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Motivation — The COPE Principle

® The COPE protocol — 2-hop relay networks [Kadtial. 06]

4 transmissions w/o codings. 3 transmissions w. coding
® rsendsX + Y]; d; decodesX by subtraction.

» Empirically, 40—-200% throughput improvement.
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4 transmissions w/o codings. 3 transmissions w. coding
® rsendsX + Y]; d; decodesX by subtraction.

» Empirically, 40—-200% throughput improvement.

X1 Xur,
#® The capacity can be defined over &)
the corresponding PEC network. PEC\@/PEC

PEC

Yl' : 'YTLRQ Xl' : 'XVLRl
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Wane ISIT2011 — 0. 2/15 ¥



The Capacity Region for M =2

Xq-- .)(an Yi-- ‘YnRg

Y1 -Yar, X1+ Xur,

# Assume round-based schemes, angl > p,.q, > 0.
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The Capacity Region for M =2

2-Stage Schemtakes the following as input:

Pr1, Pro2: The CH parameters,
nRq, nRy: The total # of to-be-sent symbols,
Nps, .d,, MPs,d,- Theoverheardnfo.

Y1 -Yar, X1+ Xur,

# Assume round-based schemes, angl > p,.q, > 0.

#® The capacity region foM = 2, [W, Asilomar 09]:

s — r avalil. slots min inter.

. nR1 nRQ
R1 < min (Psl;r/ pra — (R — p82;1)+> Rg@dom Rap@)m
p 5 PEC PEC
Ry < min (Psz;r/ Pr2 — = (Rl - P51;2)+) '\%jg
Pria
s Transmitall info froms; tor. S

s The cost of carrying theot overheard info * " X%
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A Competing Technique
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A Competing Technique

#® Opportunistic RoutingAllow d; to directly @
hear froms;. [Chachulskiet al. 07]. b

C
# No (intersession) coding at relay. \@

o ™~
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A Competing Technique

#® Opportunistic RoutingAllow d; to directly @
hear froms;. [Chachulskiet al. 07]. b

C
# No (intersession) coding at relay. \@

#® Capacity of Opp. Routing Is characterized by 7
the min-cut/max-flow theorerfDanaet al. 06].

R1 < min(psl;{r ordy}s Psir + pS1;d1)'

Can we combine the benefits Hetwork
Coding& Opportunistic Routing
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Initial Thoughts

#® Without directs; — d; communication:
2-Stage Schemtakes the following as input:

pr1, Pr2: The CH parameters,
nRq, nRy: The total # of to-be-sent symbols,
Nps,.d,» MPs,d,- Theoverheardnfo.
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Initial Thoughts

# Without directs; — d; communication:

With this motivation, this work studies tiieommon Info.
of Random Linear Network Coding

#® With directs; — d; communication: We thus need
X Vit Pr1, Pr2: The CH parameters,
Raflom - Rageom The total # of to-be-sent symbols:

DV

[Whatr has heard]
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Settings and Definitions

#® Random Linear Network Coding (RLNC)
N packetsW 2 (Wy,---,Wn) € (GF(q))N.
Each timet, source send¥; = v;W! via an erasure CH.

R:+. The set of destinations receive the packet at time

o o o o

v; IS randomly generated, but is known to all receivers.
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Settings and Definitions

# Random Linear Network Coding (RLNC)
» N packetsW 2 (Wq,- -+ ,Wy) € (GF(q))VN.
o Each timet, source send¥; = v;W! via an erasure CH.
» R The set of destinations receive the packet at time
# v;Israndomly generated, but is known to all receivers.
# Knowledge Spacef), = span{v; : Vt such thatl, € R;}.
s If Z; denotes the pkts rcv'd by, thenI(W; Z;) = rank((Y).

# Common Information (Cl)tank (ﬂ,lle Qk).
o Gacs-Korner Cl among; to Zk is rank (ﬂszl Qk) :
# Other notations 7 2 {Vt:S C R¢|: The amount of time

when alldy in S receive the pktA @ B = span(v:v € AUB)< m:@
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I
#® Our goal: Quantifyingrank (ﬂ,lle Qk) for all combina-
tions of K, N, and{R; : Vt} assuming larg&F(g).

