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The authors of this paper develop a low-complexity matrix solution to solve a

surface integral equation for extracting the impedance of 3-D nonideal

conductors embedded in a dielectric material.
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ABSTRACT | We develop a linear-complexity direct matrix
solution for the surface integral equation (IE)-based impedance
extraction of arbitrarily shaped 3-D nonideal conductors
embedded in a dielectric material. A direct inverse of a highly
irregular system matrix composed of both dense and sparse
matrix blocks is obtained in O(N) complexity with N being the
matrix size. It outperforms state-of-the-art impedance solvers,
be they direct solvers or iterative solvers, with fast central
processing unit (CPU) time, modest memory consumption, and
without sacrificing accuracy, for both small and large number
of unknowns. The inverse of a 2.68-million-unknown matrix
arising from the extraction of a large-scale 3-D interconnect
having 128 buses, which is a matrix solution for 2.68 million
right-hand sides, was obtained in less than 1.5 GB memory and
1.3 h on a single CPU running at 3 GHz.
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I. INTRODUCTION

With the increase in the processing power of the central
processing unit (CPU), the memory and system intercon-
nect links connected to a CPU need to have an expo-
nentially increased bandwidth in order to fully utilize the
computing power. This leads to higher speed signals on
each data line as well as an increase in the number of data
lines. It also becomes necessary to move chips closer to
each other by revolutionary technologies such as 3-D
stacking via through silicon vias (TSVs), etc. Enabling
higher bandwidth brings significant challenges to the
analysis and design of interconnects. To address these
challenges, a full-wave modeling technology is required
that can rapidly characterize the interaction between a
large number of I/Os in the face of large problem sizes.

Existing fast solvers for solving large-scale circuit
problems are, in general, iterative solvers since traditional
direct solvers are computationally expensive. Among these
iterative solvers, representative are fast multipole-based
methods [1], [2], [34], fast low-rank compression methods
[3], [4], hierarchical algorithms [5]-[7], and fast Fourier
transform (FFT)-based methods [8], [9], which have
dramatically reduced the memory and CPU time of the
iterative solution of the dense system matrix resulting from
an integral equation (IE)-based analysis.

The optimal complexity of an iterative solver is
O(NynsNitN), where Nys is the number of right-hand

0018-9219/$31.00 ©2012 IEEE



Chai and Jiao: IE-Based Impedance Extraction of Complicated 3-D Structures

sides, Nj; is the number of iterations, and N is the matrix
size. To analyze the interaction between high-bandwidth
interconnects, the number of right-hand sides is propor-
tional to the I/O count. When the I/O count is large, iter-
ative solvers become inefficient since an entire iteration
procedure has to be repeated for each I/O (port).

There has been much recent progress in direct solvers
[10]-[13], [17], [35], [36] for solving both circuit problems
that typically are electrically small or moderate and
scattering problems that typically are electrically large.
In [10], an IE-based dense matrix is rendered sparse by
applying multilevel multipole expansions, and the resul-
tant sparse matrix is solved by a conventional sparse matrix
solver for circuit parameter extraction of microelectronic
structures. In [35], [36], a characteristic basis function
method is developed for reducing the size of the system
matrix arising in the analysis of monolithic microwave
integrated circuits and scattering problems. In [12], a
local-global solution (LOGOS) framework is proposed to
develop efficient factorization algorithms for IE methods
for electromagnetic analysis. In [11], an adaptive cross
approximation (ACA)-based method is used to compress
and directly solve IE-based dense matrices arising from
scattering problems. It successfully solved electrically
large IEs for problem sizes up to 1-M unknowns. In [17],
the fast H-matrix arithmetic was introduced to solve
large-scale electrodynamic problems. The cost of the fast
‘H-matrix-based computation was further reduced without
sacrificing accuracy. The resultant direct solver success-
fully solved dense matrices that involve more than 1 million
unknowns associated with electrodynamic problems of
96 wavelengths in fast CPU time (less than 20 h in LU
factorization, 85 s in LU solution), modest memory con-
sumption, and with prescribed accuracy satisfied on a
single CPU running at 3 GHz. Other recent developments
on direct solvers can be found in [13]. These direct solvers
have significantly reduced the computational cost of their
traditional counterparts. However, no linear complexity
(optimal complexity) has been achieved for the analysis of
general 3-D problems.

The focus of this paper is circuit parameter extraction
of arbitrarily shaped 3-D lossy conductors embedded in a
dielectric material. This class of problems typically has
small or moderate electric sizes. For electrically small or
moderate problems, no linear-complexity direct matrix
solution was achieved prior to the work reported in
[14]-[16], where an H*-matrix-based mathematical
framework [18]-[21] was introduced to reduce the com-
putational complexity of direct matrix solutions. Although
the H2-matrix enables a highly efficient computation of
dense matrices, under this mathematical framework, no
linear complexity has been established for matrix inver-
sion. In [14], it is established for the first time that an
H?-based inverse can be performed in linear complexity.
The detailed inverse algorithm and a theoretical analysis
on its complexity and accuracy are given in [15]. In [16], it

is shown that an H2-based LU factorization can also be
performed in linear complexity. Based on the linear-time
direct matrix solution, in [14]-[16], the dense system of
linear equations arising from an IE-based analysis was
directly solved for the capacitance extraction of arbitrarily
shaped 3-D structures embedded in inhomogeneous
materials. However, the impedance extraction developed
in [14], [16] was only for ideal conductors in a uniform
material. To the best of our knowledge, the impedance
extraction of 3-D structures that involve nonideal
conductors has not been accomplished with a linear-
complexity direct solution.

