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Achievable Rate Characterization
Theorem 1 [Ahlswedeet al. 00] For a single multicast session, rater

is achievable if for all dest.ti, the min-cut/max-flowρG(s, ti) between

s andti satisfies
r ≤ ρG(s, ti), ∀i.
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Achievable Rate Characterization
Theorem 2 [Ahlswedeet al. 00] For a single multicast session, rater

is achievable if for all dest.ti, the min-cut/max-flowρG(s, ti) between

s andti satisfies
r ≤ ρG(s, ti), ∀i.

Utility optimization & cost minimization [Wuet al. 06]:

Directed acyclic graph: G = (V, E, {ce}e∈E)

max
r,{ce}

U(r)− ∑
e∈E

pe(ce)

subject to r ≤ ρG(s, ti), ∀i

0 ≤ ce ≤ ube, ∀e ∈ E.
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Multiple Sessions
Routing solution⇐⇒ Eachsessioni takes anexclusive shareof

the network.
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Multiple Sessions
Routing solution⇐⇒ Eachsessioni takes anexclusive shareof

the network.

Intra-session network coding only [Chenet al. 07]

max
ri

∑
i

U(ri)

subject to ∑
i

fi,e ≤ ce, ∀e ∈ E

∀i, { fi,e}e∈E andri satisfy the flow conditions.
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Multiple Sessions (Cont’d)
Inter-session network coding: The benefit is apparent.
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Content
Existing results forinter-session network coding.

A structure-basedapproach and the backlog algorithm.

New characterization theorems.

Two simpleunicast/multicastsessions.

A utility optimization problem.

A path-basedapproach.

Distributed algorithms.

Implementation issues.

Experimental results
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Two Simple Multicast Sessions
When can we sendX1 andX2 simultaneously?
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Existing Multiple Session Results
— Searching for Butterflies

[Traskovet al. 06], [Ho et al. 06], [Eryilmazet al. 07].

Fig. 2 of [Eryilmazet al. 07]

Createartificial flows p, q, w

for each butterfly‡.

max
ri

∑
i

U(ri)

subject to p, q, w, ri

satisfy the butterfly flow cond.

With queues for each (artifi-

cial) flow, abacklog algorithm

can distributively stabilize

any rates in the above region.
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The First Generalization
Since thegrail structure also admits coding benefit, we have

Createartificial flows p, q, w

for each butterflyand grail.

max
ri

∑
i

U(ri)

subject to p, q, w, ri

satisfy the butterfly+grail cond.

With queues for each (artifi-

cial) flow, abacklog algorithm

candistributively stabilizeany

rates in the above region.
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The Main Theorem — 2 Unicasts
Setting: Generalfinite directed acyclic graphs, unit edge

capacity, (s1, t1) & (s2, t2), two integersymbolsX1 andX2.

Number of Coinciding Paths of edgee: P = {P1, · · · , Pk}, and

ncpP (e) = |{P ∈ P : e ∈ P}|.
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ncpP (e) = |{P ∈ P : e ∈ P}|.

Theorem 2 Network coding⇐⇒ one of the following two holds.

1. ∃P = {Ps1,t1
, Ps2,t2}, such that

maxe∈E ncpP (e) ≤ 1.

2. ∃P = {Ps1,t1
, Ps2,t2 , Ps2,t1

} andQ = {Qs1,t1
, Qs2,t2 , Qs1,t2} s.t.

maxe∈E ncpP (e) ≤ 2 and maxe∈E ncpQ(e) ≤ 2.
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, Ps2,t2}, such that

maxe∈E ncpP (e) ≤ 1.

2. ∃P = {Ps1,t1
, Ps2,t2 , Ps2,t1

} andQ = {Qs1,t1
, Qs2,t2 , Qs1,t2} s.t.

maxe∈E ncpP (e) ≤ 2 and maxe∈E ncpQ(e) ≤ 2.

