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Cramer-Rao Bounds for Discrete-Time
Nonlinear Filtering Problems

Peter C. Doerschuk

Abstract— In this note, a Cramer-Rao bound for the mean squared
error that can be achieved with nonlinear observations of a nonlinear
pth order autoregressive (AR) process where both the process and
observation noise covariances can be state dependent is pr ted. The
major limitation is that the AR process must be driven by an additive
white Gaussian noise process that has a full-rank covariance. A numerical
example demonstrating the tightness of the bound for a particular
problem is included.

I. INTRODUCTION

This note concerns lower bounds on the mean squared error (MSE)
in nonlinear filtering problems. Specifically, Cramer-Rao bounds
(CRB’s) are derived for dynamical systems that are more general
than those used previously [1], [2]. Such bounds give an indication
of whether accuracy requirements are realistic before a design effort
is undertaken and, during a design, aid in determining whether further
design effort may not be fruitful. This note concerns only discrete-
time problems which, while much less discussed than continuous-time
problems, are of great practical importance.

The nonlinear filtering problem is to causally estimate the n-
dimensional state ; of a source or message model described by
a nonlinear stochastic difference equation given 1 -dimensional mea-
surements y; that are a stochastic nonlinear transformation of .y

Tepr = a(wp k) 4+ blae k)wy
Yr = c{rg. k)4 d(ri ke

where « and v are white Gaussian noise sequences. Let .+, a function
of yo, Y1+ . yx, be the estimate of . If the estimator is chosen to
minimize the MSE ¢, = E[(@x — &) (wx — )], then the optimal
estimator (denoted &}) is the conditional mean i} = E[ak|yn. m <
k] and the resulting MSE is €. = E[(rx — &%) (s — 7). Fix some
time /. The CRB is a lower bound on ¢};. A wide class of lower
bounds on the MSE in parameter estimation problems were recently
reviewed and unified [3]. Those bounds appropriate for nonlinear
filtering problems were also recently reviewed [4]-[6]. Additional
works not cited in [4] can be found in [7] and [8].

In this paragraph we summarize the notation used in this note.
The function Z(e) is one if ¢ is true and zero otherwise. The real
numbers are R. The Gaussian probability density function (pdf) with
mean m and covariance I’ is A"(m. ). The n x n identity (zero)
matrix is I, (0,). E denotes expectation. The abbreviation i.i.d.
means independent and identically distributed. Prime (i.e., "y denotes
transpose. If = is a sequence indexed by the integers, then =;" is the
vector (2. 21pye - o zm) . Vo = do; /e, (0 R"*H — R™*1),
Occasionally we write a matrix by giving its general entry as a
function of the indexes a and 3.

The remainder of the note is organized in the following fashion.
The new CRB is described in Section II, an example is given in
Section III, and conclusions follow in Section IV.
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II. CRAMER-RAO BOUNDS

The model is a nonlinear pth order autoregressive (AR) process
driven by additive Gaussian noise with state-dependent gain of which
nonlinear observations are made in the presence of additive Gaussian
noise with state-dependent gain

Lrpt = fol@po oo lhoptt)
+ e lene it o di(k o ee— ))& (1)
Y = he(lpo o Br_pt1)
+erl@p el ppt ) rh (ke pr1 )] ()
Y = P&k Trax(k—p+1a-p))
+ ek Tmax(k—pt1.1—p) )k 3)

where (1) and (2) hold for ¥ = 0.---. A — 1; (3) holds for
k=1-p.-.—1land k = K; xr.yx € R"; the range of fi
and hy is R™; the range of qx, di, 7, and ey is RX* & is 11d.
N(0.I20); vp is idud. N (0.1 )3 (.- -+ 2 p) is po(@o. -+ - r1-p)
which is never zero; €, v, and (.- --.27_,)" are independent; the
covariance ¥ defined by

,
S _ o Ak ek di
Shlrh e Lept) [Fk e | lex re

is full rank (i.e., 2n) for k = 0.--- k' — 1; and the covariance R,
defined by Ri(rk. . Fuax(k—pt1.1—p)) = Fery is full rank (ie.,

n)for k = 1—p.---.~1 and k = K. Define the n x n block
components of ¥, and <. ! by
S D R L
51: Rk k [ I8 Vi

The assumption that rx and yi have the same dimension does not

entail a loss of generality since f or h can be used to compensate.