The contribution of this paper is the development of a
linear-complexity direct solution for the surface IE-based
impedance extraction involving arbitrarily shaped 3-D
nonideal conductors embedded in a dielectric material. A
surface integral formulation [22], [34] is attractive for
impedance extraction compared to a volume integral
formulation since the number of unknowns is greatly
reduced. The surface integral formulation used in this
work is based on a full-wave formulation given in [22]
that rigorously handles skin effects, and meanwhile
supports an electric potential-based excitation. This
formulation is shown to be accurate and robust over a
broad band of frequencies. Although a full-wave kernel is
considered in this work, it is worth mentioning that the
electric size of the problem being considered is not large
since if the electric size is large, there is no need to
consider fields inside the nonideal conductors as skin
depth is negligible and conductors can be accurately
treated as perfect conductors. The unknowns solved by
the surface integral formulation in [22] are tangential E,
tangential H, scalar potential, and charge density on the
conducting surfaces. The resultant system matrix is
composed of both dense and sparse matrix blocks. Some
of these blocks are even not square matrices. Although
such a complicated matrix structure does not create an
additional challenge to the fast computation of a matrix—
vector multiplication, it does render the fast computation
of a matrix inverse or LU particularly challenging. The
entire system matrix cannot be represented as one 7‘[2
matrix. The same is true for its inverse. As a result, the
method developed in [14], [15] is not directly applicable
to the impedance extraction concerned in this work. In
the following sections, we establish a general O(N) direct
matrix solution for rapidly solving a highly irregular
system matrix composed of both dense and sparse blocks,
to extract impedances of arbitrarily shaped 3-D nonideal
conductors embedded in a dielectric material. The
proposed O(N) inverse is the matrix solution for N
right-hand sides. Moreover, its accuracy can be controlled
to any desired order. The basic idea of this paper has been
presented in conference paper [23]. Limited by space,
many details were omitted in [23]. They are fully dis-
cussed in this paper along with an enriched section of
numerical results.
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The remainder of this paper is organized as follows.
In Section II, we present a mathematical background of
the H?-matrix framework. In Section III, we construct a
system matrix from a surface IE-based formulation for
impedance extraction of arbitrarily shaped 3-D lossy con-
ductors immersed in a dielectric material. In Section IV,
we present the proposed linear-complexity direct matrix
solution. Moreover, we provide a theoretical analysis on
the complexity and accuracy of the proposed direct matrix
solution. In Section V, we present numerical results to
demonstrate the performance of the proposed direct solver
for impedance extraction. The solver demonstrates a clear
linear scaling in both CPU time and memory consumption
with controlled accuracy. It is capable of inverting a matrix
involving 2.68 million unknowns resulting from surface
IE-based impedance extraction in 1.3 h and 1.5-GB
memory on a single 3-GHz CPU. Comparisons with
state-of-the-art impedance solvers such as FastHenry [32]
and FastImp [9], [31] have demonstrated a clear advan-
tage of the proposed direct solver. Section VI relates to
our conclusions.

IT. MATHEMATICAL BACKGROUND

The H (hierarchical)-matrix is a general mathematical
framework [18], [24]-[26], which enables a highly com-
pact representation and efficient numerical computation
of dense matrices. Both storage requirements and matrix—
vector multiplications using H matrices are of complexity
O(Nlog®N). H?-matrices, which are a specialized sub-
class of hierarchical matrices, were later introduced in
[19]-[21]. Compared to an H-matrix, an H* matrix has a
reduced computational complexity. The nested structure
is the key difference between H-matrices and H*-matrices.
In what follows, we give a basic overview of the H>-matrix-
based mathematical framework.

A. H?-Matrix Definition

An H? matrix is generally associated with a strong
admissibility condition [18, p. 145]. Denoting the full
index set of all the basis functions used in a numerical
discretization by Z = {1,2,...,N}, where N is the total
number of basis functions, consider two subsets t and s of
the Z, the strong admissibility condition is defined as

(t,s) are admissible
B { true, if max{diam((,),diam(€)} <ndist(£2, )
B false, otherwise

)

where ), and () are the supports of the union of all the
basis functions in t and s, respectively, diam(.) is the
Euclidean diameter of a set, dist(.,.) is the Euclidean
distance between two sets, and 7 is a positive parameter
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that can be used to control the admissibility condition.
Generally speaking, it is not practical to directly measure
the Euclidean diameter and Euclidean distance between ),
and ). An axis-parallel bounding box Q, 2 €, which is
the tensor product of intervals [18, pp 46-48], is thus used
to represent the support of the union of all the basis
functions in t, and similarly in s. If subsets t and s satisfy
(1), they are admissible; otherwise, they are inadmissible.

As can be seen from (1), if subsets t and s are admis-
sible, they are sufficiently far from each other. Given an
IE-based dense matrix Z, denoting the matrix block
formed by t and s by Z"*, if all the blocks Z"* formed by
the admissible (t,s) in matrix Z can be represented by a
factorized form

Vi c C#txk
Ve e Ot (2)

Zt,s = Vtst,svsT
St,s c Ckxk

where V'(V?) is nested, then Z is an H? matrix. In (2), V'
and V* are called a cluster basis associated with t and s,
respectively, S is called a coupling matrix, k is the rank of
V'(V?®), and “#” denotes the cardinality of a set.

For an efficient computation, the hierarchical depen-
dence of the unknowns is stored in a tree structure. Each
node of the tree is called a cluster, which represents a
subset of the entire unknown set Z. The cluster basis V' is
nested if across the cluster tree, it satisfies

thEtl th Etl
V= (VtZEtZ ) = ( sz) (Ezz ) (3)

where t1,t2 € children(t), which are the two children
clusters of t. In (3), E and E? are called transfer matrices
associated with a nonleaf cluster t and they are used to
build a relationship between t and its two children.

B. H*-Matrix-Based Fast Arithmetics

The nested property enables linear-time arithmetics of
H? matrices. In mathematical literature, it is shown that
for frequency independent kernels, storage requirements,
matrix—vector multiplications, and matrix-matrix multi-
plications using H2-matrices are all of complexity O(N)
[21]. However, no linear-complexity direct matrix solu-
tions have been reported in the mathematical literature. In
[14]-[16], it is shown that H>-based inverse and LU can
also be performed in linear complexity for static problems
and electrically moderate problems.

The challenge of this paper is the development of a
linear-complexity direct matrix solution for a highly irre-
gular matrix system arising from the impedance extraction
of arbitrarily shaped 3-D lossy conductors embedded in a
dielectric material. The system matrix is mixed with both
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dense and sparse matrix blocks. The entire system matrix
cannot be represented as one ‘H? matrix. The same is true
for its inverse. In what follows, we will show step by step
how this challenge is overcome.

III. FORMULATION OF SYSTEM MATRIX

A. Surface Integral Formulation for Full-Wave-Based
Impedance Extraction

Consider a union of conductors of finite conductivity o
immersed in a dielectric material characterized by per-
mittivity € and permeability . We employ the surface
IE-based formulation derived in [22] to extract the impe-
dance matrix of the conductor network in a broad band
of frequencies. The formulation comprises the following
tive equations:

——E 7 =2¢-

//ds v nXH )VGo
+ jKC //dsl(ﬁXﬁ)Go
S

+/S/ds/(ﬁx}§)xvco+V<p(F) 4)

— ch/s/ds’v’-(ﬁxavcl
+jKC/S/ds’(ﬁxE)G1 /zc
+//ds’ (AxH)x VG, (5)
o) = / ot/ (6)

