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Fast Structure-Aware Direct Time-Domain
Finite-Element Solver for the Analysis

of Large-Scale On-Chip Circuits
Woochan Lee and Dan Jiao, Senior Member, IEEE

Abstract— A fast time-domain finite-element algorithm is
developed for the analysis and the design of very large-scale
on-chip circuits. The structure specialty of on-chip circuits, such
as Manhattan geometry and layered permittivity, is preserved
in the proposed algorithm. As a result, the large-scale matrix
solution encountered in the 3-D circuit analysis is turned into
a simple scaling of the solution of a small 1-D tridiagonal
matrix, which can be obtained in linear (optimal) complexity with
negligible cost. Furthermore, the time step size is not sacrificed,
and the total number of time steps to be simulated is also
significantly reduced, thus achieving a total cost reduction in
the CPU time. Applications to the simulation of very large-scale
on-chip circuit structures on a single core have demonstrated the
superior performance of the proposed method.

Index Terms— DC analysis, fast solvers, on-chip circuits, on-die
power grids, time-domain finite-element method (TDFEM),
transient analysis.

I. INTRODUCTION

THE analysis and the design of on-chip circuits are of
critical importance to the overall performance of inte-

grated circuits (IC) and systems [1]–[13]. Many on-chip circuit
structures, such as a power grid and a clock grid, constitute a
very large-scale problem in modeling and simulation, the size
of which also continuously grows with the advancement of the
processing technology. A straightforward solution of a global
on-chip interconnect network would result in a numerical
system that is beyond the capability of existing most powerful
computational resources.

Different from many other engineering problems, the
structure of an on-chip circuit is special in the sense that its
geometry is of Manhattan type and its dielectrics are layered.
Not taking advantage of these specialties would unnecessarily
slow down the computation; however, preserving the structure
specialties and taking advantage of them in a numerical
solution is not a straightforward task either. Take the layered
dielectrics as an example. If one employs a frequency-domain
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solver [7], [12], [15] to analyze the on-chip circuits, the
resultant system matrix is composed of permittivity-,
conductivity-, and permeability-related terms. Since conduc-
tivity and permeability are not layered, the layered property
of the permittivity cannot be preserved and taken advantage
of in the solution of the frequency-domain system matrix. The
same is true for an implicit time-domain method [6], [11].
If one employs an explicit time-domain method [1], [2],
[8], [13], although only the weighted sum of the permittivity-
and conductivity-related matrices needs to be solved, since
the conductivity is not layered as the layout structure is
different in different dielectric layers, the layered structure of
the permittivity is also lost in the numerical solution of an
explicit time-domain method.

There have been structure-preserving algorithms developed
to exploit the structure specialty of the on-chip circuits.
In [1], a time-domain layered finite-element reduction-
recovery (LAFE-RR) method [1] was developed to solve large-
scale IC design problems at high frequencies. In this method,
the layered property of dielectrics is employed to perform
system reduction analytically from multiple layers to single
layer, which is a 2-D numerical system. Considering the
Manhattan geometry, the 2-D single-layer system is further
reduced to single line that is 1-D in the hierarchical FE-RR
method [8]. However, since the conductivity is not layered,
in [1] and [8], the conductivity-related term is moved to the
right-hand side of the system matrix equation to enable the
analytical system reduction. This makes the time step required
for a stable time-domain simulation much smaller than that
permitted by a traditional explicit time-domain method, and
hence slowing down the overall computation. In [2], a fast
marching method is developed to address the time step issue.
In this method, the conductivity-related term is kept to the
left-hand side of the marching equation in time, and a
preconditioner that permits an LAFE-RR solution is
constructed to iteratively solve the system matrix with an expe-
dited convergence. The preconditioner is built by replacing
some metal layers with solid metal planes, the performance
of which is problem-dependent for accelerating the original
matrix solution. In [9], an efficient structure-aware method
was developed to preserve the layered permittivity and the
Manhattan-type geometry in an explicit time-domain finite-
element method (TDFEM) for analyzing very large-scale
IC problems. Different from [2], the method is a direct solution
that avoids the common problems of an iterative solution.
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However, the method requires the computation of a matrix
exponential. This matrix exponential can be computed from
the sum of a finite number of terms with guaranteed conver-
gence, irrespective of the choice of time step. However, numer-
ically, for the sum to converge fast with a fewer number of
terms, the time step used in [9], though much larger than that
in [1], is still smaller than that allowed by a traditional central-
difference-based explicit TDFEM method. As a consequence,
the overall computational efficiency is compromised.

In this paper, we present an efficient direct time-domain
finite-element solver that preserves the layered property of
the permittivity and the Manhattan-type structure present in
the on-chip circuits without sacrificing the time step size.
As a result, at each time step, the matrix solution of a large-
scale 3-D circuit problem becomes a simple scaling of the
solution of a small 1-D tridiagonal matrix, which can be
obtained in linear (optimal) complexity with negligible cost.
Meanwhile, the time step is not reduced compared with that
of the central-difference-based explicit TDFEM. Furthermore,
the total number of time steps to be simulated is also
significantly reduced, thereby achieving a total cost reduction
in the CPU time. Comparisons with conventional solutions
have demonstrated the obvious advantages of the proposed
method in computational capacity and efficiency.