XiXon Yo Yom The total # of to-be-sent symbols:
R&Hiom a@am [Whatr has heard}-
[Whatr andd; both have heard]
Theoverheardnfo.:

[Whatr andd, have heard}-
[Whatr, d,, andd; all have heard]
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#® QOur goal: Quantifyingrank (ﬂ,lle Qk) for all combina-
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The Main Challenge

rank (ﬂ,lle Qk)
® WhenK =1, thenrank (()1) = min(7;, N).

o WhenK = 2, we have
rank (31 N )p) =rank (1) 4 rank () — rank (1 & )

=min(7;, N) + min(7, N) — min(7; + 75 — 7415y, N)
o Our flrst thought Was wheK = 3, we should have
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k=1 k=1 1<j
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The Main Challenge

rank (ﬂ,lle Qk)
® WhenK =1, thenrank (()1) = min(7;, N).

o WhenK = 2, we have
rank (31 N )p) =rank (1) 4 rank () — rank (1 & )

=min(7;, N) + min(7, N) — min(7; + 75 — 7415y, N)
o Our flrst thought Was wheK = 3, we should have

rank ﬂ ) Z rank () Zrank (Q @ Q ) + rank (1 & O & O3)

OES NOT HoLD!!

An example is provided in the paper.
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Main Result

® A partitionof {1,---,K} is a collection of disjoint subsets
(S} 2 {S1,S2,-++,Sm} suchthaty™ , S,, = {1,--- ,K}.

Theorem 1 Define()" 2 max(-,0). For any receiving sets
{R; : Vt}, with sufficiently largeGF(g) we have

K M
rank <ﬂ Qk> = max {N — Y (N—17Ts,)" : V partition {Sm}} .

.
2
~
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Proof of A Simplified Example

® \We prove adegenerate case this presentation. Assume

N > max 7
ke K]

vS C [K (ka> (IS| = 1)N > Te.

keS

® We will prove that rank (ﬂszl Qk) =y~ T — (K—1)N.
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»® We will prove that rank (ﬂ,fle Qk> =y~ T — (K—1)N.
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N > max 7
ke K]

vS C [K (ka> (IS| = 1)N > Te.

keS

»® We will prove that rank (ﬂ,fle Qk> =y~ T — (K—1)N.

An illustrative example w K = 3: We will proverank (ﬂ,%zl Qk) —

# N = 5dimensional vector space.4 +4+4-(3-1)-5=2

# 7 vectors with reception status 001, 010, 011, 100, 101, 110,
® N =Dh=T=4"T4 =Tz =Tpz =2,and7,3 = 1. '
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Proof (Cont'd)

Rx 1

100

010

Rx 2

110

001

101

Rx 3
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Proof (Cont'd)
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100 110 {101 0107 110 |011

001§ 101} 011

|
<

100} 1010} 110 |001f{101}|0O11|f111
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Proof (Cont'd)

Rx 1 Rx 2
100{ 110 j101QJ111 010} 110 j011}1111
0, o,

001} 1101} {011} 111
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Proof (Cont'd)

Rx 1

100

110

111

010

110

111

001

101} 1011} 111
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Proof (Cont'd)

Rx 1 Rx 2

100} 110 J101}]111 010} 110 [011/1111
T

Rx 3
By induction == === = N,

| | |

rank(Q N Q) 10 b 001| {101/ |011/ 111
:7’1‘|‘7’2_N : |I |I I 0
—44d4-5=3"-=1-=1-- — L

1Ny (23
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Proof (Cont'd)

Rx 1

100} 110 111

By induction

rank(Q; N Q) !
=Ti+T,—N _|
=4+4-5=3"-~-

010

N Qs

110

111

001

111
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Proof (Cont'd)

Rx 1 Rx 2

101} 1011} 111

v1i, Ve, vy depend on the other three vectors.
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Proof (Cont'd)

