the target biv;,

OUTPUT:an exhaustive lisbf min stopping sets containing
s A branch and boundpproach [Wangt al. 06]

Exhausting all stopping sets of sizel13 for n = 576 codes.
s The brute-force approadi?) ~ 1.1 x 10%.
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Code Annealing Construction

1: Start withany code.

2: while time permitsdo

3: Randomlyselect two edges, e, and construct aexhaus-
tive list of stopping setsy, »,

C1 C2 C1

€1 €2 é

4
5. Construct news; ., .
6: if S, ,,<Sv, 0, then
.
38
9:

Abandon the change.
end if
end while
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Code Annealing Construction

1: Start withany code.
2: while time permitsdo

3: Randomlyselect two edges, e, and construct aewxhaus-

tive list of stopping setsS,

C1 C2

4
5. Construct news; ., .
6: if S, ,,<Sv, 0, then
.
38
9:

Abandon the change.

end If
end while

C1

€1 €2 é

Features:

Construct / polish codes
Compatibility

Local rearrangements
No performance outlier
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Performance

A n = 576, Irreqular ratel /2 code, rearrangin@4.3%o0f edges.
A(x) = 0.419467x + 0.163384x% + 0.417149x°,
o(x) = 0.002317x3 + 0.997683x°.
(Dstp, Ms): (2,2) — (11,58), top~ 0.12% of the ensemble
[Richardsoret al. 02].
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The Ensemble FER
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The Ensemble FER

10°° { . } ) } } 4
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A conjectured waterfall curve

A .
D stp,C — IMNCeC D stp»

M ¢ be the expected multiplicity.
A rigorous error floor curve

n=1024

109

The ensemble error floor il c x ePswe.

Chih-Chun Wang - p. 9/20 @



The Cyclically Lifted Ensemble

|Gross 74], [Richardson & Urbanke] and many more.

(a) The base code (b) The lifted code with an all-zero lifeguence

(c) The lifted code with @&yclic lifting sequence.
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The Cyclically Lifted Ensemble

|Gross 74], [Richardson & Urbanke] and many more.

SIS LTI

(a) The base code (b) The lifted code with an all-zero lifeguence

Base Code— of sizen (n = 16) |
0]0)010]010]0)01010)0]0)0I010)0,

Lifted Code— of lifting factor K (K = 4)
OO0O0O0000O0OOOOOOO

fting sequence.
0010010101010 010101010101010.
0000100101001 010)010101010.

0010010101010 010101010101010.
Chih-Chun Wang — p. 10/20 [@




Determine Dg, ¢

Theorem 1 If @ forms a stopping set for one lifted code, tl@forms
a stopping set for the base code.

Base Code — of size(n = 16)
o) X JOIoIol JeJel 10)0] 1000

Lifted Code — of lifting factoK (K = 4)
O X JOI0I0I0I0]e] 101010101010

CO@OO0O0@O0OOOOOOOO
OCO@OO0OOOOOOOOOOO
GJ0J0)010]01010J0) 1010l 1000
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Determine Dg, ¢

Theorem 1 If @ forms a stopping set for one lifted code, tl@forms
a stopping set for the base code.

Base Code — of size(n = 16)
o) X JOIoIol JeJel 10)0] 1000

Lifted Code — of lifting factoK (K = 4)
O X JOI0I0I0I0]e] 101010101010

CO@OO0O0@O0OOOOOOOO
OCO@OO0OOOOOOOOOOO
GJ0J0)010]01010J0) 1010l 1000

Corollary 1  Dgy, ¢ €qualsDgyy, of the base code.
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Different Order of Survivals

— Base Code — of size(n = 16)
Definition 1 0000000000000 000

First order survivals Lifted Code — of lifting factoK (K = 4)
0000000000000 00

CO@OOOOOOOOOOOOO
OO0O0000O00@OO00OOO0
OO0O0OO0O0O0OO0OOO0@OO0
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Definition 1
First order survivals

Definition 2
High order survivals

Different Order of Survivals

Base Code — of size(n = 16)
@) X JOI0I0] 106l 106l JeIele

Lifted Code — of lifting factoK (K = 4)
OJOI0I0I0I0] 10)010101010101010.