V. (ﬁXH)(rnc) = Cp(rnc)/o',u (7)
p(r.) =vc (8)

N =
T

where E is electric field intensity, His magnetic field
intensity, 1 is a unit vector normal to the conductor surface
and pointing away from the conductor, Gy and G; are the
full-wave Green’s function in the background material, and
the conducting region, respectively. They are given by

o TRIT=7|
Go(r7) = —5—==
o) = =
, o JKcl=7"]
G(AT) =—5——= 9
17 7) 47|F — 7| ©)

with

k = wy/UE, Kc = Jw?pe — jwpo (10)

where w is the angular frequency. In (4)-(9), Zc = wu/Kc,
7 denotes an observation point, ¥ denotes a source point, S
is the conducting surface, ¢ is electric scalar potential, p is
charge density, 7. denotes a point on the contact surfaces
where the voltage source ¢ is supplied, and 7}, denotes a
point on the noncontact surface. The first equation is an
electric field integral equation (EFIE) that describes the
interaction of equivalent electric and magnetic currents on
the conductor surfaces via the background material; the
second IE is a magnetic field integral equation (MFIE)
formulated for what is inside each conductor. The third
equation describes the potential-charge relationship. The
fourth equation reveals the relationship between charges
on the noncontact surfaces and tangential H. The last
equation describes a voltage-source-based excitation. The
introduction of electric potential ¢ and subsequently the
introduction of (6) and (7) facilitate the incorporation of a
voltage-source-based excitation into a field-based EFIE-
MFIE system.
The unknowns involved in (4)-(8) are

(i x E,ii x H, ¢, p)

on the conducting surfaces. After n x His solved, we can
use it to compute the current and the impedance of the
conductor as follows:

//dsE —o/(o + jwe) //dsv (7 x H)

Sc

7 =

- an

where S¢ represents the contact surface. For a conductor
network, its admittance matrix can be computed as

(Vi:ov 17&])

where I; is the current computed at the ith port with the jth
port excited by ¢ = V; and all the other ports grounded.
From the admittance matrix, one can obtain other net-
work parameters such as Z-parameters and S(cattering)-
parameters as well.
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B. Construction of the System Matrix

We discretize the conducting surface into triangular
elements to accurately model arbitrarily shaped conduc-
tors. In each trlangular element, the equivalent magnetlc
current i X E and the equivalent electric current n X Hare
expanded by using RWG vector basis functions Tn [29] as
follows:

N

N
x H = Zln]n and AxE= ZH,J,[
o=

=

(12)

where I,, and II,, are unknown coefficients.

The charge density p and the potential ¢ are expanded
by scalar pulse basis function in each element. We denote
the total number of RWG bases by N, and the total number
of triangular panels by Nt. The Galerkin method is applied
to test (4) and (5). The centroid collocation method is
applied to test (6) and (7). The resultant system of linear
equations can be written as

ZcLo[L] — Ko[ILL] + @y [0] = (13)
KL + Ly /Zc[IL] = (14)

(] :Po[ ] (15)

Jsplln] = [plxe (16)

[Pl = (17)

where the subscripts “C” and “NC” denote the quantities
on the contact surfaces and noncontact surfaces, respec-
tively. The Lg,Ko,L1,K;,Po in (13)-(17) are dense
matrices. Their elements are given by

L), =ik [ [ @ [ [ an@e
(R esioffavice
:// dsfm(r)-// ds'VG; x Jn(r')
—05//dsn><]m Ju(P)
e

with i = 0, 1. The @, in (13) is a sparse matrix of dimen-
sion N X Ny. For each (Lpsp)mn, m is the index of the RWG
basis function, whose degree of freedom is assigned to each

(18)

edge, and n is the index of the pulse basis function, whose
degree of freedom is assigned to each triangular panel. The
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Jp has a dimension of NC x N, which is also sparse. The
NC is the number of triangular panels on the noncontact
surfaces. The elements of @, and Jy, are given by

// dsV - Im )

= U,u/KgV ()

LPsp

(JSP)mn (19)

The total number of unknowns in the system (13)—(17)
is 2N + 2Ny, where 2N unknowns are associated with
vector-based RWG basis functions, and 2Nt unknowns are
associated with scalar-based pulse basis functions.

C. Derivation of a Reduced System Matrix that
Involves Equivalent Electric Currents Only

The matrix system shown in (13)-(17) consists of both
sparse and dense blocks, which cannot be represented as
an H? matrix as a whole. To develop a linear-complexity
direct solution of (13)-(17), our strategy is to eliminate all
the [II,], [p], and [¢] unknowns from (13)-(17) to reduce
the system to a small one that only involves [I,].

Using (14) to eliminate [II,], (13) becomes

Ze(Lo + Ko - Lyt - Ky [I] + g [0] =0

= Hik [In] + Psp [(p] =0 (20)

with Hpg = Zc(LO + Ko - L Kl)
Based on (15), the charge [ | on the noncontact surface
can be represented by [¢] as

:(PEI)NCXC'¢C + [(f)O)NCXNC} [@lne (21)

with (PO)NCXNC = (PO)NCXNC o (PO)NCXC X (PO)EicX
(Po)cynes which is the Schur complement of the matrix
block (Po)yexne:

Using (16) and (21), we can directly relate [¢] to [I,] by

[Plnc = (f)O)NCxNC ) (JSP[In] - (P(;l)NCXC.wC)' (22)

By separating the contact-surface potential from the non-
contact-surface potential, (20) can be rewritten as

HLK[I"] + (Lpsp)NXc e + (kpsp)Nch ’ [QP]NC =0. (23)
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Substituting (22) into (23), we obtain

Z[I,] = rhs (24)
where
Z =Hrk + Hgsp
rhs = <(LPSP)N><NC ’ (PO)NCXNC ’ <P61>NC><C
_(QPSP)NXC) : ’(rZ)C

in which

Hpk =Zc(Lo + Ko - L' K;)

HSP = (Lpsp)NxNC : (PO)NCXNC : JSP' (25)

Electro-Magneto-Quasi-Static (EMQS) and Magneto-Quasi-
Static (MQS) Analysis: The system matrix shown in
(13)-(17) can be further reduced for MQS analysis and
EMQS analysis in a relatively low frequency regime. For
EMQS analysis, since displacement current is negligible,
the wave number k is O in the Green’s function of the
background material given in (9), which further simplifies
the system matrix (24) by removing the ™| term. For
MQS analysis, in addition to k = 0, the surface charge
density p can be ignored, which reduces (16) to

Iyl =o. (26)

Based on (20), we obtain

[In] = _Hii(tpsp [(p] (27)

From (26) and (27), we can obtain the following system for
MQS analysis

J*PHE%{"PSI) [90] =0. (28)

By separating the potential on contact surfaces from that
on noncontact surfaces, we obtain

(JSPHE%( (¢SP)NXNC) [SO]NC = _JSI)Hii{ (LPSP)NXC 'wc (29)

from which [p] on noncontact surfaces can be computed.
After [¢] is computed, [I,] can be solved from (27).

In (24), Z is obtained by eliminating [II,], [p], and [¢]
unknowns. In general, the unknown elimination has a
cubic complexity. In other words, the matrix operations
shown in (25) have a cubic complexity. In this work, we
ensure that the elimination of the [II,], [p], and [¢]
unknowns, i.e. the construction of Z, is performed in linear
complexity, and also the reduced [I,]-system is solved in
linear complexity, holding the complexity of the entire
solution to linear. The detailed procedure of the proposed
linear-complexity direct solution is given in the following
section.