Rx 1

Rx 2
One that can
111 010| 110 |o11||111] be freely
chosen.
R
101) lo11||111

v1i, Ve, vy depend on the other three vectors.
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Proof (Cont'd)

Rx 1 Rx 2
| I T N One that can
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v1i, Ve, vy depend on the other three vectors.
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Proof (Cont'd)

Rx 1 Rx 2
]| One that can
100| 110 |101ll111 010| 110 |o11||111] be freely
chosen.
R
101|011l l111

v1i, Ve, vy depend on the other three vectors.

|
Therefore rank(,vii v vsrfooilporflorjfinf ) = 4 or 5

If being 5, rank(Qlﬂﬁgﬂﬂg)t3+4—rank L1, MIII
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Proof (Cont'd)

Rx 1 Rx 2
]| One that can
100| 110 |101ll111 010| 110 |o11||111] be freely
chosen.
R
101|011l l111

v1i, Ve, vy depend on the other three vectors.
Questlon How to prove the rank is 5, when RLNC is used?

Therefore rank( V1| Vol vuLlLlho_lLl =4 or 5
|_ |_

If being 5, rank(ﬂlﬂﬁgﬂﬂg ) =3+ 4 — rank( I"|"|'-
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Proof (Cont'd)

[KoetteretR al .103, Hoet al. 06]: If we can finddeterministically7 vectors s.t.

rank

ﬂ 110

Rx

2

101

111

010

110

011

111

)=5

then foralmost all random choicesf the 7 vectorsyank(Q; & ()) = 5.
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[KoetteretR al .103, HoRgxt <'2:1I. 06]: If we can finddeterministically/ vectors s.t.
X

rank( @Ino woiffg]  foo] wo o} ) =5 —— Fully Spanned Cond.

then foralmost all random choicesf the 7 vectorsyank(Q; & ()) = 5.
The rank problem of RLNC is reduced to findinglaterministic assignment
satisfying the~ully Spanned Cond.

[New]: If we can finddeterministicallylO vectorsvy, vy, vz, plus 7, s.t.

o] 2 Fully Spanned

rank( foof 1o uooffef o] 1o fortlff ) = 5

"'i"\.},-:.-'
Wane ISIT 2011 -=p.12/15



Proof (Cont'd)

[KoetteretR al .103, HoRgxt <'2:1I. 06]: If we can finddeterministically/ vectors s.t.
X

rank( @Ino woiffg]  foo] wo o} ) =5 —— Fully Spanned Cond.

then foralmost all random choicesf the 7 vectorsyank(Q; & ()) = 5.
The rank problem of RLNC is reduced to findinglaterministic assignment
satisfying the~ully Spanned Cond.

[New]: If we can finddeterministicallylO vectorsvy, vy, vz, plus 7, s.t.
Rx 1 Rx 2

Fully Spanned

rank( foof 1o uooffef o] 1o fortlff ) = 5

Rx 1 Rx 2

V1, Vo, V3 € span(ﬂ 10 o] ) N span(jow] 110 foaffid )

N
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[KoetteretR al .103, HoRgxt <'2:1I. 06]: If we can finddeterministically/ vectors s.t.
X

rank( @Ino woiffg]  foo] wo o} ) =5 —— Fully Spanned Cond.

then foralmost all random choicesf the 7 vectorsyank(Q; & ()) = 5.
The rank problem of RLNC is reduced to findinglaterministic assignment
satisfying the~ully Spanned Cond.

[New]: If we can finddeterministicallylO vectorsvy, vy, vz, plus 7, s.t.
Rx 1 Rx 2

Fully Spanned

rank( foof 1o uooffef o] 1o fortlff ) = 5

Rx 1 Rx 2

Vi, V2, V3 € span(ﬂ 1o foffis) ) N span(joo) wo forlfnf ) - —— Fully Intersected Cond.

N
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Proof (Cont'd)

[KoetteretR al. 103 HoRgxt <'2:1I 06]: If we can finddeterministically/ vectors s.t.
X

rank( @Ino woiffg]  foo] wo o} ) =5 —— Fully Spanned Cond.

then foralmost all random choicesf the 7 vectorsyank(Q; & ()) = 5.
The rank problem of RLNC is reduced to findinglaterministic assignment
satisfying the~ully Spanned Cond.