The major assumption is that ¥ is full rank. By state augmentation

the AR model can be replaced by a nonlinear state equation model,

but the additive noise will then have a covariance that is not full rank.
Previous work [1] is restricted to the case

D p=1,

2) gx(rr.- - 2p_pt1) = gk independent of x and full rank,
3) ri(&k.+.rh—ps1) = 7k independent of » and full rank,
4) dip(Tpe Thmpt1) = €x(Tpas o Th—pt1) = 0.

The generalization described here is worthwhile for two reasons:
1) state equations derived from system identification procedures
typically have p > 1 and 2) discretization of second-order differential
equations of mathematical physics, when driven by a random process,
naturally have p = 2, and sometimes require gx to be a function of
&. Allowing r¢ to be a function of x and including nonzero d, and
er can then be done with very little additional complexity.

Some, but not all, state equations with @« less than full rank
can be rewritten as AR processes with Q?R full rank. For instance,
consider a linear time-invariant state equation (fx(xx) = Fag) with
n components where Qulrf_ p+1) = @ is rank one and hence can
be written Q = qq' where ¢ € R"*'. If (F.¢) is controllable,
then a similarity transformation exists which transforms the system
to canonical controllable form [9, Section 1.9f] which is exactly the
form of a nth order scalar AR process with QM =1, )

Application of the standard CRB to the entire trajectory . K » of the
nonlinear AR process gives the basic bound used in this note and [1]
and [2]. Define the trajectory error covariance A € R #)" X (Kep)n
with blocks A € R"*" given by Arw = E{(xr — &) (0 —
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i7"}, Define the Fisher informalion matrix .J by, under appropriate
regularity assumptions, J = E{V, K T K lnp(y{" e )
where p is the joint pdf on the & and y trajectones Then, since .r'j,
is unbiased, the standard multivariate CRB is A —.J~' > 0 where >
means positive semidefinite. The estimation error at time I is Ax .~
so the desired CRB is

Aww—[0 L) [;) ] > 0.
There are two difficulties in applying (4). The first difficulty is that for
a long trajectory the matrix J is large, and it is difficult to compute
J~'. This problem is circumvented in this note and [1] and [2] by
finding a linear Gaussian system that has the same Fisher information
matrix as the nonlinear system of interest. The linear Gaussian system
used in this note will be a pth order AR process and an observation
equation where the observation at time # depends on the AR process
at times k&, k — 1, ---, k — p + 1. This system can be transformed
by state augmentation into a linear Gaussian state-variable system. In
the state-variable system A3*} can be computed exactly and without

)

KK
excessive computation by the Kalman filter and furthermore the CRB
is satisfied with equality so the known value of A3%{ is the desired
bound on the performance of any estimator for the nonlmea: system.
The second difficulty is that the computation of .J typically requires
numerical computation of expectations. While the approach of this
note and [1] and [2] still require such computations, the approach
organizes the computations so that they can be done by simulation
of the nonlinear AR process alone (i.e., not also the observation
equation).