Routing: edge disjointnessvs.Network coding: controlled overlaps.
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Feasible Example: The Butterfly

Q = {Qs1,t1
, Qs2,t2 , Qs1,t2} P = {Ps1,t1

, Ps2,t2 , Ps2,t1
}
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Feasible Example 2: The Grail

Q = {Qs1,t1
, Qs2,t2 , Qs1,t2} P = {Ps1,t1

, Ps2,t2 , Ps2,t1
}
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Infeasible Examples

Q = {Qs1,t1
, Qs2,t2 , Qs1,t2} Q = {Qs1,t1

, Qs2,t2 , Qs1,t2}
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The Main Theorem — Multicasts
Setting: Generalfinite directed acyclic graphs, unit edgecapacity,

(s1, {t1,i}i) & (s2, {t2,j}j), two integer symbolsX1 andX2.
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The Main Theorem — Multicasts
Setting: Generalfinite directed acyclic graphs, unit edgecapacity,

(s1, {t1,i}i) & (s2, {t2,j}j), two integer symbolsX1 andX2.

Theorem 3 The existence of intersession network coding⇔

∃P = {Ps1,t1,i
, Ps2,t1,i

: ∀i} ∪ {Ps2,t2,j
: ∀j},

∃Q = {Qs2,t2,j
, Qs1,t2,j

: ∀j} ∪ {Qs1,t1,i
: ∀i},

such that

max
e∈E

ncp{Ps1,t1,i
,Ps2,t1,i

,Ps2,t2,j
}(e) ≤ 2, ∀i, j,

and max
e∈E

ncp{Qs2,t2,j
,Qs1,t2,j

,Qs1,t1,i
}(e) ≤ 2, ∀i, j.
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The Main Theorem — Multicasts
Setting: Generalfinite directed acyclic graphs, unit edgecapacity,
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Theorem 3 The existence of intersession network coding⇔
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such that
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,Ps2,t1,i

,Ps2,t2,j
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and max
e∈E

ncp{Qs2,t2,j
,Qs1,t2,j

,Qs1,t1,i
}(e) ≤ 2, ∀i, j.

1−→1 2−→1 2−→2

2−→2 1−→2 1−→1

Choose paths fori andj separately.

Then the conditions have to be satisfied for all(i, j) combinations.
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An Infeasible Example
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A Feasible Example
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A Feasible Example
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Utility Optimization
I: the no. coexistingunicast sessions(si, ti)

P(i): the set of all(si, ti) paths

P(i, j): the set of all(Psi ,ti
, Psj ,ti

, Psj,tj
) tuples

Ek
e,i : = 1, if link e uses thek-th path inP(i)

= 0, otherwise

Hl
e,ij : = 2, if for the l-th tuple inP(i, j), ncp(e) = 3

= 1, if for the l-th tuple inP(i, j), ncp(e) = 1, 2

= 0, if for the l-th tuple inP(i, j), ncp(e) = 0
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Utility Optimization
I: the no. coexistingunicast sessions(si, ti)
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) tuples

Ek
e,i : = 1, if link e uses thek-th path inP(i)

= 0, otherwise

Hl
e,ij : = 2, if for the l-th tuple inP(i, j), ncp(e) = 3
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= 0, if for the l-th tuple inP(i, j), ncp(e) = 0

max
−→x ,−→g

I

∑
i=1

Ui

(

|P(i)|

∑
k=1

xk
i + ∑

j 6=i

|P(i,j)|

∑
l=1

|P(j,i)|

∑
m=1

glm
ij

)

s.t.
I

∑
i=1

|P(i)|

∑
k=1

Ek
e,ix

k
i +

I

∑
i=1

∑
i<j

|P(i,j)|

∑
l=1

|P(j,i)|

∑
m=1

max(Hl
e,ij, Hm

e,ji)glm
ij ≤ Ce, ∀e

xk
i ≥ 0, glm

ij = gml
ji ≥ 0, ∀i 6= j, l, m
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Incorporating the Proximal Meth.

∑
I
i=1 Ui

(

∑
|P(i)|
k=1 xk

i + ∑j 6=i ∑
|P(i,j)|
l=1 ∑

|P(j,i)|
m=1 glm

ij

)

may not be

strictly concave.
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∑
|P(i)|
k=1 xk

i + ∑j 6=i ∑
|P(i,j)|
l=1 ∑

|P(j,i)|
m=1 glm

ij

)

may not be

strictly concave.

The proximal method with auxiliary var.−→y ,
−→
h :

max
{−→x ,−→g }

I

∑
i=1

Ui

(

|P(i)|

∑
k=1

xk
i + ∑

j 6=i

|P(i,j)|

∑
l=1

|P(j,i)|

∑
m=1

glm
ij

)

−
I

∑
i=1

|P(i)|

∑
k

ci

2
(xk

i − yk
i )

2 −∑
i 6=j

|P(i,j)|

∑
l=1

|P(j,i)|

∑
m=1

di

2
(glm

ij − hlm
ij )2
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The Slater condition holds.

