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Performance Bounds for Nonlinear Filters

An error in a well-known lower bound on the performance of
nonlinear filters based on dynamic statistical models is described.
The error occurs in the final step of the proof and deletion of
this step resuits in a valid lower bound which, however, requires
evaluation of a conditional expectation in function space. For the
limited, but interesting, class of linear Gaussian process models,

computational methods are described.

[. INTRODUCTION

In the review by Kerr [1] of lower bounds on the
performance of nonlinear filters based on dynamic
statistical models, a rate-distortion bound due to
Galdos [2] is prominently discussed (e.g., [1, pp. 596,
597]). However, the original paper [2] has an error
which invalidates the bound. The purpose of this
note is to point out the error, to point out that an
intermediate result in [2] is correct and provides
a bound but that the bound is difficult to evaluate
because it requires the computation of expectations in
function space, and to present methods for evaluating
this new bound in the case where the process model is
linear and Gaussian.

In a later paper concerning performance bounds
based on rate-distortion bounds [3], Galdos considers
bounds on functions of the state rather than just
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the state itself and uses Monte Carlo simulation in
function space to evaluate the necessary conditional
expectations. The Monte Carlo theory in [3] focuses
on the case in which the process model is linear and
Gaussian and, for the same reasons, when we discuss
evaluation of the bound (Section III), we only consider
the case in which the process model is linear and
Gaussian.

II. THE BOUND

In [2], a lower bound on the minimum mean
square etrror attainable by nonlinear filters using rate
distortion theory and the Bucy-Mortensen~Duncan
representation Theorem is presented. Theorems 2
(continuous time) and 3 (discrete time) have parallel
proofs. An error occuts in the final step of the
common proof between equations (A9) and (A10)
in [2, Appendix A] and is of the following general
type. Let r and s be scalar random variables on
the same probability space and let z € R be a
deterministic parameter. Let 4 be a scalar random
variable derived from » and s. Define two functions
£(s) = (E{h(r,2))|:= and g(s) = E{h(r,s) | 5}. In
general, f(s) # g(s). Furthermore, while E{h(r,s)} =
E{E{h(r,s)|s}} = E{g(s)}, in general it is not true
that E{h(r,s)} equals E{f(s)}. The error leading
up to [2, Eq. (Al10)] is an assertion of the type that
E{h(r,s)} = E{f(5)}. A concrete example is given
in the Appendix. It is also possible for E{A(r,s)} #
E{E{h(r,s)|s}} and an example, based on the
Cauchy distribution, is given in [4].

We focus on the discrete-time case where for each
equation we give both the abstract form in terms
of expectations and the concrete form in terms of
integrals and probability density functions (which we
assume exist). The model is

Xex1 = a(x, 1) + b(x,, 1)wy

Ve = g(xt,t) + N(I)Vt

where x; € R*, y; € R™, w, is independent and
identically distributed (IID) A (0,1,), v; is I1ID
N(O,L,), xo is N (X0, o), and w, v, and xg are all
independent. (M (m,Q) is the Gaussian distribution
with mean m and covariance ). Notation: x]! =
{XusXn+15---,%m t and likewise for y7 v and wi.
R(j) = N(j)N()T. E is expectation and E* is
conditional expectation given x..

The Bucy-Mortensen-Duncan representation
theorem in discrete time is

[E*{exp(Ce(¥0:20)) Hap =yt P (X1)
[E{exp(Gi (x5, 20)) Het =yt

where z{) is a deterministic vector of the same

P(xe | yo) =
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dimensions as y{, and

Clxh,ye) =D g TRy,
j=0

1< : : :
~ 328N RTI(GIgCx)))
j=0
- %Zg(xj,j)TR"l(j)g(xj,j)
=0

!
+ g )TRTIGNG)Y (x5 95)-
j=0
@

{There is a typographical error in |2, eq. (26)]: the
“N(j)” factor in (1) is missing). More explicitly,
the Bucy—Mortensen-Duncan representation
theorem is

[ PO 2y exp (G YD ™| pCe)
[/, PO exp(G et i) )

Equation (A10) of [2] is a bound on the
mutual information I(x.;yf) based on the
Bucy-Mortensen-Duncan representation theorem. The
derivation is correct through

I(x5;y5) = E{log[E* {exp($r(x0,20)) Hat =y
— log[E{exp({(x0,Z0)) Har =yt (2)
< log E{[E™ {exp((:(x0,20)) }|z4=y: }

— E{log[E{exp(¢:(x0,20))}zg=y}-  3)

(The second step is Jensen’s inequality). The final

step leading to [2, eq. (Al0)] is the assertion that
E{[E™{exp(&(xh,20))}Lsy=ys} equals E{exp(G:(xh,5))}
which, unlike E{E* {exp(¢:(x5,¥6))}} =
E{exp(¢:(xh,y5))}, is incorrect. More explicitly, the
bound is

(x| yo) =

I(xe;v4) = P(x6,Y5)

LB

x log { / , 1p<x:,-1 | xoexp(ct(xa,yf,))dxa‘l} dx; dy}

%o

- / p(yﬁ){log / p(XB)eXp(Cr(xG,yB))dXG}dy’o
yt xt

0 0

<log / P,y P | xe ) exp($e (X, y)) dxf dyy
x oyt
070

- / p(yf)){log /
¥4 0

0 0

p(eg)exp(Cr(xg, yp)) dxg } dyg

CORRESPONDENCE

and the incorrect assertion is that
[, Pesp Lxe( ey axbass
equals
[, bbb dxa
*pJo

The incorrect assertion is important because, if it
were true, then there would be no conditional function
space expectations which are more difficult to evaluate
than unconditional expectations. In the absence of the
assertion, (2) provides a tighter bound than (3) and, at
least in a Monte Carlo approach, requires essentially
the same amount of computation.

ili. EVALUATION OF THE BOUND

In the remainder of this note we describe a Monte
Carlo method for evaluating (2), more specifically, a
method for sampling from the conditional distribution
(in the Gaussian case) and an importance sampling
method which accelerates the convergence of the
Monte Carlo sums. Though the Gaussian restriction is
limiting, there exist applications, such as analog angle
modulation systems [5] and speech processing [6],
where the state process is linear and Gaussian but the
measurement equation is nonlinear, and these methods
are oriented toward such problems.