The linear Gaussian system used in this note is a special case of
the nonlinear system with

p—1
fk(-l'f_,,ﬂ) = Z:h.,-l'kﬂ

=0
win(p—1.k+p—1)

}'k(-l'f;.;ax(k-—,;+1.1-,.)) = Z Chidp—
i=0
pola ) = N0 Poyad_,)
k(lk—p+1) = ik fork=0.--- . -1

Rilrhockopiin-p)=Re fork=1—p---.—landhk =KL

where ¥, and R, are independent of x, Po (PO") has n x n blocks

P, ; (P’ foriand j in 0.---.1 — p, and
S Qk SA -1 _ ‘?'k lk
- S, Rl TF O Wl
A —1and! =0.---.p—1 define
Ak
Ja = .
i [Ck-.ljl

For later convenience, define

1 o*=r!
AGa= §E{tr[ m} + V.,V lndet_l,}

For # =0.---

E{[an, Vo )= l[i”_,{ H 4
AV = %E{tr [B, 031}:3:10] + V., Vi Indet R,}
+ E{V, W;R7'V ., hi} (©)
A= —E{[n,fk b [[I)]}
= ~E{V, fiWh + Vo T} @
Ty = {[I,.. ). ]S ;‘Hf’l} = E{W,}. )
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These formulas simplify when, for example, T ( l'f’_p+,) is inde-
pendent of .. To determine the linear Gaussian system the user must
give values for A7 ;. AVy . Aey, Ty, and E{V,, V., lupe} in
the nonlinear system. Computation of the first four will likely require
Monte-Carlo simulation unless f is linear and po is Gaussian or, for
[., the gain for the process noise is state independent. The exact
range of i, k, and [ required is determined by (16).

We now derive the equations which must be satisfied by 4, C,
P, T, and R. Define

okt _ Lhat = fel @i ppr)
~k(-l;,~p+1) = i Ny
Y = (k= p+1.1=p))

Then, the natural logarithm of the joint pdf for the .+ and y trajectories
is
N-1

1 +1 -1 ¢
—Eziz( ,+,)+1)v (@

- ,;+|)~r
=0

I\—l

Zlndetg, v pet)

- *[Ul\ — e i - ) BE (e ok —pi1i-m)

Inp =L, z+p+])

IN
X [yn = IR ax(h—pt1.1—p))]
- §lu<10fl?r\( ,,..\u\ ptld—p))

—% Z lyi—hi(

t=1=p

tp—1 ‘
um~<|1 p41.1— ,:))} R; (J’;nm(z—,;Jrl.l—;;))

X [y, - Ilt("'(’11«1‘(((7,}#»],|*,)))]
=
; 0
3 E Indet Ri(ax(impt1.1-pm) + In po(ri_p)

t=1=p

where K, is a constant. By equating E{V, V,, Inp} for the
nonlinear and the linear- Gaussian systems we derive a system of
equations that 4, (', I, ¥, and R must satisfy. It is only necessary
to consider | < k because V., ¥V, Inp = ¥V, V, hlp There
are two sets of equations. The first set, for k = 2 — p.---. K" and

| = max(k — p.1 —p).---. k=1, are
win(l4p—1.5—1)
D DR VY R VOV AT R )
r=max(k.0)

— AL IR —p+1<D) -

—1

S AT
i=k

+ E{V,, Vo lnpo}Z(k <0)

min(l4+p—1.A—1)

=- > JLE

t=max{k.(

+ (Aia, Aflfznk—l +CrpUio) T 2 1)
— e n R O TN —p+ 1<)

|
Jiik

-1
=S LR Gl = PP IR < 0)

®
and the second set, for ¥ = 1 — p.--- . I\, are
min(k+p—1.K ~1)
- > A= Teni Ik 2 1)

i=max(k.0)

—Af T = p+1<H)

-1
- ZA?.A-‘A + E{V., Vo Inpo}Z(k <0)

r=4k
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minth=—=p—1. R ~1}

== Z J:’.:—Ai_

t=max(k.0)

—Chn kB Crn k(K —p+1< k)

ook = Wi Ik > 1)

-1
=Y L RTCo = P TR S 0).