Solve the dual of the intermediate problem.
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The Proximal Method (Cont’d)

The LagrangianL−→y ,
−→
h
(−→x ,−→g ,

−→
λ ,−→µ ) is
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Ui
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i + ∑

j 6=i
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|P(j,i)|

∑
m=1

glm
ij
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−
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∑
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|P(i)|
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k
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(xk

i − yk
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∑
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∑
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∑
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I
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Ek
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k
i +

I

∑
i=1

∑
i<j

|P(i,j)|

∑
l=1

|P(j,i)|

∑
m=1

max(Hl
e,ij, Hm

e,ji)glm
ij − Ce

)

−
I

∑
i=1

∑
i<j

∑
l

∑
m

µlm
ij

(
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ij − gml

ji

)

Wang & Shroff – p. 19/26



The Proximal Method (Cont’d)

The LagrangianL−→y ,
−→
h
(−→x ,−→g ,

−→
λ ,−→µ ) is

I

∑
i=1

Ui

(

|P(i)|

∑
k=1

xk
i + ∑

j 6=i

|P(i,j)|

∑
l=1

|P(j,i)|

∑
m=1

glm
ij

)

−
I

∑
i=1

|P(i)|

∑
k

ci

2
(xk

i − yk
i )

2 −
I

∑
i=1

∑
j 6=i

|P(i,j)|

∑
l=1

|P(j,i)|

∑
m=1

di

2
(glm

ij − hlm
ij )2

−∑
e

λe

(

I

∑
i=1

|P(i)|

∑
k=1

Ek
e,ix

k
i +

I

∑
i=1

∑
i<j

|P(i,j)|

∑
l=1

|P(j,i)|

∑
m=1

max(Hl
e,ij, Hm

e,ji)glm
ij − Ce

)

−
I

∑
i=1

∑
i<j

∑
l

∑
m

µlm
ij

(

glm
ij − gml

ji

)

Separable!
Wang & Shroff – p. 19/26



The Distributed Solver
Repeat the followingK times:

SolveD−→y ,
−→
h
(
−→
λ ,−→µ ) = max−→x ,−→g L−→y ,

−→
h
(−→x ,−→g ,

−→
λ ,−→µ )

via separability.

Solve the dual problemmin D−→y ,
−→
h
(
−→
λ ,−→µ ) by the gradient

method with step sizeα.

Update−→y ← −→x ∗,
−→
h ← −→g ∗, and go back to the beginning.
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The Convergence Result
Theorem 4 If thestep sizeα of the gradient method (for the dual) and

theproximal method coefficientsci anddi satisfy the following:

α
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e,i +

1

4
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i 6=j

|P(i,j)|

∑
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|P(ji)|

∑
m=1

(max(Hl
e,ij, Hm

e,ji))
2

)

< 2 min
i

min(ci, di),

then asK → ∞, the proximal method converges to the optimal−→x opt

and−→g opt for the original problem.

For boundedK, the convergence is verified by simulations.
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The Coding Scheme
Rate control is achieved viadistributed algorithms.

Coding scheme? .
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The Coding Scheme
Rate control is achieved viadistributed algorithms.

Coding scheme?Modified random linear coding.ls1
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Theorem 4 With modified random

linear coding overGF(q), the suc-

cess probability is

Prob(success) ≥

(

1−
4

q

)6|E|

.
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The Implementation Issues
The control messages to collect the info. nec. for maximizing the
Lagrangian.
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The control messages to collect the info. nec. for maximizing the
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Adaptively selectP(i) andP(i, j).
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Numerical Experiments
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Numerical Experiments

Utility gain UG: ∑ Ui(intersession NC.)−∑ Ui(routing)

∑ Ui(routing)
.

Throughput gainT G: ∑ ri(intersession NC.)−∑ ri(routing)

∑ ri(routing)
.
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Conclusions
A new nec. and suff. characterization for

intersession network coding with two simple unicast/multicast

sessions.
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A new nec. and suff. characterization for

intersession network coding with two simple unicast/multicast

sessions.

Thepath-based constructionadmits new distributed rate control

algorithms.

Successful combination of the proximal method.

Intersession network coding promotes further fairness.
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