II. PROPOSED METHOD

A. General Idea

A time-domain FEM solution of the second-order vector-
wave equation for an IC problem results in the following linear
system of equations [14]:

Tü(t) + Ru̇(t) + Su(t) = İ (t) (1)

in which T is a mass matrix, R is associated with conductivity,
S is a stiffness matrix, u is the field solution vector, and I is a
vector of current sources. The single dot above a letter denotes
a first-order time derivative, while the double dots denote a
second-order time derivative. T, R, and S are assembled from
their elemental contributions as follows:

Te = μ0ε〈Ni , N j 〉 (2)

Re = μ0σ 〈Ni , N j 〉 (3)

Se = μ−1
r 〈∇ × Ni ,∇ × N j 〉 (4)

where ε is the permittivity, σ is the conductivity, μ0 is the
free-space permeability, μr is the relative permeability, N is
the vector basis employed to represent electric field E, and
〈·, ·〉 denotes an inner product.

A central-difference-based discretization of (1) in time
results in the following explicit updating equation:(

T + �t

2
R

)
un+1 = 2Tun − Tun−1 − �t2Sun

+ �t

2
Run−1 − �t2 İ n (5)

where the field solution at the most advanced time step, un+1,
is obtained from the field solutions at the previous two time
steps, un and un−1, step by step. Obviously, the updating

of (5) in time requires a matrix solution of (T + (�t/2)R).
This matrix does not have a layered property, since R,
as shown in (3), is related to conductivity, and conductivity
is not layered. If one moves the R-based term from the
left-hand side of (5) to the right-hand side, i.e., let R be
associated with the field value at the previous time step, the
resultant time step for a stable simulation is too small to
be used for an efficient simulation [2]. To fully exploit the
layered property of the permittivity distribution, we propose a
fast algorithm that turns a matrix solution to a simple scaling
without sacrificing the time step size as follows.

We begin by rewriting (5) as

Kun+1 = b̃ (6)

in which

K = I + �t

2
T−1R (7)

b̃ = 2un − un−1−(�t)2T−1
(

Sun − 1

2�t
Run−1 + İ n

)
.

(8)

To take advantage of the layered property of materials, we
propose to obtain the inverse of K from the following series
expansion:
K−1 = (I + A)−1= I − A + A2 − A3+ A4 − A5 + · · · (9)

where

A = �t

2
T−1R. (10)

However, series (9) would not converge unless the following
condition is satisfied:

‖A‖ < 1 (11)

that is, the norm of A is <1. Unfortunately, this condition
is generally not satisfied in the on-chip circuits, with a
large time step �t used in a central-difference-based TDFEM
scheme like (5). This is because the metal conductivity of the
on-chip circuits is high, the typical value of which is in the
order of 107 S/m, and ‖T−1R‖ is proportional to σ/ε as can
be seen from (2) and (3). With a high conductivity σ , one has
to use a very small time step �t to make ‖A‖ < 1, rendering
the time-domain simulation of (1) computationally expensive.

To overcome the aforementioned difficulty, we propose to
reduce the conductivity σ and increase the permittivity ε, such
that ‖T−1R‖ is reduced to such a value that (11) is satisfied.
Apparently, this change is not feasible, because the material
parameters are altered, and hence, the original structure is
completely changed. However, based on the fact that the
on-chip circuit’s response is dominated by static modes in
a fairly wide range of frequencies from zero to a few
gigahertz [15] and the space distribution of static fields does
not change when the permittivity and conductivity are scaled,
we can modify permittivity and conductivity, so that �t can
be enlarged to a desired value while (11) is still satisfied.
To explain, the solution of (1) is governed by the following
quadratic eigenvalue problem:

(λ2T + λR + S)V = 0 (12)
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in which λ is the eigenvalue and V is the eigenvector. The
field solution of (1) at any time is nothing but a linear super-
position of the eigenvectors in (12). The eigenvectors whose
eigenvalues are zero are termed dc modes or static modes.
They represent one kind of fundamental space variations of
the fields in the given structure, which satisfies Maxwell’s
equations as well as all the boundary conditions such as
those at the material interface and on the truncation boundary.
As quantitatively analyzed in [15], for small electrical sizes
(true for many on-chip structures), the solution of (1) is
dominated by dc modes, whereas the contributions from full-
wave modes are negligible. To see this point more clearly, the
solution of (1) in frequency domain can be written as

u(ω) = V(� + jω)−1V−1 Ĩ

where V is the eigenvector matrix of (12), � is the diagonal
matrix of the eigenvalues in (12), and Ĩ is the current source
in frequency domain. The smallest nonzero eigenvalue of (12),
which corresponds to the first full-wave mode, has a magnitude
proportional to πc/ lmax, where lmax is the largest geometrical
dimension of the object and c is the speed of light. For the
on-chip circuits, lmax is, in general, less than 1 mm, resulting
in the smallest nonzero eigenvalue no less than 3e + 11 rad/s.
Hence, for ω ranging from zero to a few gigahertz, the effects
of full-wave modes are not obvious, and the field solution is
dominated by the dc modes whose eigenvalues are zero.

Since dc modes have eigenvalues λ = 0, they satisfy

SV = 0. (13)

In other words, the space distribution of the dc eigenmode V
makes SV vanish, which also agrees with physics, since the
curl of static E fields is zero. Since S is only related to
permeability as can be seen from (4), the field distributions of
dc modes do not depend on the specific values of permittivity
and conductivity. Hence, we can use this fact to change the
material parameters of the original structure, so that the time
step �t can be significantly enlarged. Although a different
problem is simulated, the dc mode of the new problem is the
same as that in the original problem.