IV. LINEAR-COMPLEXITY
DIRECT SOLUTION

In this section, we present a complete procedure of
linear-complexity direct solution to the system (13)-(17)
for full-wave-based impedance extraction. The entire
flow is shown in Fig. 1. First, we construct an efficient
H? partition that fully takes advantage of the surface
IE-based formulation to generate clusters that are 2-D for
efficient computation of 3-D problems. Based on the pro-
posed efficient H? partition, we build 'Hz-representations of
the dense matrices Lo, Kg, L1, K1, and Py with con-
trolled accuracy, and in linear complexity. We also build
H?-representations of the sparse matrices ¢y, and Jgp,
which does not involve any approximation. Since the ma-
trices involved in (13)-(17) do not share the same cluster
basis in common, to facilitate an efficient computation, we
unify the cluster bases. We then use the new unified
cluster bases to update the 7> representations of the dense
matrices Lo, Ko, L1, K1, and Py as well as sparse matrices
Py, and Jg,. After that, we perform a linear-complexity

Construct an efficient H? partition

Construct H? representations of dense matrices
Ly K, L, K;,and P,
h'd
Construct H? representations of sparse matrices
P, and J,
v
Unify cluster bases

A

(
‘H2-based matrix H2-matrix x H2-based

+

X sparse matrix block diagonal matrix
Hgp C—{—}—> H ¢
Z
| Direct inverse algorithm |
A'd
Z—l
Fig. 1. overall procedure of the proposed direct soluti
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multiplication of the H*-based sparse matrix Jg(py,)
with an H?-based dense matrix, from which we obtain an
H?-based Hy,. Moreover, we perform a linear-complexity
multiplication of an H?-based dense matrix with an
H?-based block diagonal matrix to obtain an H2-based
H;x. With Hy, and Hpx obtained, Z is obtained.
Because each of the aforementioned steps has a linear
complexity, the construction of Z has a linear complexity.
Similarly, the rhs in (25) is computed in linear time by
sparse multiplications and H2-based
matrix—vector multiplications. After Z and rhs are

matrix—vector

obtained, the linear-complexity inverse algorithm developed
in [15] can be employed to directly solve (24) in linear time.
In the following subsections, we detail the algorithm in
each step.

A. New H? Partition

An H?-based partition is to separate a matrix into ad-
missible blocks that have a factorized form shown in (2)
and inadmissible blocks that have a full-matrix represen-
tation. This is generally done by a cardinality-based
splitting method [18]. Although this method is general, it
is not efficient in the context of the surface integral-based
impedance extraction. In this work, we propose a new
partition method that significantly improves the efficiency
of the resultant H*-based computation for wideband im-
pedance extraction.

We first show the proposed scheme for constructing a
cluster tree, from which we build an 'H2-partition. To help
understanding, we use a simple example to explain the
construction procedure without loss of generality. Con-
sider an impedance system made of eight arbitrarily
shaped conductors. Assuming (t1, ta, t3) to be a coordinate
system, the arbitrarily shaped conductors can be orientated
in any direction in the 3-D space. We first find out the
direction along which the structure being simulated has
the maximal size, we then split the entire system into two
subsystems along this direction. We repeat the process,
during which each conductor is treated as the smallest
splitting-unit, and we do not split any single conductor. We
continue to split in this way until one conductor is left in
each subsystem. After that, we switch to another strategy
to split a single conductor. We separate the single con-
ductor into three groups that, respectively, contain the
panels on tity, tat3, tit3 surfaces, and place each group as a
top cluster of the conductor. We then use the conventional
splitting method to construct the descendant clusters of
the three top clusters. We keep such a splitting until the
number of bases involved in each cluster is less than or
equal to leafsize, which is a parameter to control the tree
depth. The aforementioned scheme generates a cluster
tree shown in Fig. 2. The major advantage of such an
approach to constructing a cluster tree is that each cluster
is made two dimensional, and hence fully taking advantage
of the surface-based formulation to speed up the H*-based
computation of 3-D problems.
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Fig. 2. A cluster tree.

We denote the cluster tree as T. The first node of the
tree is called root cluster, denoted by Root(T). Clusters
with indices no more than leafsize are leaves. Each nonleaf
cluster has two children. Based on the cluster tree T and
the admissibility condition (1), we construct an H?
partition. We start from Root(T) and Root(T), and test
the admissibility condition between clusters t € T and
s € T level by level. Once two clusters t and s are found to
be admissible, the block formed by them is called an
admissible block, and we do not check the admissibility
condition for the combination of their children. If clusters
t and s are both leaf clusters but not admissible, we call the
block formed by them inadmissible block. The aforemen-
tioned process results in an H? partition composed of both
admissible blocks and inadmissible blocks.

The above procedure can be used to generate H*
partitions for the impedance extraction system described
in Section III. As shown in Section III-B, two different
basis functions are used for discretization: one is RWG
basis and the other is triangular-panel-based pulse basis.
Therefore, we construct a cluster tree-R and a cluster
tree-T for RWG bases and pulse bases, respectively. The
cluster tree-R is used to construct an H? partition of
Lo, Ko, L;, Ky, and the cluster tree-T is used to construct
the H? partition of Py. Fig. 3(a) shows one example of such
an H? partition.

Although Ly, Ky, L;, and K; share the same H?
partition, the H? structure of L; and K; is different from
that of Ly and K. This difference lies in the fact that (5) is
only satisfied in each conductor, and hence the matrix
block formed for one conductor does not couple with that
formed for another conductor, which is physically dis-
connected. Thus, only the diagonal blocks that are formed
by the same conductor cluster are nonzero and all the
other blocks are zero as shown in Fig. 3(b). In addition, if
two conductors ¢; and ¢, have the same shape and size,
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(@
1 2 34 5 6 7 8

CoO =1 O th B b

(b)

Fig. 3. An 2-matrix partition: (a) Partition for Lo, Ko (W full matrix
block, © admissible block). (b) Diagonal partition for L, K,: gray blocks
represent nonzero blocks, white blocks represent zero blocks.

their corresponding diagonal blocks are the same, which
simplifies the computational cost associated with these
blocks. For example, when evaluating the inverse of
(L) and (Ly),, ,, once one of them is computed, the
other can be directly obtained. By doing so, the computa-
tional efficiency can be further improved.

B. H? Representations of Dense
Matrices Lo, Ko y le I<17 PO

To construct H? representations of the dense matrices
Ly, Ky, Ly, Kj, and Py involved in (13)-(17), for an
admissible block (¢, s), we replace the G; and Gy in (18) by
a degenerate approximation based on Lagrange interpola-
tion method

dior)- S Eeles)uone)

VvEK! neEK®

where (&) . and ({‘) ek AT Lagrange interpolation
points chosen, respectlvely, in t and s; and (L}) . and
(LS )#EKs are the corresponding Lagrange polynomlals The
number of interpolation points in each cluster is p¢, where
p is the number of interpolation points along each
dimension, and d is problem dimension, which is reduced
from 3 to 2 by the proposed new H? partition although the

problem to be solved is 3-D in nature. The accuracy of (30)
can be controlled to any order as proved in [28].

