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Abstract—This paper presents an efficient method-of-moments commonly known as the Sommerfeld integral (SlI). Generally,
solution of the mixed-potential integral equation for a general mi-  the analytical solution of the Sl is not available, and the

crostrip structure in multilayer media. In this method, the general —,\, erical integration is time consuming since the integrand is
forms of the spectral-domain Green’s functions for multilayer

media are derived first. The spatial-domain Green’s functions both highly oscillating and slowly decaying. Severgl efficiem
are then obtained by the discrete complex-image method, which techniques have been proposed to speed up this numerical
obviates the time-consuming numerical evaluation of the Som- integration [10], [11]. To further accelerate the computation,
merfeld integral. The Rao-Wilton—Glisson basis functions are the scheme that employs the precomputation and interpolation

employed to provide necessary flexibility to model arbitrary : :
shapes. To expedite the computation of frequency response over atechnlques is popularly used [6], [12]. Another approach to

broad band, a reduced-order model is presented using asymptotic @Pidly evaluate the Sl is the discrete complex-image method
waveform evaluation. Numerical results of multilayer circuits and  (DCIM) [13]-[17]. The basic idea of the DCIM is to approx-
antennas are presented to show the efficiency and accuracy ofimate the spectral kernel by a sum of complex exponentials

this method. using the Prony method or the generalized pencil-of-function
Index Terms— Complex-image method, Green's function, (GPOF) method [18]. The SI's can then be evaluated in
method of moments, multilayer media, reduced-order model. closed forms via the Sommerfeld identity. This method has

been extensively employed to analyze microstrip structures.
However, most of the work is confined to single- or double-
layered structures. As claimed in [6] and [20], it is difficult to
AVAR|ETY of methods have been developed for eleGsyiend the DCIM to multilayer media because of the difficulty
tromagnetic modeling of microstrip structures, such agqqciated with the extraction of the surface-wave contribution.
antennas, circuits, and interconnects [1]. A review of thefjo\ever, since the surface-wave contribution is insignificant
reveals that the method-of-moments (MoM) solution of thgy the thin multilayer configurations and becomes appreciable
integral equ_a'uon has received mFense attention. In.thls methg_qiy in the far-field region, it is not necessary to extract the
the evaluation of Green’s functions and the choice of basi§ t,ce wave for those cases [17], thereby rendering the DCIM

functions are crucial to obtaining an accurate and emc'eBBssible and efficient for multilayer media. In this paper, we

solution. Therefore, many variations of this method havg,q,; that the DCIM is accurate for all the examples considered
been implemented and investigated. Among them, the SOlu_tkﬂlﬂhout the extraction of surface-wave contribution.

based on the mixed-potential integral equation (MPIE) usingr thermore, since the above analysis is implemented in

the R{ao—WiIton—Gr:isson (F‘;WG) bas:]s functiogs ,[2] ‘ is 8the frequency domain, we have to repeat the calculation at
attractive approact [3]-6] ecause t € RWG basis unction ., frequency to obtain the frequency response over a band
offers good fle>$|b|llty o merI arbitrarily shaped struct_uresof interest. This can be computationally intensive for electro-

and MPIE provides a less singular kernel compared with ﬂrlr‘?agnetic devices with complicated frequency responses. For

el%triiﬁl'ﬁelg] intehgralj equ; tion (EFIEt)'. truct b this reason, several different techniques have been proposed to
n the other hand, when microstrip Structures DeCOMG, 4 qterize such devices by using the reduced-order model,

more compllcatgd, mgltllayer media are employed 'to allo uch as the asymptotic waveform evaluation (AWE) [22],

for more versatile designs [6]—[9]. Thls faf:t negessﬂates t Smplex frequency hopping (CFH) [23], and Radé Lanczos

_model|r_19 to be C"?‘pab'e of qlealmg_wnh microstrip stru_cturg?,VL) [24]. All of them were originally developed in the

in multilayer media. To achieve this goal, the evaluation Fircuit community. The basic idea of these techniques is to

Green's funcuong for mquIayer m(?dla IS gru0|§1l. As IS Wela proximate the frequency response or the transfer function by
known, the spatial-domain Green’s function is the invers . o g .
) .~ a low-order rational function: the Padgpproximant. In AWE
Hankel transform of the spectral-domain counterpart, which s , )
and CFH, the P&l approximant of the frequency response

is obtained by the moment-matching process. In PVL, the
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AWE, MBPE matches the derivatives of the transfer function z
to find the Pad approximant.