It should also be noted here that letting R = 0,
i.e., removing the lossy part from the entire structure, cannot
produce the correct dc modes of the original problem that
has lossy conductors. This is because there are two kinds of
dc modes [15] that satisfy (13). One represents the capaci-
tance (C) effect. This mode is the nullspace eigenvector of
the following generalized eigenvalue problem:

SooV = λTooV (14)

where Soo and Too, respectively, denote S and T formed by
the unknowns outside conductors, with the conductor surface
serving as the perfect conductor boundary condition of the
dielectric region. Clearly, by scaling permittivity, and hence T,
the eigenvector of (14) stays the same. The other dc mode
carries the resistance (R) effect. This mode is the nullspace
eigenvector of the other generalized eigenvalue problem

SiiV = λRiiV (15)

Fig. 1. Structure of T matrix. (a) Overall T matrix structure. (b) Structure of
each diagonal block (layer) in Tξξ (ξ = x, y, z), which is a block tridiagonal
matrix with each tridiagonal block linearly proportional to each other.

where Sii and Rii, respectively, denote S and R formed by
the unknowns inside and on the surface of the standalone
conductors, without being superposed by the contribution
from the unknowns outside conductors. Again, by scaling
the conductivity, R is scaled by a single number, but the
eigenvectors in (15) do not change. By setting R = 0,
the conductor is changed to a dielectric material, and thus,
the dc modes of such a dielectric problem are not governed
by (14) and (15) any more. Therefore, even though a lossless
treatment has a lot of advantages in computation, to obtain
a complete set of dc modes for a general lossy problem,
R part cannot be set to zero. However, for any conductor
whose conduction current is larger than the displacement cur-
rent by two orders of magnitude or above, (14) and (15) would
hold true for accurately representing dc modes. Therefore, we
have a wide range of conductivity to choose from.

Based on the above finding, we choose σ and ε in such
a way so that ‖A‖ < 1 with a central-difference-based time
step, and hence the inverse of K, can be obtained based on (9).
Since (8) and (9) only require the computation of T−1, we turn
the solution of K to the solution of T. Since T is only related
to permittivity, the layered property of permittivity can be fully
exploited to further turn the solution of T to a simple scaling,
which is detailed in Section II-B.

B. Fast Structure-Aware T’s Solution Leveraging
Manhattan-Type Geometry and
Layered Permittivity

Since on-chip circuits are the Manhattan-type structures,
a brick-element-based discretization is ideal to use without
sacrificing the accuracy in geometrical modeling. The T matrix
with a brick-element-based discretization can be naturally
decomposed into Tx x , Tyy , and Tzz diagonal blocks due to
the orthogonality of x-, y-, and z-directions, as illustrated
in Fig. 1(a). With proper ordering of unknowns, each of Tx x ,
Tyy , and Tzz can further be structured to a block diagonal
matrix consisting of L1, L2, and so on, shown in Fig. 1(a).
This is because the matrix blocks in different layers are fully
decoupled, where the layer here refers to the region where
the x-, y-, and z-orientated unknowns reside. The x-unknown,
y-unknown, and z-unknown layers are, respectively, normal to
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Fig. 2. Illustration of layers of x-unknowns (y-unknowns and z-unknowns
can be visualized using the same figure by switching the coordinates).
(a) 3-D view. (b) Cross-sectional view. Red dots: unknowns perpendicular
to the cross section.

the x-, y-, and z-directions. To see this more clearly, Fig. 2(a)
illustrates a 3-D view of the multiple layers of x-unknowns,
with its cross-sectional view shown in Fig. 2(b), where each
red dot represents one x-unknown. The layers of y-unknowns
can be visualized by replacing the x-, y-, and z-coordinates
in Fig. 2 by y, z, and x , respectively. Similarly, the layers of
z-unknowns can be visualized by replacing x , y, and z in Fig. 2
by z, x , and y, respectively.

From Fig. 2(a), it can be clearly seen that the matrix formed
for x-unknowns in each layer is completely decoupled from
that formed in another layer, since the unknowns are internal
to the layer. As a result, Tx x in Fig. 1(a) is a block diagonal
matrix, with each block representing Tx x in one layer. The
same is true for Tyy and Tzz , as is evident by treating the red
arrows/dots in Fig. 2 as y- and z-unknowns, respectively.

In each layer, if we order the unknowns line by line,
i.e., order all the unknowns along one vertical (or horizontal)
line, as shown in Fig. 2(b), and then move along the horizontal
(or vertical) direction to the unknowns on the next line, we
will obtain a block tridiagonal matrix, as shown in Fig. 1(b),
which can be written as⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

A0 B0
B0 A0 + A1 B1

B1 A1 + A2 B2
B2 A2 + A3

. . .

. . .