By substituting (30) into (18), the double integrals in
(18) can be separated into two single integrals

(f‘gsl) = / Il Lt
g veK! peks
- jKcGoy §v7§ //]] G )L, (F")ds
/ VL )L (F 87601( s)

: / VT L () ds'
S;
@kg;)” V/m Ji(F)LL(7) ds- Y7601( )
k veK! peKs
/ L ) &

FETinales)/

vek! peks

ts S (=
P -//Lu(r')ds/

5

from which we obtain 'Hz—representations of Lo, Ko, L1,
Ki, and Py as

=t T
» ‘ 7t t,s ‘ 7S
LO,l - LSLO.l L
=~ t.s T
® t t,s s
Ko 1 = ViSk,, X Vi

V= (vi)s (Vi)

(31)

where the cluster bases in a given cluster t are

- / F(PLLF) ds

- / (VTP LL(7) ds

=[Vi Vi

(a) s (v2) - [ o

M

(32)

Vol. 101, No. 2, February 2013 | PROCEEDINGS OF THE IEEE 379



Chai and Jiao: IE-Based Impedance Extraction of Complicated 3-D Structures

The coupling matrices shown in (31) are shown in

t,s jKCScO'l
Sy, =

ol

(S0, o = Goa (€1,
(58.), - Vo (€:). (55, 0(6.6)

(33)

with i € t,j € s,v € K, € K°, and V' € R¥F*#K gts ¢
CHOH 1 (31)=(33), #KO) < #t (#s) is the rank in
the cluster t or s, which is determined by the number of
interpolation points. Vi s denotes cluster basis formed
by the cluster tree-R, and (VT)pr2 denotes cluster basis
formed by the cluster tree-T. Since the same space of
Lagrange polynomials is used, cluster bases Vi ks and
(VT)p1 p are all nested cluster bases. From (30) to (33),
with the H?-representation found for the dense matrices
Lo, Ko, L1, K;, and Py, we prove the existence of the
H?-representation of the dense matrix blocks involved in
impedance extraction.

As can be seen from (31) and (32), Ly and L; share the
same cluster basis Vi, and they are only different in
coupling matrix S; similarly, Ky and K; share the same
cluster basis Vi but with different coupling matrix S.
However, V7, is different from V. The Py even has
different row and column cluster bases. Therefore, for
efficient computation of (24), in Section IV-D, we propose
an algorithm to unify different cluster bases to build a
common set of cluster basis with nested property
preserved.

C. H? Representations of Sparse Matrices Py, and J,
As can be seen from (25), sparse matrices @, and Jy,
are involved in the matrix-matrix multiplication for
computing Hg,. In order to make use of the linear-time
matrix-matrix multiplication algorithm of H? matrices,
we represent both sparse matrices g, and Jg, as H?
matrices. To do so, we first construct an H? partition for
- As can be seen from (19), the row cluster of @, is
formed by RWG bases, and the column cluster of Py is
formed by triangular panel-based pulse bases. Hence, we
choose the cluster tree-R as its row cluster tree and cluster
tree-T as its column cluster tree, and build an H? partition
based on the two cluster trees and the admissibility
condition (1). We then fill in the matrix elements in each
H?-block. From (19), it can be seen that for an edge i
associated with an RWG basis, only (cpsp)”1 and (upsp)i,tz
are nonzero, and all the other () elements are zero,
where t; and t; denote the two triangular panels that share
edge i in common. In other words, only adjacent edges and
triangular panels can have interactions in . Therefore,
all the admissible blocks become zero since they are
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sufficiently far from each other. Only inadmissible blocks
are nonzero. Furthermore, in each nonzero block, only
several elements are nonzero. Thus, we only need to
record all the nonzero elements and their locations in the
H? representation. In sparse matrix Jgp, only (Jg), .
(Jsp) i and (Jgp) ap for the triangle element t; are
nonzero, while all the other elements are zero, where i,j, k
are the three edges in triangular element t;. Therefore,
only adjacent edges and triangle panels have interactions
in Jg,. As a result, similar to Pop> the H? representation of
Jyp can be formed. Since all the blocks that satisfy the
admissibility condition are not only low rank, but also zero
in Jy, and g, the H? representations of Jy, and Py are
exact.

D. Unifying Cluster Bases

We propose to use orthogonalization to unify the cluster
bases. The goal is to unify the cluster bases of Lg, Ko, L,
and K to be the same set of cluster basis V with VIV = I
satisfied for each cluster. Take Vi, shown in (32) as an
example, it is composed of a vector-based Vi and a scalar-
based V. Given a cluster t, we first expand the vector-
based V7 into a scalar-based form as the following:

t _ t t t t
VLexpand - |:VKx VKy VKz VS] .

We then orthogonahze VLeqund’ which results in an
orthogonal cluster VL that contains all the independent
column vectors of the original V. We use the orthogo-
nalization algorithm in [33] to perform this task, which has
a linear complexity. With VL obtained, the cluster bases
of H?based Lo, Ko, Li, and K; can be accurately
unified by VL. For example, based on VL, LO can be
updated based on the following equation:

LI Vi) S (ViVE Vi)
( LVLSEVEVL)VE
e (ikess) (Vi Vi)
. va;{y (1keS5) (Vi Vig )|
+ Vi, Vi, (jKcSg) (Vf sz) '
+VEVE (S;) (Vivs) T) Vi
= Vi (ke (Wis Wi+ WS Wy
+WZSEZW§T)

+WISEW /(Ke) ) Vi,
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with

Wt

~ T
X,),z = VtL th (34)

Wiz’

L; can be updated in a similar way.

Next, we show how to update Ko. The Siﬁ is a vector-
based coupling matrix, as can be seen from (33). It can be
expanded as

t,s t,s t,s t,s
Kexpand — Kx Ky Kz |-

Since VtL keeps all the independent vectors of VtL, and
V¥ is part of V{ as shown in (32), Vi is contained in
V.. Hence, K can be updated accurately based on V| as

~ ~  ~ T
G =VLVE - VieSE, x (Vv - Vi)

S sT ey ST
[( W — W ;< w;')
(Wt LW - WIS W2 )

P

K; can be updated in a similar way. From (34) and (35), it
can be seen that the cluster bases and coupling matrices of
updated f;g, KO, ]31, and Kl all become scalar-based ones.
Furthermore, they share the same cluster basis VL.

The row cluster basis VT1 and column cluster basis ng
of matrix Py also need to be updated to one set of cluster
basis. We collect VT ; and VI , into one cluster basis in a
form [V V ,]. and then orthogonalize it to obtain V By
domg so, VT contains all the 1ndependent column vectors
of VI ol and VT p2> and hence the H? -representation of P
can be accurately updated by VT

E. Computing Hyx and Hgp
In this subsection, we show how to compute Hyk and
Hsp in (25) and obtain their H*-matrix representations.