[New]: If we can finddeterministicallylO vectorsvy, vy, vz, plus 7, s.t.

Rx 1 Rx 2 Vi, V2, V3 Rx 3
Fully Spanned = 1= Fully Spanne
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1 |
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Proof (Cont'd)

[KoetteretR al .103, HoRgxt <'2:1I. 06]: If we can finddeterministically/ vectors s.t.
X

rank( @Ino woiffg]  foo] wo o} ) =5 —— Fully Spanned Cond.

then foralmost all random choicesf the 7 vectorsyank(Q; & ()) = 5.
The rank problem of RLNC is reduced to findinglaterministic assignment
satisfying the~ully Spanned Cond.

[New]: If we can finddeterministicallylO vectorsvy, vy, vz, plus 7, s.t.
Rx 1 Rx 2 Vi, V2, V3 Rx 3
Fully Spanned - 2= 1= 1 Fully Spanne
rank( fwof o fogffug] o] o Jorffusf ) =5 rank(:vl':V2':V3' ooffronfforrfunr} ) =5
| |

Rx 1 Rx 2" —Rx 3 Fully Spanned
I- 1

1

1

RX 1 RX 2 rank( 110 101"111 )= rank( 110 011"111 ) = rank( 001"101"01."111 )=4 rank(:}il_vz
V1, Vo, V3 € span(ﬂ 1o foffis) ) N span(joo) wo forlfnf ) - —— Fully Intersected Cond.
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Proof (Cont'd)

[KoetteretR al .103, HoRgxt <'2:1I. 06]: If we can finddeterministically/ vectors s.t.
X

rank( @Ino woiffg]  foo] wo o} ) =5 —— Fully Spanned Cond.

then foralmost all random choicesf the 7 vectorsyank(Q; & ()) = 5.
The rank problem of RLNC is reduced to findinglaterministic assignment
satisfying the~ully Spanned Cond.

[New]: If we can finddeterministicallylO vectorsvy, vy, vz, plus 7, s.t.
Rx 1 Rx 2 Vi, V2, V3 Rx 3

Fully Spanned - 2= 1= 1 Fully Spanne
rank( fwof o fogffug] o] o Jorffusf ) =5 rank(:vl':V2':V3' ootfjronfjorrffuar} ) =
i
Rx1 ™ ™ Rx?2" —Rx 3= FulIy_Slpfnln_ec:
RX 1 RX 2 rank(no 101||111)=rank(110 011"111)=rank(001||101||01|||111)=4 rank(:jl::_w::_vg:):?;
V1, Vo, V3 € span(ﬂ 1o foffis) ) N span(joo) wo forlfnf ) - —— Fully Intersected Cond.

then foralmost all rand. choicesf the 7 vectorsrank(((q N Q) & Q3) = 5.
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then foralmost all random choicesf the 7 vectorsyank(Q; & ()) = 5.
The rank problem of RLNC is reduced to findinglaterministic assignment
satisfying the~ully Spanned Cond.
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Proof (Cont'd)

It does not matter how we chooseg, vy, vz, plus 7,
and in what order we construct the vectors.
Any deterministic construction will suffice! Nt

[New]: If we can finddeterministicallylO vectorsvy, vy, vz, plus 7, s.t.
Rx 1 Rx 2 Vi, V2, V3 Rx 3

Fully Spanned - 2= 1= 1 Fully Spanne
rank( fwof o fogffug] o] o Jorffusf ) =5 rank(:vl':V2':V3' ootfjronfjorrffuar} ) =
i
Rx1 ™ ™ Rx?2" —Rx 3= FulIy_Slpfnln_ec:
RX 1 RX 2 rank(no 101||111)=rank(1w 011"111)=rank(0m||101||01|||111)=4 rank(:jl::_w::_vx:):?)
V1, Vo, V3 € span(ﬂ 1o foffis) ) N span(joo) wo forlfnf ) - —— Fully Intersected Cond.

then foralmost all rand. choicesf the 7 vectorsrank(((q N Q) & Q3) = 5.