Although PVL is more stable than AWE, the algorithm ° X
requires the submatrices to be frequency independent. This 1
is not the case in MoM since the submatrices are frequency 2 -di
dependent through the Green'’s functions. Therefore, the AWE -da
is employed in this paper to achieve the fast frequency sweep. :
The unknown current is first expanded as a Taylor series at -dp-1
the expansion point. The Taylor series coefficients, or the " z -dp
moments, are associated with the frequency derivatives of the
impedance matrix, which can be derived because of the use of -dmes
the DCIM. The Pad approximant is then obtained by matching m-1 wdiny
the moments. The response over a frequency band near the m z
expansion point can be easily obtained. To obtain the broad- “dm
band response, more expansion points are required. A simple
binary search algorithm, as proposed in [25], is employed to N -dn.
automatically determine the expansion points to obtain the -dn

accurate solution _Over t_he entire broad band'. Fig. 1. A multilayer medium with source and field points in layetsand
This paper begins with the MPIE formulation for a genn, respectively.

eral microstrip structure in multilayer media and the MoM

s_olut|on o th'§ equatlon._Th_e spectral-domam Green's fu_nﬁ;]- which the impedance matri¥ and vectorV have the

tions for multilayer media is then derived. The DCIM is lements diven b

employed to efficiently evaluate the Sl's, resulting in closed- 9 y

form spatial-domain Green’s functions. Combination of the . // // o () £ () Galror)
Tn

Green’s functions and the RWG basis functions offers an

accurate and efficient MoM solution. The AWE technique is Lm

then applied to expedite the computation of frequency response - %V SOV LG () dr dr (2)

over a bandwidth. Finally, numerical results are presented to i

demonstrate the accuracy and efficiency of this method. Vi = // E“(r)- f,.(r) dr (3)
T,

where f,, and f,, denote the testing and basis functions,
Il. FORMULATIONS respectively G, is thga:a:—component of the Green's function
. . . .. for the vector potential, an&¥, is the Green’s function for the
C?ns'd,erha genergllnjultnaé/er medlubr_rll_, as Shé)wn |ndF|g. dcalar potential. In our problems, the delta voltage source is
For layer:, the permittivity and permeability are denotedeas applied at the excitation port so that the right-hand-side vector

and yi;, respectively. In most cases, the bottom is backed Ry is ;oo everywhere, except at the excitation edges. The

a ground plane and the top is open. The medium is assumeghont distribution on the microstrip surfaces is then obtained

to be laterally infinite. In this section, the MPIE formulatiorby solving the matrix equation (1). Th&-parameters can be

for general microstrip structures is derived. To obtain g acted by carefully examining the standing-wave behavior
spatial-domain Green’s functions, we first analytically derivgs ha currents at each port

the Green'’s functions in the spectral domain. We then employTO efficiently generate the impedance matt the fast

the DCIM to convert the spectral-domain Green’s f“nCtiorle?\/aluation of G, , is crucial. However, the spatial-domain
into the spatial domain, which can be written in closed form%reen’s functionﬂis represented by the SI

Finally, the AWE formulation is presented to expedite the -

calculation of frequency responses. Gaglr,r') = %/ éa,q(kpazaz/)HSQ)(k/’|p_ ok, dk,

A. MPIE Formulation . )
The microstrip structures are assumed to be of infinitesimal - Glo,q(kp, 2,2) is the spectral-domain counterpart of

h : ) .
conductor thickness and located in thglane. The induced 8(17(1(7‘# )- In the Section II-B, we give the general form of

; . . ’@roectral—domain Green'’s functions and the efficient evaluation
current on the microstrips can be obtained from the Mo VU the SI's by the DCIM
solution of the pertinent MPIE. We first divide the microstrips y '

into triangular elements and then expand the current on the
crostrips using the RWG basis functions. Applying Galerkin
method results in the matrix equation The basic principle to derive the spectral-domain Green’s
functions due to an arbitrary source embedded in a multilayer

medium is to first decompose the fields into TE and TM waves.