Any practical sampling algorithm must operate
by transforming a set of IID A (0,1) samples. The
sampling method we propose is based on the following
observation. If x is N'(¥,T) and x is partioned
x = (x},x;)" (and likewise for X and X) then [7,

P- 321] Pr,jy (Y | X5) = N (Tl (), Sapp ) (%) Where
_fa|b(xb) =%, + Z:ab_zljbl(xb —Xp) and Ea|b =Yg —
Yab E;;E;b. The conditional mean estimator of x,
based on xy, denoted by £, is T4 = Xqpp and

the error, denoted by %5, is defined to be X, =

X4 — %ap and has the properties that E{%,,} = 0 and
var{Z,p} = L. Therefore, samples can be drawn
from N (Z 4 (x5), Lapp) for a particular value of x;

* (denoted by x;) by using the following algorithm.

1) Choose xj.

2) Pick a realization of x.

3) Compute Z,;.

4) Compute X,p. X, is distributed N (0,Z,).

5) Compute m, = X, (x;). (This would actually be
done only once during an initialization procedure).

6) Compute z = X, + m,. 2z is distributed
N (Fapp(x3), Zapp) as desired.

In the case where x is the sequence of states of

a dynamical system (specifically, x, is the first M
time-steps and x; is the (M + 1)st time-step), this
process can be done efficiently because 1) the
process noise w is a white sequence and therefore
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is easy to sample from, and the realization of x can
easily be computed from the realization of w; 2) the
conditional mean £, can easily be computed by

a Kalman smoother once an observation equation,
with measurement matrix /4 and measurement noise
covariance matrix R, is defined by

0, k=01,...M—-1

H =
I, k=M
I, k=01..,M-1

R =

0, k=M

A forward-backward two-filter algorithm [7, p. 189]
is attractive because the forward pass is very simple.

Let x be a random variable with probability density
function p. Computation of I = E[f ()] using Monte
Carlo and importance sampling [8, Sect. 2.5] requires
the computation of [ = (1/L) Y7y f(v:)p(1i)/a()
where 7; are IID samples from the probability density
function g. We apply these ideas to the computation
of the conditional expectation in (2). (The complete
computation of the first term of (2) requires Monte
Carlo for the outer expectation also). Though the
optimal ¢ is known, we use a simple suboptimal
choice: p is Gaussian and we choose ¢ to be Gaussian
with the same covariance but a different mean. The
new mean is chosen as a compromise between the
x§j trajectory that maximizes exp({ (x5, z{)) (which
corresponds to f in I = E[f(x)] above) and the
mean of p, which maximizes p. The compromise
is a time-step by time-step convex combination of
the two trajectories, which are denoted m; and m,,
respectively. The weight in the convex combination
at step 7 on the mean of p is 07/(07 + o) where o¢
is the width, as a function of x;, of the maximum of
exp((¢ (x4, z5)) at the trajectory me and 05, is the 7th
diagonal element of the covariance of p. The width
is defined as the value of éx; such that {,(m,,z() —
Ge(Ome,zp) = 2 where (Omg ) = (m¢ )i for k # i and
(6me) = (me)x + 0x; for k =1 [(-), means the value
at time step k]. Because of the form of ¢, which is due
to the fact that the observation noise is white, it is easy
to find the trajectory x{ that maximizes exp(({;) because
it can be done time-step by time-step.

In order to demonstrate these ideas, we have
examined a scalar linear-Gaussian example: Xz 41 =
axy +bwy and yi = gxx + Nv where a = 0.5,
b=105,g=2, N=1,and xg is A'(0,20). The exact
mean-squared error at k = 50, computed using the
Kalman filter, is Y550 = 0.1328. Pencil and paper
evaluation of the rate distortion bound (i.e., (2) or
the equation preceding (A10) in [2, Appendix]) gives
the same result. The Monte Carlo value based on
L = 1000 terms in each inner integral and in the outer
integral and without using importance sampling is
0.0438 £ 0.0358 which is clearly far from convergence.
{The sample mean of the bound plus/minus 1 sample
standard deviation of the bound based on 10 runs is

reported). Finally, if the calculation is unaltered except
for the use of importance sampling, then the value

is 0.1044 £ 0.0370 which is substantially closer to the
exact value.

APPENDIX

Let r € {0,1}, s € {0,1}, p,+(0,0) = poo, prs(0,1) =
Po1, Prs(1,0) = pro, prs(1,1) =1— poo— poi — P10,
and A(r,sy = rs. Then f(s) = (E{h(r,2)})|,=s =
s(1— poo— poy) and g(s) = E{h(r,s) | s} =
s(1— poo— po1— p10)/ (1 — poo — p1,). Therefore,
E[g(s)] = 1= poo— po1— p1o = E[h(r,s)] and E[f(s)]
= (1— poo — po1)(1 — pop— p1,) so that E[f(s)]

# E[g(s)] = E[h(r,s)]-
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