Computing Hyk: In order to compute Hyk, we need to
know Ly, Lfl, Ko, K; as can be seen from (25). The H?
representations of LO, Ky, L1, K7 have been obtained as
Lo, L1, Ko, and K1 in previous subsections. The L 1
can be computed directly in linear complexity by the
inverse algorithm in [15], and stored in an H? matrix with
O(N) units. In addition, due to the block diagonal nature
of L, we only need to compute the inverse of each
diagonal block. For conductors having the same shape and
size, their corresponding block inverses are the same, and
hence only one block inverse needs to be computed. A

discussion of the linear-time inverse algorithm in [15] will
be given in the following Section IV-F.

With the H? representations of Lo, LII, Ko, and K4
known, the 2 representation of Hyk shown in (25) can
be constructed based on an H?-based matrix-matrix
multiplication algorithm given in [21]. To be specific, by
performing an ‘H?-based matrix-matrix multiplication in
the dlagonal blocks we can obtain an H2-based | represen-
tation of Lq K1 By performing KO (Ll Kl) and
adding it upon Lo, we can obtain an H2-based represen-
tation of Hyk. It is worth mentioning that due to the
diagonal structure of both L; and Kj, matrix-matrix
multiplications are only performed on the nonzero dia-
gonal blocks. All these operations have a linear complexity
since an H*-based matrix-matrix multiplication as well as
addition has a linear complexity.

Computing H/\SP.' In order to compute Hgp, we need to
first compute (Pg)ycynes Which is the Schur complement
of (Po)ycxne- as can be seen from (25). For a given matrix
A, the Schur complement of its bottom rightmost block
A, can be evaluated during the computation of A’s
inverse based on Matrix Inversion Lemma [30]. In
addition, the evaluation of rhs in (25) requires the inverse
computation of Py to obtain (Pg") - If we compute the
inverse of Py, we can simultaneously obtain the Schur
complement of (Pg)ycyne and (Pg')yeye during the
inverse process. The inverse of Py can be directly
computed using the linear-time inverse algorithm in [15].
Furthermore, since P as well as its inverse is symmetric,
we only need to compute half of it.

Next, in order to represent Hgp in (25) as an H?
matrix, we need to compute an H?-based product based on
a sparse matrix g, (or Jy,) and an H?* matrix PO The
computation of such a matrix-matrix multiplication is
much more efficient than that between two H>-based
dense matrices. The underlying operation is equivalent
to a few matrix—vector multiplications. When computing
an H*-based matrix-matrix multiplication, we choose
the partition formed by the first matrix’s row cluster and
the second matrix’s column cluster as the partition of the
matrix product.

F. Linear-Time Inverse-Based Direct Solution of Z
With the steps described in previous sections
completed, we obtain an H? matrix Z to represent the
Z matrix in (24). We then employ the O(N) H*-inverse
algorithm [15] to compute Z  and employ the O(N) H>-
based matrix-vector multiplication algorithm [21], [28] to
Z - rhs. Based on [I,], the
current and the network parameters like impedance para-
meters can be extracted. If multiple right-hand sides are
involved, instead of performing a matrix—vector multiplica-
tion for each right-hand side, we store the multiple right-hand

compute rhs as well as [I,] = Z

sides in a sparse matrix and perform an ‘H?-based matrix-
matrix multiplication to obtain the solution in O(N) time.
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It is worth mentioning that although a matrix inverse
and a matrix-matrix multiplication [21] share the same
number of block matrix multiplications, there is a major
difference that prevents one from using a fast matrix-
matrix multiplication algorithm to achieve a linear
complexity in inverse. The major difference is that in the
level-by-level computation of the inverse, at each level, the
computation is performed based on updated matrix blocks
obtained from the computation at previous level instead of
the original matrix. In contrast, in the level-by-level
computation of the matrix-matrix multiplication, at each
level, the computation is always performed based on the
original matrix, which is never updated. This difference
would render the inverse complexity higher than linear if
one does not address it properly. In [15], we develop three
new algorithms to render the total cost of an inverse linear.
The first algorithm is an instantaneous collect operation
for generating the auxiliary admissible block forms; the
second algorithm is a modified block matrix multiplication
algorithm; and the third one is an instantaneous split
operation.

The main operation in the inverse algorithm is to
perform fast block matrix multiplications based on
orthogonalized and nested cluster basis. For example,
after the orthogonalization, VTV =1 is satisfied for
each cluster s, and hence an admissible block-based matrix
multiplication encountered in the inverse procedure can
be done based on

VIS, V¥ x V'S,V =V'S, (VST x VS) s, v
—V'S,IS, V"
=Vi(S, x S;) V"

where only S; X S; needs to be computed, the cost of
which is O(k®). The main purpose of the instantaneous
collect operation and the instantaneous split operation is
to keep the cost of each block matrix multiplication
constant. Since each H*-block is computed from O(Cy,)
block matrix multiplications and there are in total O(Cy,N)
blocks in an H? matrix, the total cost of the inverse is
O(Cszpka)N, which is linear. For nonstatic problems whose
electric size is moderate, the rank can be increased by a
rank function developed in [28] with the prescribed
accuracy satisfied. The total cost of the resultant direct
matrix solution is still linear as proved in [16].

G. Complexity Analysis

The storage of an H*-matrix is O(N). The total
computational cost for solving the impedance system
(24) includes two parts: one is the H>-based construction
of Z that includes the computation of Pgl, LIl, Hgp and
Hyxk. which is the cost of eliminating unknowns [I1,], [p],
and [¢] from (13)-(17), and the other is the direct solution
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of (24) by computing Zil, each of which is performed in
linear complexity as analyzed in the subsections above. As
a result, the total complexity is linear.

H. Accuracy Analysis

We analyze the accuracy of the proposed direct matrix
solution step by step based on the overall procedure shown
in Fig. 1.

The first step is to construct an efficient H? partition.
The accuracy of this step can be controlled by 7 in (1).

The H? representation of dense matrices Lo, Ko, L1,
K, and Py is obtained by a degenerate approximation
based on Lagrange interpolation given in (30). The error
bound of this approximation is derived in [28]. It is shown
that the error of (30) can be controlled to any desired order
by the number of interpolation points p and parameter n
used for H? partition. For impedance extraction of 3-D
lossy conductors considered in this work, the electric size
of the underlying problem is not large, and hence a very
small p is sufficient for achieving a good accuracy. This is
also numerically demonstrated, as can be seen from exam-
ples given in the section of numerical results.

The H? representation of sparse matrices ¢, and Jgp
is exact, as explained in Section IV-C, and hence this step
does not introduce any error.

Unifying the cluster bases is performed by orthogo-
nalization. We do not reduce the rank of the cluster basis
during the orthogonalization procedure, and hence no
error is introduced.