AL−2 + AL−1 BL−1
BL−1 AL−1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(16)

where each value of Ai (i = 0, 1, 2, . . . , L − 1) represents a
sparse matrix formed on a single line. Due to the layered per-
mittivity and the Manhattan geometry leveraged by the brick-
element-based discretization, Ai for x-, y-, and z-unknowns,
respectively, can be written as

Ai,x = ly,i

ly,0
A0,x , i = 0, 1, 2, . . . , Ny

Ai,y ∼ lx,i

lx,0
A0,y, i = 0, 1, 2, . . . , Nx

Ai,z ∼ lx,i

lx,0
A0,z, i = 0, 1, 2, . . . , Nx (17)

where Nx and Ny are, respectively, the number of unknowns
along the x- and y-directions; lξ,i (ξ = x, y, z) is the
ith segment length along ξ -direction; A0,ξ (ξ = x, y, z) is
the mass matrix T formed by the unknowns along the first
line in the cross section that is perpendicular to the x-, y-, and
z-directions, respectively. For y-orientated unknowns, the line
direction for ordering unknowns is chosen as z instead of x ,
because in this way, each region in between two lines has the
same permittivity configuration. We can also choose x as the
line direction. The only change is to incorporate a permittivity
ratio into Ai,y . Equation (17) gives Ai matrix components in
each layer shown in (16). For different layers, Ai,x and Ai,y are
the same, but Ai,z needs to be scaled by a ratio of permittivity,
since the permittivity in each z-layer (one dielectric stack) is
different. As for Bi , it is nothing but

Bi = 0.5Ai (18)

for unknowns along any direction. As a result, all the
Ai and Bi blocks in (16) are linearly proportional to each
other. Furthermore, each of Ai and Bi is tridiagonal. Hence,
the solution of T becomes a simple scaling of the solution of
a small tridiagonal matrix as follows.

For the matrix shown in (16), we perform an analytical
line reduction (the union of the number of unknowns in each
block Ai forms a line) to a single line based on the propor-
tionality of the blocks, from which we recover the solution
anywhere else. The reduced matrix Ãi can be expressed by

Ãi,ξ = Ai−1,ξ + Ai,ξ − Bi−1,ξ Ã−1
i−1,ξ Bi−1,ξ = sξ (i) · A0,ξ

i = 1, 2, . . . , L − 1

Ãi,ξ = Ai−1,ξ − Bi−1,ξ Ã−1
i−1,ξ Bi−1,ξ = sξ (i) · A0,ξ , i = L

(19)

where L = Ny , Nx , and Nx , respectively, are along the
x-, y-, and z-directions. As can be seen, no inverse and
matrix–matrix products are needed for the computation of Ãi,ξ ,
since the blocks involved are all linearly proportional to A0,ξ .
We only need to calculate the scaling coefficients sξ based on
the edge length ratio as follows:
sξ (i) = length_ratio_ξ [i − 1] + length_ratio_ξ [i ]

− 0.25 · (length_ratio_ξ [i − 1])2 · [sξ (i −1)]−1 (i < L)

sξ (i) = length_ratio_ξ [i − 1]
− 0.25· (length_ratio_ξ [i − 1])2 ·[sξ (i − 1)]−1 (i =L)

(20)

where the length ratio length_ratioξ (ξ = x, y, z), based
on (17), is given by

length_ratio_x[i ] = ly,i

ly,0

length_ratio_y[i ] = length_ratio_z[i ] = lx,i

lx,0
. (21)

The right-hand side b is also analytically reduced to a
single-line-based right-hand side as follows:

b̃i,ξ = bi,ξ − Bi−1,ξ Ã−1
i−1,ξ b̃i−1,ξ

= bi,ξ − 0.5 × length_ratio_ξ [i − 1]
× [sξ (i − 1)]−1 · b̃i−1,ξ . (22)
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Algorithm 1 Solving ξ (ξ = x, y, z)-Unknowns

1. for i = 1, 2, ..., L
1.1. b[i ] = b[i ] − 0.5 · length_ratio_ξ [i − 1]

· (s_ξ [i − 1])−1 · b[i − 1]
2. inv_uv(uξ , vξ , b[L], temp)

3. x[L] = (s_ξ [L])−1 · temp
4. for i = (L − 1), . . . 1, 0

4.1. inv_uv(u_ξ, v_ξ, b[i ], temp)

4.2. x[i ] = (s_ξ [i ])−1 · temp
− 0.5 · (s_ξ [i ])−1 · (length_ratio_ξ [i ]) · x[i +1]

in which i = 1, 2, . . . , L, ξ = x, y, z. After the unknowns in
the last line are solved from the reduced single-line system

xi = Ã−1
i,ξ b̃i,ξ = [sξ (i)]−1A−1

0,ξ b̃i,ξ , i = L . (23)

The unknowns on other lines are obtained recursively from
the following:

xi = Ã−1
i,ξ (b̃i,ξ − Bi,ξ xi+1)

= [sξ (i)]−1A−1
0,ξ b̃i,ξ − 0.5[sξ (i)]−1length_ratio_ξ [i ]xi+1

(i = L − 1, . . . 2, 1, 0). (24)

The aforementioned algorithm for recovering the ξ = x, y, z
direction unknowns is shown in Algorithm 1. In this algorithm,
Step 1 is to generate the right-hand side vector shown in (22),
and Step 2 produces the result of A−1

0,ξ b̃i,ξ with i being the
last line index. uξ and vξ are the precomputed U V factors of
tridiagonal matrix A0,ξ , and the solution is stored in vector
“temp.” Step 3 generates the solution of the last line shown
in (23). Finally, Step 4 is to compute the solutions on all the
other lines in (24).

The overall computation is the solution of one tridiagonal
matrix, and all the other steps are simple algebraic operations
whose computational cost is negligible. The tridiagonal matrix
is the A0,ξ (ξ = x, y, z) matrix, whose size is 1-D. Its solution
can be accomplished by U V factorization for tridiagonal
matrices in linear complexity with negligible cost [16].