(10)
=k
Define in sequence the following quantities:
i)
P = —E{V,, V., Inpo} (11
fork=1—p.---.0andl =1~ p.--- Kk,
i)
We=T (12)
for k = 0.---. K — 1,
11)
Acaor = =W AL (13)
fork=0.---. K —land! =k —p+1.-- .k,
iv)
Ui =0 (14)
for k =0.--- .k -1,
v)
R, = arbitrary positive definite matrix (15)
for k=1—p.---. K, and
vi)
min(l+p—1.5—1)
Dy = Z (AV = AL WAy
(=max(k.0)
—1
FAL IR —p+1<D+Y Al (16)
i=h
fork=1—p.---.K and! = max(k —p.1 —p).--- . k.
Use these definitions in (9) and (10) to get
min(i4+p—1.K)
Z Cl R Ciick = Diy ')

i=k
fork=2-p.---.K and ! = max(k—p.1—p).---.k —1 and

min(k+p—1.K)

>

=k

ClickB7Crick = Dick (18)
for k =1— p.---. K. In spite of being quadratic in C ;, (17) and
(18) can be solved recursively for C', ;. The procedure is given in Fig.
1. Once 4, C, Py, £, and R have been determined by this procedure,
then the state augmentation and Kalman filter computations needed
to determine the bound are standard.

Evaluation of these equations for p = 1 with d = ¢ = 0,
Qilaf_pe1), and Re(Th . k—ps1.1_p)) independent of », and
Ry = Ry recovers the results of [1]. (There is a typographical error
in [1, Eq. 7f] which reads Py = V,,V:,Pro(r0) but should read
—P;' = E{V,, V., lpss(20)}.) More generally, for any p = 1
problem, the equations for k # [ are satisfied by the choice of A
so the inner loop of the algorithm vanishes. Furthermore, in the
outer loop, the sums over quadratic forms in the C’s are empty, and
therefore the outer loop can be executed in any order. Therefore each
(.0 can be chosen independently of all other C'y/ ¢ for &' # k. The
generalization from ;» = 1 to p» > 1 is the main contribution of this
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for(k = Kih>=1—phk——){

min{k+p—1.R)

Cio =R (Dk.k - 3

1=k+1
for(l =k —1l:l>=max(k—p+ 1,1 —p)il — =)}

)
C:,I_kalCm—k)

min(i+p-1,K) . ’
Crk—t = || Dra — S CLR7MCiy (Hk_l(wk,o)
i=k+1
}
Fig. 1. Algorithm for the solution of (17) and (18). The control structures

are written in the C programming language. The notation 1/2 indicates matrix
square roots (R = RY/2(R'/2)', RT/2 = (R'/?)").

note. Another interesting special case is the case of d = ¢ = 0 for
which the definition of Dy ; simplifies to

min(l+p—1.K —1)

>

i=max(k.0)

D= (A% = AL WAL—y)

min(l4p—1.K)

>

=k

Alku
where
. L 1 520!
Al = E{T”f‘Q' ]V”f'} * EE{tr[Qlal‘t anll’k ]}

+ %E{V,,V” Indet Q.}.

III. EXAMPLE

In this section we consider an example estimation problem to
demonstrate the computations involved and that the bound is tight
at least for some estimation problems. (Please contact the author for
copies of the software.) The physical system is a damped pendulum
driven by a random torque where noisy measurements are made of
the horizontal component of the pendulum bob’s location, and the
goal is to estimate the angular location of the pendulum (measured
from the negative-going vertical). This system demonstrates p = 2
and nonlinear state and observation equations. After discretization
the equations are