To compute Hyk, we first need to obtain LII. It is
obtained by the inverse algorithm developed in [15] with
controlled accuracy. In this algorithm, we theoretically
proved the existence of the * matrix representation of the
inverse of the dense system matrix arising from a
capacitance extraction problem, and revealed the relation-
ship between the block cluster tree of the original matrix
and that of its inverse. By using a similar proof, it can be
shown that there exists an H?-representation of Lj®.
Moreover, L' shares the same block cluster tree as L.
Hence, the Hz-partition developed for L; is equally
applicable to Lj'. This fact can also be understood
physically. Consider an admissible block (Lj)“ formed
by two subsets t and s of the entire unknown set. It repre-
sents the response (equivalent voltage) in subset t with the
source (equivalent current) located in subset s. This block
can be admissible because the admissibility condition is
satisfied, i.e. the response is sampled in subset t that is
sufficiently far from the source. Based on the same
reasoning, (LII)L’S should be also admissible because it
also represents the response in subset t that is sufficiently
far from the source. The only difference is that in the
inverse, the physical quantity that represents the source
and the physical quantity that represents the response are
reversed from those in the original matrix. For example, in
(L;1)"™, the source becomes an equivalent voltage, while
the response is an equivalent current.
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With L;' obtained with controlled accuracy, the
Ll_1 -K; is computed by an H?-based block-diagonal
matrix multiplied by an H*-based block-diagonal matrix
with controlled accuracy. The resultant matrix is also
block diagonal. The Kj - L - K is then obtained from
a formatted matrix-matrix multiplication between an
‘H?-based dense matrix K and an H2-based block-diagonal
matrix L] 1. K,, with the H? partition of the product
matrix (Ko - Lfl - Kj) assumed to be the same as Kg, and
hence Lg. This assumption is true because if a block is
admissible in K, it is also admissible in Kj - L;l - K.
This can be analyzed as follows. Consider a (t, s) block that
is admissible in Kj, since L_1 K; is a block diagonal
matrix, to compute the (t,s) block in Ko - L' - K, only
(s1,s) and (s2,s) blocks in L; " - K; will participate in the
computation since all the other blocks in the columns
representing s are zero, where sl is the row cluster that
forms an admissible block with column cluster s in the same
conductor cluster, and s2 is the row cluster that forms an
The multiplication of
- K; for obtaining the (t,s) block hence becomes

inadmissible block with s.

Ko, -L;*

(KO . L;l . Kl)l-,S: KBSl (Ll—l . K1>Sl,s

FKSHLT-K)P (36)

t,s1
o may

In the first term in the right-hand s1de although
not be admissible, the (L;*-K;)' b
hence the first term has a low rank form shown in (2); in
the second term, since (s2,s) is inadmissible, s2 must be

physically close to s; since Kf)’s is admissible, t must be

is admissible, and

sufficiently far from s, and hence s2. As a result, Kgsz is
admissible, and thereby the second term in (36) also has a
low rank form. Hence, the resultant (Ko - L7 - K;)™ has
a low-rank representation. Therefore, the (t,s) block that
is admissible in Kq is also admissible in Kj - Ll_1 - K.
Similarly, we can prove that an inadmissible block in Kj is
also inadmissible in Kj ~L;1 -K;. As a result, the H?
partition constructed for Ky and Ly is equally applicable
to K - L;l -Kj. Thus, based on this partition, the
resultant formatted H?-based matrix-matrix multiplica-
tion has a controlled accuracy. The addition of Ly and
Ko - L
ward H -based matrix-matrix addition without introduc-
ing additional error.

To compute Hgp, we first need to obtain (PO)NCXNC
This is obtained together with (P,") Nexe (required in the
_1. The P_1 is
obtained with controlled accuracy by the i inverse algorlthm
in [15]. The matrix product (¢g,), . (PO)NCXNC Jop is
performed based on an H?-based formatted matrix-matrix
multiplication. The product tree is formed between the

- K; is then performed based on a straightfor-

computation of rhs) by computing P

row cluster tree of (g, and the column cluster tree of J,
both of which is the cluster tree constructed for the RWG

vector basis functions. In the formatted matrix-matrix
multiplication, we assume that the H? partition of the
product matrix (Pg,) e * (PO)NCch Jp is the same as
that of I; and K; (i = 0) matrices. This again can be
proved to be true as follows. Consider a (t, s) block in the
partition formed based on the RWG-basis-based cluster
tree, if (t,s) satisfies the admissibility condition, we can
prove that the corresponding block in (wpg,)

BN NxNC’
(Po)nexne - Jsp has a low rank form. This is because

~ t,s
((LPSP)NXNC ’ (PO)NCXNC ’ JSI’)

(kpsp);\lthC(PO)NxNCJs 3
(Lpsp)NxNCVt St’ SV TJs s

which is low rank. In the above, we only consider the (t,t")
block in ¢, where t' includes basis functions that directly
interact with t, because (g, is a sparse matrix whose nonzero
elements only appear in the close interaction. Similarly, in
Jsp, we only need to consider the (s,s')-block, where s
includes basis functions that directly interact with s. As a
consequence, in Po, only the (¢, s) block is involved in the
computation. Since (t, s) satisfies the admissibility condition,
and t' is close to t, and § is close to s, (', s') also satisfies the
admissibility condition. Thus the (t', s") block is admissible in
Py. Therefore, it can be replaced by a factorized low-rank
form, from which it can be seen clearly that the (t,s) block
has a low rank form in (gg,) (Po) Nesve © Jsps and
hence is also admissible.

NxNC

The addition of Hy,x and Hgp is then performed based
on a straightforward ‘H?-based matrix-matrix addition
without introducing additional error, from which Z is
obtained. The error controlled inverse algorithm [15] is
then employed to obtain Z .

From the aforementioned analysis, it can be seen that
the error is well controlled at each step of the proposed
direct matrix solution. Therefore, the accuracy of the
entire solution can be controlled to a desired order.

V. NUMERICAL RESULTS

For all the examples simulated in this work, we choose
leafsize = 8 and ) = 1 for the construction of H? partition;
and we use p =3 for the interpolation along each
dimension. All the simulation is done on a single 3 GHz
CPU. A surrounding medium with relative permittivity
equal to 1 is considered in all examples. The mesh size is
not restricted by the skin depth because of the underlying
surface-based formulation that rigorously accounts for skin
effects. The mesh size is chosen to capture the field
variation with space on the conducting surface. Whether
the mesh is fine enough or not is numerically judged by
checking the convergence of the impedance result.
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Fig. 4. Impedance of a straight conductor wire from 1 Hz to 10 GHz.
(a) Imaginary part. (b) Real part.