Z 1=V (1) Their propagations in multilayer media can be characterized

—o

i- . .
,E. Spectral-Domain Green’s Functions
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by the reflection and transmission coefficients. One approasdcond term in (8) can be evaluated as
to simplify the derivations is to employ a transmission-line

network analog of the multilayer medium, in which each layer Go=F, 9)

is represented by a transmission-line section and the TE and dmp

TM waves are represented by two independent transmissifife first term in (8) can be approximated as a sum of
lines [20], [21]. In this paper, the approach described in [18hmplex exponentials using the GPOF method. The deformed
is employed. For planar microstrip configurations, we considgftegration path in the complex,.. is chosen asi,. =

a horizontal electric dipole (HED) embedded in layer The 1. r1_+/73) — jt], whereT;, is determined such thadt — F;,

field point is located in layen. The spectral-domain Green'specomes negligible beyon,. Uniformly samplingZ’ —
functions for scalar and vector potentials can be written ason ¢ ¢ [0,7;] and applying the GPOF method, we can
approximateF — F, as

e_jk'mp

Hm TE
o =7 —F, (5)
2jkmz " N,
~ 1 rnk2 15 _ — ; _km:bi'
Gq — i 12 n FnTE _ jk'rn,:/ FnTM (6) F Fo Z a;e (10)
2J Cn krnzk% Hn oz i=1

B M , Again using the Sommerfeld identity, we obtain
where£;* andF,; ™ are the TE and TM components in layer
n, respectively, which can be derived as in [19]. e—ikmp  Neo o—ikmrs

G = F i
0 4 p —|—;a d7r;

(11)
C. DCIM

Once the spectral-domain Green's functions are obtainatherer; = \/p? — b7 is complex, which is the location of the
the next step is to evaluate the SI, which is very time cogomplex image, andV. is the number of complex images.
suming because of the highly oscillating and slowly decaying As mentioned in [15], when the source is in the bounded
behavior of the integrand. Although some techniques hategion of multilayer media, a modification of the DCIM is
been proposed for fast evaluation of the SI, the numerigagcessary. In that case, the exponentials are written in terms
integration is still the bottleneck for the design of a fagif the propagation coefficient of the unbounded layer instead
algorithm. The DCIM obviates numerical integration an@f that of the source layer.
represents the Sl in a closed form. Initially, the DCIM first
extracts the quasi-static and surface-wave contributions fram AWE Implementation

the spectral-domain kernel, then approximates the remainingrpo sojution can be achieved by solving (1). Given a

kernel by a sum of complex exponentials, and finally evaluatgg ; .ency hand, we have to repeat the solution of (1) at a set
the integral via the Somme_rfelq identity. Slnge the extre_lcu% frequencies to obtain the frequency response. For structures
of the surfacg-vyavg .contrlbutlons for multilayer me@a With a highly oscillatory frequency response, this process is

cumpersome, it is difficult to extend the DCIM to mUIt'I‘?‘yercomputationally expensive. Several techniques to realize the
media. Recently, the GPOF method has been applied (jQ; frequency sweep have been developed, such as MBPE,

cast the Green's functions into closed forms, which is moﬁWE, CFH, and PVL. The basic principle of these techniques

robust and less noise sensitive compared to the ariginal _Prqg% extract the dominant poles and residues of the frequency
method. The use of GPOF also shows that the extraction g ponse and represent it by a reduced-order model, which

the surface-wave contributions is not necessary for StrUCt”fgsaccomplished by constructing the Raabproximant of the
with insignificant surface waves. This makes it easy to empk%quency response

the DCIM for multilayer medig. _ In AWE, the solution of (1) can be expanded as a Taylor
To apply the DCIM, we rewrite the spectral-domain Green’g.erieS at a given frequency poiat

function in a simple form as

oo I @ Iwo+0)=> M,o" (12)
2jkrnz' =0
As the first step of the DCIM, the quasi-static contributiond/Nere M, is thenth moment vector and is given by
which dominate ast, — oo, are extracted, which makes 1 6" 4
the remaining kernel decay to zero for sufficiently large n= ol WV (13)
w=wq

k,. For the TE case, the reflection coefficients approach
(1ti — ptiz1)/ (i + pig1) while, in the TM case, they tend The moments can be evaluated by the recursive relation
to (¢; — €;41)/(e; + €;41). Therefore, we can rewrite (7) as
_ 1 8 —
F—F,  F Z(wo)My == — o Z(w)