C. Fast DC-Mode Extraction From a New Problem
With Modified Material Parameters

We perform time marching of (6) but with modified
T and R matrices

Tnew = at T, Rnew = ar R (25)

by scaling all the conductivity values down by ar , and
increasing all the permittivity values by at . By doing so,
(6) can be performed fast with a large time step while (9)
can still be converged in a few terms. Since (6) is based on
a central-difference time discretization, the time step needs
to satisfy the stability condition for a central-difference-based
time marching. Thus, we enlarge time step through (25),
but we do not exceed the time step allowed by the central-
difference-based time marching for a stable simulation.

As for the detailed choice of material parameters, take the
conductivity as an example, we choose conductivity σ in
the range of (σmin, σmax), where the smallest value σmin is

determined in such a way that the resultant material is still
a conductor. Hence, we choose σmin = 100 ωε, so that the
conduction current is larger than the displacement current by
two orders of magnitude. Considering the prevailing on-chip
circuit operating frequencies, σmin can be chosen as 100.
σmax is determined from the maximum conductivity that makes
the norm of A = (�t/2)T−1R less than 1, and hence ensuring
the convergence of (9). Since the norm of T−1R is proportional
to σ/ε, A’s norm is approximately 0.5�t (σ/ε). For this norm
to be less than 1, the largest conductivity σmax that can be
chosen is obviously 2ε/�t . On-chip circuits have smallest
feature sizes at micrometer level or even smaller, yielding a
time step of 1e-16 s or smaller. Hence, σmax is at the level of
1e + 5 or larger. In the range of (σmin, σmax), every σ can be
chosen without breaking down the proposed method. However,
there is a better choice that makes the total CPU time smaller.
This will be studied in Section III.

It is worth mentioning that the time step of the central-
difference scheme in the proposed method is also larger than
that in the original problem, because permittivity is increased.
To explain, from the stability analysis of a central-difference
TDFEM scheme [14], it is known that the time step needs
to satisfy �t < 2/(ρ(T−1S))1/2 for a stable time marching,
where ρ(T−1S) denotes the spectral radius of T−1S. Thus,
with (25), the new time step can be enlarged by a factor
of

√
at . In addition, by modifying both conductivity and

permittivity, the number of terms used in (9) can be further
reduced. The reasons are: 1) �t of A in (10) is proportional
to

√
at and 2) ‖T−1R‖ of A is proportional to 1/at . Hence,

overall, the norm of A in (10) is reduced by 1/
√

at , which
results in a smaller number of terms for the convergence of (9),
thereby more speedup.

We only need to perform the simulation of (6) for a small
time window to reveal the dc modes, like the preprocessing
algorithm given in [17]. The detailed algorithm is as follows.
We start the solution of (6). At every p step, we sample the
solution of (6) and add it as one column vector in X, which
is initialized to be zero. The sample interval p is generally
chosen as �taccuracy/�tstability, where �taccuracy is the time
step required by sampling accuracy for the input spectrum and
�tstability is the time step determined by stability condition.
When adding a new solution vector into X, we orthogonalize
it with the column vectors that have already been stored in X.

With X, whose column dimension is denoted by k, we
transform the original large quadratic eigenvalue problem of
size N in (12) to a small eigenvalue problem of size k

Br�r = λAr�r (26)

where

Ar =
[

Rr Tr

Tr 0

]
, Br =

[ −Sr 0
0 Tr

]
(27)

in which

Tr = XHTX, Rr = XHRX, Sr = XHSX. (28)

At early time, we observe the eigenvalues of large magnitude
from (26). The dc modes appear later, which can be identi-
fied by their small values compared with other eigenvalues.



1482 IEEE TRANSACTIONS ON COMPONENTS, PACKAGING AND MANUFACTURING TECHNOLOGY, VOL. 5, NO. 10, OCTOBER 2015

Once dc modes are identified from (26), we can terminate the
time marching of (6). Let the dc modes extracted from (26)
be �̃dc The dc modes of the original problem (12) can be
obtained as

Vdc = XN×k �̃dc,k×kdc (29)

where the subscripts denote the matrix dimensions and kdc is
the number of dc modes.

In (25), if we increase permittivity too much, the electrical
size of the structure will be greatly enlarged, which will
enlarge the time window to be simulated to identify dc modes.
This is because for an electrically larger problem, more modes
are involved in the field solution. In particular, the first higher
order mode would appear at a lower frequency. The frequency
at which to observe the dc mode, thus, becomes lower. As a
result, in time domain, one has to wait for a longer time before
the dc mode becomes nonnegligible in the field solution.
Therefore, at cannot be chosen too large. In general, we
choose it to be no greater than 10. Similarly, if we reduce
the conductivity too much, the metal would be changed to a
dielectric. The physical behavior of the dc modes, which is
dominated by RC-effects, cannot be captured. In view of this,
we reduce the conductivity in such a way that the resultant
material is still a metal. In general, the conductivity is chosen
to be no less than 1000 S/m.