CO@OOOOOOOOOOOOO
OO0O0000O00@OO00OOO0
OO0O00000000O000@OOO

Base Code — of size(n = 16)
@) X JOI0I0] 106l 06l JeIele

Lifted Code — of lifting factoK (K = 4)
o) 1 JOI0I0IeI0Ie] 101010101010

oJol Joleolel Jeoleololeolelelelele
o]l Joleololololololololololole
OO000O00000 @O O -



The 1st Order Suppressing Effect

Theorem 2 For a fixed base code stopping sgt

E{[first order survival$} =

#Cc [ min(K,deg(c;)) d |
#V—#EH PR eg(cj)) (K (1 p\deg(c;)—t
§ i1 ( L Y ( t ><t)t'(K DT

t=0
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The 1st Order Suppressing Effect

Theorem 2 For a fixed base code stopping sgt

E{[first order survival$} =

#Cc [ min(K,deg(c;)) d
#V—#EH PR eg(cj)) (K (1 p\deg(c;)—t
§ i1 ( L Y ( t ><t)t'(K DT

t=0
Theorem 3 (The Scaling Law of the Error Floor M x ePst <)

Dstp,C — Dstp

MS,C _ (1 —I-O(l)) Z K—(O.S#E—#V+O.5#Codd),
base min. stop. sets;

where#C 44 IS the number of check nodes of odd degragke
subgraph induced bys;.
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Cconstruct Good Code Ensembles

# The error floor scaling law O (K_(0'5#E_#V+ 0-5#Codd)) .

#® Design criteria for the base codegighborhood optimizatign
» Maximize Dsgyp .

o Maximize the ‘minimal suppressing distaritfor small
stopping sets
Wesup = 0.5#E — #V + 0.5#Cqq -

Chih-Chun Wang — p. 14/20 s



Cconstruct Good Code Ensembles

# The error floor scaling law O (K_(0-5#E_#V+ 0-5#Codd)) .

#® Design criteria for the base codegighborhood optimizatign
» Maximize Dsgyp .

o Maximize the ‘minimal suppressing distaritfor small
stopping sets
Wesup = 0.5#E — #V + 0.5#Cqq -

# Forregular (3,6) codes:
» Wsup 2> 0.5Dgtp
s Optimize an ultra-shom = 64 (3,6) base code byode

annealing= Dgy, = 8. The suppressing effect1s/ 65536
for theK = 16 (n = 1024) lifted ensemble.

Chih-Chun Wang - p. 14/20 @



The (3,6) Code Ensemble FER

K_(O'S#E_#V_I_O'S#Codd)

Double the codeword length, the
ensemble error floor can be lowere
by 1-1.5 order of magnitude.

00 005 01 015 02 025 O 035 04 045 €

A conjectured waterfall curve

A .
D stp,C — IMINCeC D stp

M ¢ be the expected multiplicity.
A rigorous error floor curve

n=1024

109

The ensemble error floor i, o x ePswe,
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High Order Suppressing Effects

Theorem 4 (An Algebraic Lower Bound)

E{|high order survivals}

0
— {> const - (maX(K_(#EL_#VL_#CL>,K_(#EB_#VB_#CB))>
Theorem 5 (An Algorithmic Upper Bound )

E{|high order survivals} < const - K<Z”€Vo-d- <R(U)_1>)K‘WSHP.

Both bounds are tight for the first order suppressing effect.
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High Order Suppressing Effects

Theorem 4 (An Algebraic Lower Bound)

E{|high order survivals}

0
— {> const - (maX(K_(#EL_#VL_#CL),K_(#EB_#VB_#CB)))

Theorem 5 (An Algorithmic Upper Bound )

E{|high order survivals} < const - K(Zvévo-d- <R(U)_1)>K‘WSUP.

Both bounds are tight for the first order suppressing effect.

Why consider only the first order
survivals?