“= Z*jk"lz * ijrnz (8) r=1

n

M,_, (14)

w=wo

. . ) ) with the initial vector
where Iy denotes the quasi-static term. With the aid of the .

Sommerfeld identity, the quasi-static contribution from the My=2Z "(w)V. (15)
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Fig. 2. Green’s functions of the scalar and vector potentials in five-layer
medium. The relative permittivity and thickness of each layer are as follows:
€r1 = 1.0,€6p0 = 2.1, ho = 0.7 mm,e,3 = 12.5, hg = 0.3 mm, e,4 = 9.8,

hgy = 0.5 mm,e,5 = 8.6, hs = 0.3 mm. The solid and dashed lines represent
G, and G4, respectively, which are calculated by DCIM. The circle and
diamond represent:, and G, respectively, which are obtained by direct
numerical integration. The frequency is 30 GHz.

To overcome the problem associated with the radius of con- (b)

vergence of the Taylor series expansion, the@Rguproximant Fig. 3. Input impedance for a proximity-coupled microstrip antenna.
of I(w + o) is used, which can be written as eri = 1.0, €2 = €3 = 2.62, hy = b3 = 1.59 mm, w = 4.372 mm,

c¢=17.5 mm,d = 17.5 mm. The frequency is from 2.80 to 3.15 GHz with
ay+ao+---+ apo’p an increment of 0.05 GHz.

16
14+bio+-- +byot (16)

I(wo +0) =

where typicallyp = g—1 and thep-+g-+1 unknown coefficients sume that we are interested in the frequency response over the
ypicalyp = q 1P+ d . . and| fimin, fimax]. We first compute the reduced-order models
of the numerator and denominator are uniquely determined by. ) .
. . . . using fmi, and f..x as the expansion points. We then compute
matching the firsp+ g+ 1 moments of (12), as is done in [25] .
: ; the frequency response over the entire b@fighy, fuax|- If
and [26]. Once we obtain the Fadpproximant, the frequency s
: the two responses are within an acceptable error tolerance,
response over a frequency band can be rapidly evaluated. o
. . .~ _~the procedure has converged. If not, an additional reduced-
Therefore, the first step of AWE is to evaluate the derivative : : ;
. ) . rder model is then computed at a new expansion point
matrices at the expansion point. As can be seen from (2), t

impedance matrix is the function of frequency through the it + fmax) /2, aqd the error phecking Process s repe{ated
) X L \ : . IR the two new subintervals. This process is repeated until the
Green's functions. Unlike in [30], the Green’s functions i

this method have the simple expressiari*” /r, as is evident "Wo reduced-order models bordering all subintervals give the
in (11), due to the use F(;f thepDCIM. The}efore here thféequency responses within the prescribed error tolerance.

N . . It is known that AWE has the problem of instability in
derivative matrices can be simply formulated. The momept . , L .
) . e computation of the Péadapproximation due to the ill-
vectors can then be obtained recursively by (14). After the™ " . -
) . conditioned moment-matching process [24]. However, this is
moment-matching process, the Badpproximant for each

element can be obtained. Therefore, the frequency respoﬂgéa problem in our method because the order of the2Pad

over a band near the expansion point is obtained. approximant is typically chosen ap < 8, for which the

In many practical problems with a broad-band response, o'rrllesztab”'ty has never been observed.

expansion point is not sufficient to cover the entire bandwidth.