5 _ T T g2 .
On+1 = On (2 - m) + On-1 (12? - 1) - 7T $iN O 1

2 J—
o, L Tl = DT)
Zm 0w

yn = Isino, + v(nT)

forn=0.--- .k -1
forn =0.---. K

where [ is the length of the pendulum, m is the mass of the
bob, ~ is the coefficient of friction, g is the acceleration due to
gravity, T is the sampling interval, 7 is the random applied torque
(\(0.02%)), and v is the observation noise (\'(0.07)). The MSE
of the optimal filter was underbounded by the CRB developed in
this note and overbounded by the performance of the Extended
Kalman Filter (EKF). When computing expectations for the CRB and
the EKF by Monte-Carlo methods, the state trajectories used were
identical. Monte-Carlo evaluation of the performance of the EKF
must, however, also include realizations of the observation trajectory.
We consider three cases and for each case compute the CRB and
the MSE for the EKF at each point in a &' = 500 point trajectory
for a variety of o,. Notice that only one set of expectations need
be computed for the CRB to determine the bound for any ... The
parameters are [ = 1. m = 1.~ =1, ¢4 = 10, and T = .01.
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Fig. 2. Comparison of CRB (solid line) and EKF estimation variance
(dotted line) for a range of measurement noise variance: 0. € {.1..2..5.
1.2.3.5.10.100}. (a) Gaussian initial condition, .. = 15. (b) Gaussian
initial condition. o, = 20.

In the first and second cases, the pdf on the initial condition
is jointly Gaussian: p(o_1.00) = N(0.02) (01 ),\.—(O.U?D)((Oo —
0-1)/T)witho, = .2 and o, = 2. In the first case (Fig. 2(a)), where
the bound is tight, o,. = 15 and the expectations were computed by
summing over 10” state trajectories. This case is weakly nonlinear
since the sample mean and standard deviation of maxi=—_1.... 500 |0k |
is 0.758271 £ 0.271391. In the second case (Fig. 2(b)), where the
bound is loose, o, = 20 and the expectations were computed by
summing over 10° state trajectories. This case is moderately nonlinear
since the sample mean and standard deviation of maxg—_1.....500 |0}
is 0.97351 = 0.363154. With these parameters, the EKF makes rare
but large errors analogous to cycle slips in a phase-locked loop,
so a larger number of trajectories than in the first case were used
to evaluate its performance. Finally, in the third case, the system
is very nonlinear and the SNR is poor. This problem, modeled
after acquisition in a phase locked loop, has a nearly uniformly
distributed initial condition on the angle and a large variance process
noise. Specifically. 7., = 25 and the pdf on the initial condition
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Fig. 2. Continued. (c) Nearly uniform initial condition, g, = 25.

is plo~1.00) = [[(m) * N (0.02)}(0-1)N(0.0%) (00 = 0-1)/T)
where ["(.r) is the uniform distribution on the interval [—x. 4], * is
convolution, and o, = .5 and o, = 2. This case is strongly nonlinear
since the sample mean and standard deviation of maxg=—1 ... 500 ||
is 2.55681+2.21283. Though the EKF performance is poor and is not
shown, the CRB can still be computed without difficulty, as shown
in Fig. 2(c) based on 10* state trajectories.

IV. CONCLUSIONS

A Cramer-Rao bound for the mean squared error that can be
achieved with nonlinear observations of a nonlinear pth order AR
process where both the process and observation noise covariances can
be state dependent is presented. The major limitation is that the AR
process must be driven by an additive white Gaussian noise process
that has a full-rank covariance. The bound is a generalization of the
results of [1] and [2] to the case p > 1 and state-dependent noises.
In addition, its computation requires different methods, specifically
the solution of a system of quadratic equations for which a recursive
method is described.

Relaxation of the full-rank condition on the process noise covari-
ance will probably require constrained CRB tools [10], [11]. The
merger of the constrained CRB tools with the dynamical system
approach of this note and [1] and [2] does not appear to be
straightforward.
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Adaptive Feedback Control Algorithms for
Large Data Transfers in High-Speed Networks

Rauf Izmailov

Abstract— Two linear feedback control algorithms for handling and
preventing congestion in broadband asynchronous transfer mode net-
works are proposed and analyzed. The fluid approximation model is
described with a continuous-time system of delay-differential equations.
The algorithms are asymptotically stable, and the transient processes are
nonoscillatory. The control parameters are locally optimal (optimality is
based on the asymptotic rate of convergence). The results of numerical
experiments suggest that these parameters are globally optimal as well.