D. Synthesizing Solution of the Original Problem

Since the original problem and the new modified problem
share the same dc modes in common, the field solution of
the original problem (1) can be accurately expanded into the
dc modes extracted from the modified problem as follows:

u(t) = Vy(t). (30)

with V = Vdc, as shown in (29). Then, we then substitute (30)
into (1) and multiply the resultant by VH on both the sides,
obtaining

Tr ÿ(t) + Rr ẏ(t) + Sr y(t) = Ĩ (t) (31)

where Tr = VH TV, Rr = VH RV, Sr = VH SV, and
Ĩ (t) = VH İ (t). The dimension of (31) is of O (1), which is
much smaller than the original size of (1). In addition, the
time step used for simulating (31) can be solely determined
by accuracy, thereby much larger than that of the conventional
explicit TDFEM. This is because the modes that cannot be
stably simulated by such a large time step are not included
in V, as analyzed in [17]. As a result of small size and large
time step, (31) can be simulated with negligible time.

It is also worth mentioning that the input pulse used for the
dc-mode extraction can be different from the real pulse used
in the final simulation. For example, a higher frequency input
pulse can be employed in the step of dc-mode extraction, so
that the CPU time can be further reduced.

III. NUMERICAL RESULTS

A. Two On-Chip Interconnect Structures

First, we simulate an on-chip interconnect structure to
validate the proposed algorithms. The structure is illustrated

Fig. 3. Illustration of an on-chip interconnect. (a) 3-D view of the structure.
(b) yz plane view of the structure.

Fig. 4. Simulation of an on-chip interconnect.

in Fig. 3. The length, width, and height of the structure are 120,
30, and 3.192 μm, respectively. The top and bottom planes
are truncated by a perfect electric conductor (PEC) boundary
condition, while the front and back planes are terminated by
absorbing boundary condition, and the other two boundaries
are left open. The permittivity and conductivity distribution of
the structure is shown in Fig. 3(b). The input current sources
have a Gaussian derivative pulse of I (t) = 2(t − t0 exp(−(t −
t0)2/τ 2), with τ = 3 × 10−8 s and t0 = 4τ . They are
launched from the bottom metal layer to the inner conductor,
and from the upper metal layer to the inner conductor, as
shown in Fig. 3(a) (red arrows).

The modified problem for fast dc-mode extraction has a
conductivity reduced by 1 × 10−4, and permittivity increased
by 10, which results in a time step of 3.3 × 10−15 s used
in time marching for dc-mode extraction. Due to the increase
in permittivity by 10, the resultant time step is

√
10 larger

than that required by the original problem for stability. In the
stage of dc-mode extraction, ten solutions are sampled with
a sampling interval of p = 303 030, before the dc mode
is accurately identified. The number of terms used in the
series expansion (9) is 9. After the dc-mode extraction from
the modified problem, the transient solution of the original
problem is synthesized. The voltage obtained at the far end
of the structure is plotted in Fig. 4. Excellent agreement is
observed between the proposed method and the conventional
TDFEM scheme [14]. With the same computer (Intel XEON
E5410 2.33-GHz processor), the speedup of the proposed
method over the conventional TDFEM is shown to be 4.824,
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Fig. 5. Side view of a shorted on-chip interconnect.

which includes the CPU time at every step from the time-
domain simulation of a modified problem for fast dc-mode
extraction to the synthesis of the solution of the original
problem. In contrast, with the method in [9], although the
challenge of matrix solution is also overcome, the total CPU
time is still longer than that of a conventional TDFEM due to
a reduced time step.

The structure simulated in the above is dominated by
capacitance effects at relatively low frequencies. To examine
the accuracy of the proposed method in handling R-dominant
circuits, we simulate the same structure, but let the far end
shorted to the bottom plane by a metal contact, as shown
in Fig. 5. Different from the setting in the previous structure,
the input current source is launched from the bottom metal
layer to the inner conductor only, and it has a Gaussian
derivative pulse with τ = 3 × 10−9 s. The modified problem
has a conductivity reduced by 1×10−4. The time step used in
time marching for dc-mode extraction is 1 × 10−15 s, which
is the same as that permitted by a traditional TDFEM-based
simulation of the original problem. The sampling interval p
is 100 000, and seven terms are used in (9). The CPU time of
the conventional TDFEM is 3.729×104 s, while the proposed
method is 1.835 times faster. Same as that in the previous
example, we can also modify permittivity to enlarge time
step as well as reduce the number of terms required for the
convergence of (9). The modified problem has a conductivity
reduced by 1 × 10−4 and permittivity increased by 10. Again,
due to the increase in permittivity by 10, the resultant time step
is enlarged to 3.3 × 10−15 s, and hence p = 30 303. In total,
ten solutions are sampled before the dc mode is accurately
identified. The number of terms is five for the convergence of
series expansion, which is smaller than that in the previous
setting where permittivity is not changed. The speedup of
the proposed method over the conventional TDFEM is hence
increased to 8.095. In Fig. 6, we plot the near-end voltage
of the proposed method in comparison with the reference
TDFEM solution. Excellent agreement is observed.

In this example, we have also extracted the resistance R
from the time-domain results obtained from the proposed
method. Since the current source is launched from the ground
plane to the strip line at the center metal layer, as shown
in Fig. 5 (arrow), the voltage obtained at the current source
location divided by the input current source will yield the
input impedance of the structure. First, we correlate the
voltage shown in Fig. 6(a) with the current source in the time
domain, and find the that the voltage has the same waveform
as the current source, but scaled by a factor of 0.2644 
.

Fig. 6. Accuracy validation of the proposed algorithm in simulating a far-end
shorted on-chip interconnect. (a) Voltage. (b) Extracted resistance.