The Common Info. problem of RLNC is reduced to findingleterministic,
assignmensatisfying the~ully Spanne@andFully Intersected Conds. }
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A Deterministic Assignment

Rx 1 Rx 2

100] 110 J101}]111 010 110 |o11||111

Rx 3

== == == —1rrr
L R

Vi, V2i, v3i 001y 110110111111
i
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A Deterministic Assignment

Rx 1 Rx 2

100] 110 J101}]111 010} 110 |O11}]111

LTI

|
110 111}, V31 001} 1101} jO11} 111
I
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A Deterministic Assignment

Rx 1 Rx 2
1 'y 1 'y
100 010
100] 110 vy 111 0107 110 tvs 111
J Rx 3

I
|

110 J111}, V31 001|101} 011|111
|

Wane ISIT 2011 — b, 13/15 ¥



A Deterministic Assignment

Rx 1 Rx 2
I v I v
100 010
100| 110 [l f11t 010/ 110 [ [111
J Rx 3
_ d- e
! 100|010
110 |111 ::,3_: 001f | [l 112
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A Deterministic Assignment

Rx 1 Rx 2
i Yy i Yy
100 010
100} 110 v 111 010} 110 v 111
J Rx 3
SR L
! 100|010
g 2 5
Rx 1 Rx 2 Fully Spanned

—_

rank( %Ino e |l 110111 )=5
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A Deterministic Assignment

Rx 1 Rx 2
1 v il v
100 010
100y 110 v 111 010 110 v 111
J Rx 3
—_— —
] 100|010
S N 1
Rx 1 Rx 2 FuIIy Spanned
rank( %Ino g | 0 Inol nj ) =5
- Rx 1 Rx 2

Fully Intersected

@111 )N span(l% 10 {1 )

I
10 iy} vs! € span %IHO
I

N
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A Deterministic Assignment

Rx 1 Rx 2
1 'y 1 'y
100 010
100] 110 vy 111 010! 110 tvs 111

e R e L

J Rx 3
— o
v 100|010
110 |111 .V3: 001] [ [ f 112
. S SN ) S )
Rx 1 Rx 2 Fully Spanned Rx 3
rank( %Ino g | 0 Inolm ) =5 rank( 1 111:V3: @I@ mf ) =5

Rx 1 Rx 2

e L

I

10 iy} vs! € span %IHO
I

Fully Intersected

@111 )N span(l% 10 {1 )

N
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A Deterministic Assignment

Rx 2
1 v
010
010} 110 v 111
Fully Spanned Rx 3
1 | o RS
! 10011010
110 [111}, V31 001 111
I P L
Rx 1 Rx 2 Fully Spanned Rx 3
rank( %Ino g | 0 Inolm ) =5 rank( 1 111:V3: @I@ mf ) =5
~  Rx1 Rx 2 Eon -

Fully Intersected

@111 )N span(l% 10 {1 )

e L

I

10 iy} vs! € span %IHO
I

N
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A Deterministic Assignment

Fully Spanned

Fully Spanned - J _; L E 3_ .
e O |
Rx 1 Rx2  Fully Spanned Rx 3 B
rank( %Ino g | 0 110 mf ) =5 rank( 1w 111:V3: @I@ mf ) =5
o - Rx 1__ Rx 2 _thl-;llnt_ersected -
110 J111 :V3: c span(ﬂ 110 @111 )N span(l% 110 )
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A Deterministic Assignment

Fully Spanned

Fully Spanned J RX 3 Fully Spanned

I
' 010
110 [111 v 001| |3 ) 111
Rx 1 Rx 2 Fully Spanned Bx3
rank( %Ino g | 0 Inolm ) =5 rank( 1 111:V3: @I@ mf ) =5
~ Rx I Rx 2~ B

Fully Intersected

@111 )N span(l% 10 {1 )

e L

I

10 iy} vs! € span %IHO
I

N
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A Deterministic Assignment

Fully Spanned

RX 3 Fully Spanned

Fully Spanned

010

Fully Spanned 001 +V3 +V3 111
Rx 1 Rx 2 Fully Spanned Bx3
I
rank( %Ino g | 0 Inol mf ) =5 rank( 111:V3| @I@ mf ) =5
Rx 1 Rx 2 Fully Intersected

e L

I

10 iy} vs! € span %IHO
I

@111 )N span(l% 10 {1 )

N
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Intuition of the FS and FI Conds.