A. A Straight Conductor Wire

We first use a simple conductor wire to test the
accuracy of the proposed method for wideband impedance
extraction. The wire has a cross section of 1 mm by 1 mm
and a length of 25 mm. The conductivity of the wire is
5.8e + 7 S/m. The discretisation results in 630 triangular
panels. Both real part and imaginary part of the impedance
computed by the proposed method are compared with
those extracted by FastHenry [32], which is based on a
volume IE method accelerated by fast multipole algorithm.
The inductances generated by both methods agree with
each other very well as can be seen from Fig. 4(a). For the
real part of the impedance as shown in Fig. 4(b),
FastHenry has to use a dense mesh with 7200 filaments
to capture the skin effect in the higher frequency band,

Fig. 5. A 5-bus structure.

whereas the proposed surface-based method can still
capture the frequency dependency with a 630-panel-based
discretization.

The total solution time of the proposed solver across the
entire frequency band is 22.2 s, while the total solution time
of FastHenry across the entire frequency band is 434.5 s.

B. A1 x 5 Bus Structure

We next simulated a 5-bus structure. Each bus has a
size of 2 pm X 2 pm x 20 pm as shown in Fig. 5. The
distance between two adjacent conductors is 5 pm. Each
conductor has the same conductivity as that used in the
previous example. The frequency point for extraction is
10 GHz. The discretization of the problem generates
1440 triangular panels. The impedances (in (2) extracted
by the proposed method are shown in the equation at
the bottom of the page. The error of the impedance
matrix is 0.42%, which is computed by ||Zy; — Zrp||p/
|Zry ||z, where Zy; is obtained by the proposed H?-based
direct solver and Zpy is obtained by FastHenry with
12 000 filaments.

The total solution time of the proposed solver is 8.1 s,
while the total solution time of FastHenry is 458.3 s.

C. Large-Scale Spiral Inductor Array

In this example, we consider an inductor array
composed of rectangular spirals, each of which has 4 full
turns. The width, thickness, and spacing of the rectangular
spiral are 1, 1, and 1 pum, respectively, and the inner
diameter of the rectangular spiral is 10 pym. The array
includes2 x 2,2 X 4,2 x 8,2 x 16 rectangular spirals,
as shown in Fig. 6(a), which, respectively, results in
72 692, 145 384, 290 768, and 581 536 number of
unknowns. For a fair comparison, a similar discretisation
is used in FastImp [31] and the residual error of GMRES
used by FastImp is set as 10 2. The frequency is 1 GHz.
Fig. 6(b) and (c) show the memory and the total solution
time for both methods. As can be clearly seen, the total
solution time of the proposed method scales linearly with
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0.062 +i26.78
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Fig. 6. Simulation of an array composed of rectangular spirals.
(a) Inductor Array. (b) Memory. (c) Total solution time.
(d) solution error.

the number of unknowns, whereas the total solution time
of FastImp is affected by the number of iterations and the
number of right-hand sides, and hence FastImp failed to
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Fig. 7. Performance of the proposed solver in achieving a higher
order of accuracy. (a) Solution error. (b) Total solution time.

show linear complexity although its matrix—vector multi-
plication achieved almost linear complexity. In Fig. 6(d),
we plot the solution error measured by || ZI — rhs||/||rhs||
of the proposed method. Good accuracy is observed in the
entire unknown range.

Next, we tested the capability of the proposed solver in
achieving a higher order of accuracy. The structure was the
spiral inductor array shown in Fig. 6(a). The arrays
simulated had 1, 2, 4, and 8 rectangular spirals, respec-
tively. The simulation parameters ny,;, and 7 remained the
same, but the number of interpolation points p was
increased from 3 to 6. Fig. 7(a) and (b), respectively, show
the solution error measured by ||ZI — rhs||/||rhs|| and
the total solution time of the proposed solver. As can be
seen clearly, by increasing p, the solution error is reduced
without sacrificing the linear time complexity.

D. Large-Scale 3-D Buses in Multiple Layers

The last example is a crossover bus structure in two
layers and each layer has m conductors. Each conductor has
asize of 1 um X 1 pm X (2m + 1) gm and a conductivity
of 5.8e + 7 S/m. The m is chosen as 1, 2, 4, 8, 16, 32, 64,
which, respectively, results in 800, 4480, 14 080, 48 640,
179 200, 686 080, 2 682 880 number of unknowns.
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Fig. 8. Matrix accuracy.

The impedance is extracted at 1 GHz. First, we test the
accuracy of the matrices shown in (25) by evaluating

Hsp — Hsp/|Hsp|lp, [Huk —Hrx||p/|Hek ¢, and
Py Po—1I|l/I[Il|;, where Hsp,Hrx are both full
matrix representations while Hgp, Hyk are their corre-
sponding H? representations, 15; is the H*-based inyerse
of Py, and I is an identity matrix. Good accuracy of Hgp,
I:ILK and f’(; is achieved in the entire unknown range, as
can be seen from Fig. 8, and the worst error is 2.55E-4,
3.81E-4 and 4.39E-3, respectively. Since the assessment of
matrix accuracy requires the computation of full matrices,
we only tested the accuracy of the matrix for m up to 16.
For larger cases, we used reference solutions to test the
solution accuracy of the proposed method as can be seen
from the following test.

We examined the efficiency of the proposed direct
solver and compared its performance with FastImp. For a
fair comparison, a similar discretization was used in both
methods. The relative residual in GMRES used by FastImp
was set as 1073, The FastImp was only used to simulate
the bus structure with m up to 32 since the advantage of the
proposed solver was already obvious. Fig. 9(a) shows the
memory consumption by both methods. It can be seen that
the memory required by the proposed method is eight times
less than that required by FastImp. The time for one
matrix—vector multiplication is plotted in Fig. 9(b), which
shows that the proposed scheme is about 18 times faster
than FastImp. Fig. 9(c) shows the total solution time of the
proposed method that includes the cost of each step in
Fig. 1. As can be seen clearly, the total solution time of the
proposed method scales linearly with the number of
unknowns. It is also much faster than FastImp even though
the proposed method computes the entire inverse, whereas
FastImp only solves for 2m right-hand sides. In addition, we
tested the accuracy of the extracted impedance. One
column of the impedance matrix was extracted. We tested
the solution accuracy of both the proposed method and
FastImp based on || Z; — Z! || /||Z,||, where Z, is a vector of
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impedances between port 1 and other ports computed by a
full-matrix-based direct solver, while Z’1 is computed by
either the proposed method or FastImp. Because the full-
matrix-based direct solver is very expensive, we only used
this approach to assess error for small bus structures. It is
shown that the accuracy of the proposed method is 0.32%,
and 0.47%, respectively, for the bus structure with m =1
and m = 2. For the same two structures, the accuracy of
FastImp is 0.70%, and 0.89%, respectively. Because both
methods achieved very good accuracy, we used FastImp to
benchmark the accuracy of the proposed method for larger
buses based on ||Zthis - Zfastimp||/||Zfastimp
computed by the proposed method, and Zig,stimp is computed

, where Z;s is

by Fastlmp. As can be seen from Fig. 9(d), excellent
accuracy is observed in the entire unknown range.
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