This tells us clearly that the input impedance is dominated by
an R-based effect, and R is 0.2644 
. Then, we do a more
detailed frequency-domain analysis. We perform a Fourier
transform on both the voltage and the current source, and
then divide the voltage by the current in frequency domain.
Fig. 6(b) plots the resistance we obtain in the input spectrum.
Clearly, the resistance is shown to be 0.2644 
. This resistance
agrees well with the analytical data of 0.2602 
, which is
the resistance of an 80-μm-long metal of the cross-sectional
area of 10 μm × 0.615 μm with conductivity 5e + 7 S/m.
In fact, the resistance extracted from our numerical simulation
should be more accurate than the analytical estimation, since
it considers the corner and fringing effects.

B. On-Chip Power Grid

An on-chip power grid structure, as shown in Fig. 7,
is simulated. The red lines denote power rails, while blue
ones are ground rails. There is a vertical via connecting
two metal wires, wherever the two wires of same polarity
cross each other in the top view. The size of the structure is
7 μm ×7 μm ×7.6 μm. The top and bottom planes are set to
be PEC, and the other four sides are left open. The number of
unknowns in this example is 1101. The permittivity is layered,
as shown in Fig. 7(c), and the conductivity of the metal
is 5 × 107 S/m.

Since the proposed method allows for the use of a different
pulse in the dc-mode extraction stage compared with the real
one required in the simulation stage, we employ a higher
frequency input than the original input to achieve an even
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Fig. 7. Illustration of the structure of an on-chip power grid. (a) 3-D view.
(b) xz plane view. (c) yz plane view.

Fig. 8. Accuracy validation of the proposed algorithm in power grid
simulation.

better speedup. The original Gaussian derivative pulse is
I (t) = 2(t − t0) exp(−(t − t0)2/τ 2), where τ = 3 × 10−9 s
and t0 = 4τ . The pulse we use in the stage of dc-mode
extraction has τ = 3 × 10−11 s, and hence, its maximum
frequency is 100 times larger than before. The time step used
in time marching for the dc-mode extraction is 5 × 10−16 s.
The solutions are sampled every 2000 steps, i.e., p = 2000.
In total, 15 solutions are sampled before the dc mode is
accurately identified. The modified problem has a conductivity
reduced by 1 × 10−4. The permittivity is kept the same as
before. The number of terms is five for the convergence of
series expansion shown in (9). The current source is launched
between one power rail and one ground rail in the lower metal
layer, and the voltage between the two rails is sampled and
plotted in Fig. 8. Again, excellent agreement with the reference
TDFEM solution is observed. With the same computer, the
CPU time of the conventional central-difference TDFEM

TABLE I

PERFORMANCE AS A FUNCTION OF CONDUCTIVITY

is 8.950 × 104 s, whereas the CPU time of the proposed
method, including all steps, is 3.555 × 102 s, thus a speedup
of 251.7.

In this example, we have also varied the scaling factor ar

from 1e-5 to 1e-3 to examine the choice of conductivity on
the performance of the proposed solver. We find that all of
the conductivity choices produce accurate results. However,
different choices can result in different CPU times. In Table I,
we list the total CPU time and the resultant simulation
parameters as a function of ar , where the second column refers
to the number of samples used in the dc-mode extraction step,
while the third column shows the number of expansion terms
used in (9). It is evident that if a larger ar , and hence a
larger conductivity is chosen, the norm of A shown in (10)
is larger. As a result, the number of terms used to obtain
the inverse of the system matrix K is larger, degrading the
computational efficiency. However, the time interval required
for extracting the dc modes is shorter, as evidenced by the
smaller number of solution samples. If a smaller ar is chosen,
since the material is less conductive, the time we have to wait
to extract accurate dc modes is longer. However, the number
of expansion terms used for matrix solution is smaller due to
a smaller norm of A. Therefore, neither the largest (σmax) nor
the smallest conductivity (σmin) results in the smallest CPU
run time. Instead, a choice in between is a better choice in
terms of minimizing CPU run time.

C. Rectangular Spiral Inductor

Then, we simulate an on-chip spiral inductor to validate the
proposed algorithms. The structure along with its permittivity
configuration is illustrated in Fig. 9. The entire computational
domain occupies a region of 1200 μm × 1000 μm ×
500 μm. The top and bottom planes are truncated by a PEC
boundary condition, while all the other boundaries are left
open. The number of unknowns in this example is 14 286. The
permittivity is layered and the conductivity of the conducting
wire is 5 × 107 S/m. The input current source has a Gaussian
derivative pulse of I (t) = 2(t − t0) exp(−(t − t0)2/τ 2), with
τ = 3 × 10−8 s and t0 = 4τ . It is launched from the
bottom PEC plane to the left port of the inductor, as shown in
Fig. 9 (red arrow). The time step used in time marching for
dc-mode extraction is 5 × 10−14 s. The solutions are sampled
every 20 000 steps, i.e., p = 20 000, since the time step
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Fig. 9. Illustration of a rectangular spiral inductor structure.

Fig. 10. Accuracy validation of the proposed algorithm for the simulation
of a rectangular spiral inductor with dt = 1.5 × 10−13.

required by accuracy is 1 × 10−9 s. In total, six solutions
are sampled before the dc mode is accurately identified. The
modified problem has a conductivity reduced by 1 × 10−5.
The number of terms is seven for the convergence of series
expansion shown in (9). The CPU time of the conventional
TDFEM is 1.734 × 105 s, whereas the proposed method is
8.874 times faster.