In such cases, multiple expansion points are necessary. Here, a IIl. NUMERICAL RESULTS

simple binary search algorithm, as described in [25] and [26], We first verify the spatial-domain Green'’s functions ob-
is employed to automatically choose the expansion points. Aained by the DCIM by considering a five-layer medium. The
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Fig. 4. Current distributions and-parameters for a microstrip double stuh. = 9.9, A = 0.127 mm. The linewidth is 0.122 mm. The stub length is
2.921 mm. The spacing between two stubs is 0.757 mmf(a&g 10 GHz. (b) f = 13 GHz.

TABLE |
CompaRISON OF THECPU TiME USING THE DIRECT CALCULATION AND AWE
Direct AWE Speed-up
Threq (5¢¢) | Nivoq | T (s6€) | Texpn (5¢) | Nexpn | T (sec)

Ex. 1 6.4 60 384.0 18.1 1 18.1 21.2
Ex. 2 104.0 80 8320.0 350.2 3 1050.6 7.9
Ex. 3 27.0 400 10800.0 95.9 9 863.1 12.5

Ttreq: CPU time per frequency in the direct calculation;

Nireq: Number of frequencies in the direct calcnlation;

T Total CPU time by the direct calculation;

Toxpn: CPU time per expansion point with AWE;

Nexpn: Number of expansion points with AWE;

Ty Total CPU time with AWE.

The field point also has two choices of= 1 or n = 4. The
Green’s functions of all these four cases are given in Fig. 2
compared to those obtained by the numerical integration along
the Sommerfeld integration path (SIP). A good agreement can
be observed. In this calculation, we chodég = 20 and

N, = 5. The saving of the computation time is very significant.
For instance, the average central processing unit (CPU) time
to obtain one Green’s function is 15 s using the numerical
integration approach. In contrast, the DCIM only takes less
than 0.2 s. The computation is performed on a 266-MHz DEC
Alpha workstation. Furthermore, the numerical integration is
performed from point to point; however, the DCIM is a plane-
to-plane calculation so that the source and field points on the
samez-plane share the same DCI's, which further enhances

first layer is free space. The fifth layer is backed by a grounble efficiency of the DCIM.

plane. The frequency is 30 GHz. We seek Green’s functionsAfter the validation of this technique, we incorporate the
for the four cases. The HED can be at the interface of the fiBCIM into the MoM solution of MPIE for microstrip struc-
and second layem = 1 or the fourth and fifth layem = 4.

tures in multilayer media. The example we consider is a
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Fig. 5. Current distributions anfl-parameters for a two-port asymmetric antenna.f(ay 8.4 GHz. (b) f = 9.6 GHz. (c) f = 11.3 GHz.

proximity-coupled circular patch antenna [31]. The two suleomparing with the measured data [12], [32], as shown in
strate layers have the same relative permittivjty= 2.62 and Fig. 4(c). In this calculation, the CPU time at each frequency
thickness 1.59 mm. The microstrip line is on the bottom layés 6.4 s and totally 60 frequencies are sampled to obtain the
and the patch is on the top layer. The radius of the patchascurate results. Therefore, the total CPU time is 384 s. Using
17.5 mm and the width of the microstrip line is 4.372 mmAWE and choosing only one expansion pojht 10.0 GHz,
The overlapping length may be used to control the couplingge can obtain a very good result, as given by Fig. 4(d). In the
Here, it is 17.5 mm. The number of unknowns is 686. Thealculation with AWE, the CPU time is 18.1 s. Thus, using
CPU time for one frequency is 89.3 s. The input impedan@&VE is approximately 21 times faster. Note that the sampling
with the reference plane 79.0 mm away from the patch cenfaints are not dense enough to catch the null at approximately
is given in Fig. 3, which agrees well with the measured daga75 GHz for the direct calculation.
from [31]. We now consider a two-port asymmetric antenna [33]. There
In the following three examples, AWE is applied to expeditare two orthogonally crossed dipoles on the top layer. They
the calculation of frequency response over a bandwidth. have different lengths so that dual-frequency operation is
all the cases, we use = 8. The CPU time using AWE achieved. The transversal one has a length of 11.9 mm and
is compared with that employing the direct calculation tthe longitudinal one has a length of 10.2 mm. The width
demonstrate the efficiency, as shown in Table I. We firsf both is 1.7 mm. The two substrate layers have the same
consider a microstrip double-stub on a single layer, whiaklative permittivitye,, = 2.17. The top layer has a thickness
has the relative permittivitye, = 9.9 and the thickness of 1.6 mm and the bottom layer has a thickness of 0.8 mm.
0.127 mm [12], [32]. The number of unknowns is 205. Currer@n the bottom layer, the feeding lines are 2.2-mm wide. Fed
distributions at two different frequencies are shown in Fig. 4(&om port 1, the longitudinal dipole is excited at the resonant
and (b). The direct calculation gives a very good resuitequency of 8.4 GHz. The current distribution is given in
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Fig. 6. S-parameters for an overlap-gap-coupled microstrip filtgs. = 1.0, ¢,2 = 9.8, €3 = 2.2, ha = hz = 0.01, 1} = 0.2752, I = 0.2542,
Is = 0.2851, xr1 = 0.0516, 22 = 0.0152, x3 = 0.0106. Unit of dimension: inch.