Chih-Chun Wang - p. 16/20 4



Irregular Code Ensembles

9 Wsup — O.S#E - #V —I_ O.S#Codd
o Degree 2 variable nodes are bad for cyclic lifting.

# Metric mismatch: For example, = 72, Dg, = 8 but Wgyp = 0.
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Irregular Code Ensembles

9 Wsup — O.5#E - #V —|_ O'S#COdd
o Degree 2 variable nodes are bad for cyclic lifting.

# Metric mismatch: For example, = 72, Dg, = 8 but Wgyp = 0.

#® Base code optimization (neighborhood optimization):
Degree augmentationcode annealingvhich maximizes
Dgtp + aWsyp for a predefined parameter
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Irregular Code Ensembles

9 Wsup — O.5#E - #V —|_ O'S#COdd
o Degree 2 variable nodes are bad for cyclic lifting.

# Metric mismatch: For example, = 72, Dg, = 8 but Wgyp = 0.

#® Base code optimization (neighborhood optimization):
Degree augmentationcode annealingvhich maximizes
Dgtp + aWsyp for a predefined parameter

#» Cyclic lifting
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Irregular Code Ensembles

9 Wsup — O.5#E - #V _|_ O.S#Codd
s Degree 2 variable nodes are bad for cyclic lifting.

® Metric mismatch: For exampl@, = 72, Dgy, = 8 but Wgyp = 0.

#® Base code optimization (neighborhood optimization):
Degree augmentationcode annealingvhich maximizes
Dgtp + aWsyp for a predefined parameter

#» Cyclic lifting

#® Code annealintp remove those survival stopping sets of small
sizes.

Chih-Chun Wang - p. 17/20 @



Performance
A(x) = 0.416667x + 0.166667x* + 0.416667x°, p(x) = x°

10°

10

[
o|
N

robability
|_\
oI

(11,58), topl.2 x 360

Typical CL

—/
(12,56), tops.2 x10~ 0 lpeac
10 CL+CA
(13,104), to@.2 x 107 ? (DA+CA)+CL+CA
10°° 7 L : (DA+CA)+CL+CA, asym.
. ] ¥ Random Constr.
A Direct CA
o e A A . . |
0.2 0.25 0.3 0.35 0.4 0.45 0.5
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Performance
A(x) = 0.416667x + 0.166667x* + 0.416667x°, p(x) = x°

[3] PEG [Huetgl. O4] b

[5] [Ramamoorthytal. 04

Error Probability

10 R R .~
10_15’???????????????????????????????????f-??????????f.5?51???/?/,?*??-???????????'
1025‘5é?%ééEéééééE%éEEééééé?éé??éé?éé?ééé%éé?-f .............................
10_35‘?éi?ééiéééé%i?é?iéééééi%é?iééfi;
10 i |
105k y— "
T oo, ] O DIeclCANTOT0 680,
______________________ _ _
G :./..z...<>:./ .......... | A (DA+CA)+CL+CA, n=576, deg =6
W 8 g Bn=504,deg, 515
LA
o ./. ............ . v [5], =603, deg_ =20
0.2 0.25 0.3 0.35 0.4 0.45 0.5
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Performance

A(x) = 0.416667x + 0.166667x* + 0.416667x°, p(x) = x°

10

T e e
31 PEG [Huetal. 04 FC =
107k M AT
[5] [Ramamoorthyetal. 04] ST
w2l ST Q
Local rearrangement - == LS
B0 A
smalldeg.., & | = yAxK
(al e e
deg(v) = 2: 47-49% vs. 62.5%" ¥ 1 o7/
0%y # [ @ DirectCA, n=576,deg <6
2T 2 A (DAYCA)HCLECA, n=576, deg =6
T A g (3] ne504, deg, =15
P g [81,n=603, deg =20
10 0.2 O.I25 Oi3 O.I35 0.4 0.45 0.5
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Summary

#® Code annealing

s EXxploiting the new tool of stopping set exhaustion.
» Construct and polish good codes.

® Suppressing effects

» Quantifying different orders survivals after cyclic Ii.
s Implying an ensemble FER error floor scaling law.
» Neighborhood optimization based on

Wsup = 0.5#E — #V + 0.5#Cq4.

#® Constructing good irregular codes
~ by degree augmentation + CA + CL + CA
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Summary

#® Code annealing

s EXxploiting the new tool of stopping set exhaustion.
» Construct and polish good codes.

® Suppressing effects

» Quantifying different orders survivals after cyclic Ii.
s Implying an ensemble FER error floor scaling law.
» Neighborhood optimization based on

Wsup = 0.5#E — #V + 0.5#Cq4.

#® Constructing good irregular codes
~ by degree augmentation + CA + CL + CA

» Non-erasure channels?

Chih-Chun Wang - p. 20/20
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