The Common Info. problem of RLNC is reduced to findindederministic
assignmensatisfying the~ully Spanne@andFully Intersected Conds.

® Letx denote thenput coding vectorand thelocal mixing kernels
® Thenin RLNC, each message along an edge has the form of

M = (f1(x), f2(x), -+, fn (X))

wheref;(x) are polynomials ok. [Koetteret al. 03].
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Intuition of the FS and FI Conds.

The Common Info. problem of RLNC is reduced to findindederministic
assignmensatisfying the~ully Spanne@andFully Intersected Conds.

® Letx denote thenput coding vectorand thelocal mixing kernels
® Thenin RLNC, each message along an edge has the form of

M = (f1(x), f2(x),-- -, fn(x))
wheref;(x) are polynomials ok. [Koetteret al. 03].

® When constructing the basis vectorg 9f (), we need to solve linear
equationdi.e., being in all marginal spaces), which results in thafo
v (fl(x) f(x) fN(X)> |
81(x)" &2(x) gn(x)
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Intuition of the FS and FI Conds.

The Common Info. problem of RLNC is reduced to findindederministic
assignmensatisfying the~ully Spanne@andFully Intersected Conds.

® Letx denote thenput coding vectorand thelocal mixing kernels
® Thenin RLNC, each message along an edge has the form of
M = (fi(x), f2(x),- -, fn(x))
wheref;(x) are polynomials ok. [Koetteret al. 03].

® When constructing the basis vectorg 9f (), we need to solve linear
equationgi.e., being in all marginal spaces), which results in thafo
v (fl(x) L(x)  fn(x) ) |
81(x)" &2(x) gn(x)
® [Fully Intersectedpssociates a deterministtg assignment with the
corresponding fractional expressiofisully Spannedpuarantees both
2,(x) anddet (|v;]) are non-zero.
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Conclusion & Future Works

The Common Info. problem of RLNC is reduced to findingegerministic
assignmensatisfying the~ully Spanne@andFully Intersected Conds.
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The Common Info. problem of RLNC is reduced to findingegerministic
assignmensatisfying the~ully Spanne@andFully Intersected Conds.

®» Main Results

rank ((K] Qk> = max {N — ﬁ (N—=Tg )" :V partition{Sm}} .
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Conclusion & Future Works

The Common Info. problem of RLNC is reduced to findindederministic
assignmensatisfying the~ully Spanne@andFully Intersected Conds.

®» Main Results

rank ((K] Qk> = max {N — ﬁ (N—=Tg )" :V partition{Sm}} .

® Main motivation:
The total # of to be-sent symbols:

nR1 TLRQ
rank g
R R
@dom an@m - (Q R Q 81

PEC| |PEC

. The overheardnfo

PEC rank ﬂ Q Sl —
/ \
@ @ an (Q e Q[Sﬂ)

Y- 'YnRQ Xy .Xan
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Conclusion & Future Works

The Common Info. problem of RLNC is reduced to findindederministic
assignmensatisfying the~ully Spanne@andFully Intersected Conds.

®» Main Results

rank ((K] Qk> = max {N — ﬁ (N—=Tg )" :V partition{Sm}} .

# Main motivation:
The total # of to be-sent symbols:

nR1 TLRQ
rank g
R R
@dom an@m - (Q R Q 81

PEC PEC
. The overheardnfo
_Ipec| rank & ﬂ Q Sl —
YAYnRQ X@Xn}? dn (Q m Q[Sl]>

® Future works: (i)Arbitrary combinationsEXx: (Ql ® Oy) N Q.
(i) Common Information of RLNC ovemulti-hop networks,

Y
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