Fig. 5(a). Fed from port 2, the transversal dipole is exciteaf 0.254 mm. The geometrical parameters are the same as
at its resonant frequency of 9.6 GHz. The current is showhose in [34]. The number of unknowns is 503. In the direct
in Fig. 5(b). At 11.3 GHz, the coupling bend consisting ofalculation, the CPU time at each frequency is 27 s, and a total
two perpendicular half-dipole is resonant. The incident powef 400 sampling frequencies are used to obtain the accurate
is essentially transmitted from one port to the other, and thesults. Therefore, the total CPU time is approximately 3 h.
current distribution is shown in Fig. 5(c). The magnitude ofhe computeds-parameters in comparison with the measured
S-parameters is given in Fig. 5(d). The measured data #lata are shown in Fig. 6(b). The small discrepancy with the
available from [33]. The good agreement can be observedgasured data is due to the finite thickness of metallization
In this example, the number of unknowns is 912. The direand the manufacturer’s tolerance of substrates, as discussed
method takes 104 s for each frequency, and a total of 80[6] and [34]. In contrast, with AWE, only nine expansion
sampling frequencies are used to obtain the accurate resdfgquencies are chosen automatically by the binary search.
Therefore, the total CPU time is approximately 139 min. IAt each expansion point, the CPU time is 95.9 s. In total,
contrast, with AWE, only three expansion frequencies atBé CPU time is 863.1 s. Thus, the method with AWE is
needed. At each expansion point, the CPU time is 350.2a@proximately 12.5 times faster than the direct calculation.
Totally, the CPU time is 17.5 min. Thus, using AWE isThe results without and with AWE are in excellent agreement,
approximately eight times faster. as shown in Fig. 6(c).

The final example is an overlap-gap-coupled microstrip
filter [6], [34], illustrated in Fig. 6(a), which is a two-layer
geometry. The top layer is alumina with a relative permittivity IV.- CONCLUSION
of 9.8 and a thickness of 0.254 mm. The bottom layer is This paper presents an efficient MoM solution of the MPIE
duroid with a relative permittivity of 2.2 and a thicknesgormulation for a general microstrip structure in a multilayer
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medium. In this method, the spectral-domain Green’s fun{ts] Y. Hua and T. K. Sarkar, “Generalized pencil-of-function method for
tions for multilayer media are derived and the spatial-domain

Green's functions in the form of SI's are then evaluatedg

by the DCIM, which obviates the time-consuming numerical

integration. The RWG basis functions are employed to provi

necessary flexibility to model arbitrary shapes. The AWE is

applied to efficiently evaluate the frequency response over2al
band of interest. Some multilayer circuits and antennas are
analyzed to demonstrate the efficiency and accuracy of thig]
method. We remark that since the sruface-wave contribution
is not extracted, the error of the DCIM employed in thism]
paper increases as thigp increases. For all the examples,

the

or p< 16Xy, where )y is the free-space wavelength. Mos

error is within an acceptable tolerance flagp < 100 {24]

microstrip circuit components have a dimension much smaller
than 16)q, which is the primary reason for the accuracy of®]

the
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