1. INTRODUCTION

Asynchronous transfer mode (ATM) transport technology is gen-
erally considered as a basis for future integrated telecommunications
service. Since there would be an inevitable interaction and inter-
ference among users in the communication network, an increasing
amount of research has been devoted to different control issues (see
[1], (12}, [15], [16], and [19] and their references). One of the basic
problems arising here is the presence of propagation delays which
pose a challenge for stability, as speed of data transmission in modern
high-speed networks keeps increasing.

In most of the proposed algorithms and models (see [4], [6], [10],
[11], and [18] and their references), control decisions are based on
a single number (the deviation of the state of the system from the
target value) or a single bit (the sign of such deviation). Analysis and
numerical simulations [4], [8], [7], [17] demonstrated that the stability
of such algorithms in the presence of propagation delays has the form
of bounded oscillations (occurring even in the deterministic setting).

The single number limitation on the number of control parameters
appears to be the key obstacle to the elimination of these undesirable
oscillations. As proved in [8], a large class of feedback algorithms
based on a single number always has an unstable equilibrium. Thus it
is natural to address the question of what additional parameters should
be considered and how to translate them into control algorithms. This
question, however, has only recently begun to be addressed [3].
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Fig. 1. The model.

In this paper we consider a single connection controlled by
an access regulator whose parameters are dynamically adjusted
according to a linear function of the several states of the buffer in
different times. We consider two versions of the same algorithm,
differing by the number of control parameters. We prove asymptotic
stability of both algorithms and show that the proposed parameters
guarantee a nonoscillatory asymptotic behavior. The rate of asymp-
totic convergence is calculated explicitly in both cases, and the
parameters are locally optimal (convergence rate deteriorates with any
small change of parameters). Numerical results suggest the chosen
parameters are globally optimal as well.

II. MoDEL AND CONTROL ALGORITHMS

Consider a single connection between a source controlled by
an access regulator and a distant node served with a constant
transmission capacity p (Fig. 1). The traffic source is monitored and
regulated by the access regulator, and the distant bottleneck node
sends back the information on its congestion status, defined as the
difference between the current buffer contents and the target value
(a fixed threshold).

To describe large data transfers and isolate the issue of adaptation
mechanism from other considerations, assume (as in [8]) that there is
an infinite amount of traffic to be sent to the remote node. To capture
the small size of ATM packets as well as high rates of the network, we
approximate the traffic by fluid flows. The access regulator controls
the current rate Z(t) basing its decisions on the buffer contents X (t)
of the distant node, which is continually monitored by the source. A
target value X (threshold) of the remote buffer contents is fixed: if
X)) > X, the node is considered congested. The delays from the
source to the bottleneck and back are 7, and 72, which add up the
round-trip delay 7 = 71 + 72 (we assume the propagation delay is
essentially larger than the queueing delay, so 7 is fixed). The control
objective is to adapt Z(t) to p dynamically, while keeping X (t) at
an acceptable level.

The first algorithm takes into account the deviations of X () from
the target value X during two consecutive time instants, separated
by the round-trip delay 7. These deviations are weighted with linear
gain parameters a and b, so in a neighborhood of the threshold X
the system is described by

X'(t)y=Z(t—71)~ p. 1
Z't)= —a(X(t—12) = X)=b(X(t—-m—7) - X). (2
We take the derivative of (2) and substitute Y (¢) = Z(t) — p to

obtain the delay-differential equation in the normalized time scale
T = t/7 (where A = ar?, B = b7?)

Y'(T)+ AY(T - 1)+ BY(T -2)=0. 3)

Its characteristic equation f(z) = z%¢** + Ae® + B = 0 has an
infinite number of roots \;. The location of these roots on the complex
plane determines [2, Theorem 6.7] the asymptotic behavior of ¥ (T').
In particular, the degree of stability A = sup,{RA:} guarantees
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