Furthermore, we increase the permittivity by 10. As a
result, the time step is enlarged by a factor of

√
10, yielding

a time step of 1.5 × 10−13 s used in time marching for
dc-mode extraction. The solutions are sampled every
6666 steps. In total, six solutions are sampled before the
dc mode is accurately identified. The speedup of the proposed
method is 20.736. The voltage simulated at the right port of the
inductor is plotted in Fig. 10. Excellent agreement is observed
between the proposed method and the conventional central-
difference-based TDFEM scheme.

D. Suite of Large-Scale On-Chip Power Grids

In the last example, we simulate a suite of large-scale on-
chip power grids, as shown in Fig. 11. The first one has a
unit block size of 7.2 μm × 7.2 μm × 7.6 μm, which is then
extended ten times along both x- and y-directions. The top

Fig. 11. Illustration of a larger on-chip power grid structure. (a) xy plane
view. (b) xz plane view. (c) yz plane view.

and bottom planes are set to be PEC, and the other four sides
are left open. The number of unknowns in this example is
118 715. The permittivity is layered as shown in Fig. 11(c),
and the conductivity of the metal is 5 × 107 S/m.

In the dc-mode extraction step, we employ a higher fre-
quency input than the original input. The original Gaussian
derivative pulse is I (t) = 2(t − t0) exp(−(t − t0)2/τ 2), where
τ = 3 × 10−9 s and t0 = 4τ . The pulse we use in the
step of dc-mode extraction has τ = 3 × 10−11 s, and hence
a maximum frequency 100 times larger than before. The
time step used in time marching for dc-mode extraction is
5 × 10−16 s. The solutions are sampled every 2000 steps,
i.e., p = 2000. In total, 11 solutions are sampled before
the dc mode is accurately identified. The modified problem
has a conductivity reduced by 1 × 10−4. The permittivity is
kept the same as before. The number of terms is five for the
convergence of series expansion shown in (9). The current
source is launched between one power rail and one ground
rail in the upper metal layer, and the voltage between the two
rails is sampled and plotted in Fig. 12 in comparison with
the reference TDFEM solution. With the same computer, the
CPU time of the conventional central-difference TDFEM is
4.896×106 s, whereas the CPU time of the proposed method,
including all steps, is 3.248 × 104 s, thus a speedup of 150.7.

Then, we increase the structure simulated in the above
progressively along both x- and y-directions. The chip area
is increased from 72 × 72 μm2, 144 × 44 μm2, 288 ×
288 μm2, 360 × 360 μm2, 576 × 360 μm2, 565 × 576 μm2,
720 × 720 μm2, and 1440 × 720 μm2 to 1440 × 1440 μm2,
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Fig. 12. Accuracy validation of the proposed algorithm in simulating a larger
on-chip power grid.

Fig. 13. CPU time versus N for simulating a suite of on-chip power grids.
(a) One solution time. (b) Factorization and one solution time.

resulting in 118 715, 471 425, 1 878 845, 2 933 555, 4 691 255,
7 501 685, 11 717 105, 23 426 105, and 46 834 205 unknowns,
respectively. Using this suite of power grid structures, we
compare the performance of the matrix solution in the

proposed method with that of the conventional TDFEM, which
employs a multifrontal-based direct solver [18]. For large
cases, conventional UV factorization of tridiagonal matrices is
not satisfactory, because U and V coefficients grow exponen-
tially with the number of unknowns. Thus, the UV factorization
is only used for cases with a small number of unknowns, and
the ratio-based DS factorization [19] is employed to solve the
tridiagonal matrix with linear complexity in negligible time
for large unknown cases.

The solution time for one right-hand side is shown
in Fig. 13(a), while the sum of the factorization and one
solution time is shown in Fig. 13(b). As shown in Fig. 13, the
solution time of the proposed solver is much less than that of
the conventional solver. Moreover, the solution time has a clear
linear scaling with the number of unknowns N . In contrast,
the conventional solver has a complexity much higher than
linear, and the number of unknowns the conventional solver
can handle on the same computer is much fewer than that
solved by the proposed method. For example, the proposed
solver has no difficulty in simulating the last case in the suite
of power grid structures, which has over 46 million unknowns,
on a single core, whereas the conventional solver cannot go
beyond a few million unknowns on the same computer due
to their high memory complexity in addition to high time
complexity. The lines for the multifrontal-based UMFPACK
solver are only plotted for five data points, because it runs
out of memory and fails to finish the matrix solutions for the
remaining four test structures.

IV. CONCLUSION

In this paper, a fast structure-aware direct time-domain
finite-element solver is developed for the analysis and the
design of very large-scale on-chip circuits. The structure
specialty of on-chip circuits, such as Manhattan geometry and
layered permittivity, is preserved in the proposed numerical
solution, and the resulting disadvantage in time step present
in [1], [2], and [9] is overcome. As a result, the computational
challenge of solving a very large-scale matrix encountered in
the large-scale circuit analysis is removed, since the matrix
solution at each time step is converted into a simple scaling
regardless of the matrix size, and the total number of time steps
to be simulated is also significantly reduced. The proposed
method can be used for not only fast transient analysis but
also IR-drop analysis and frequency-domain analysis of the
on-chip circuits in a fairly wide range of frequencies, where
full-wave effects are not yet dominant.
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