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Abstract—A stochastic dynamical system model for describing models (there is an interpolation between stochastic endpoints)
time signals that are jointly amplitude (AM) and frequency (FM)  and stochastic dynamical system models (the endpoints are the
modulated is presented. The signal is assumed to be bandpassg it of a stochastic dynamical system). This model is moti-

perhaps originating from a filter bank applied to a broad band . . . .
signal, and includes the constraint that the magnitude of the com- Vated by sinusoidal representation of speech [16], [31], [33] in

plex base band signal is positive. Motivated by speech processingWhich speech is broken up into frames , and the speech in each
and the desire for narrowband modulating signals, time is divided frame is represented as a sum of sinusoids in which the ampli-

into frames, and the modulating signals are smoothly interpolated tydes, frequencies, and phases of the sinusoids vary in a very
across each frame. The model allows a detailed characterization simple way, or not at all, during the frame. In our model, one

of the bandwidth of the modulating signals and the statistical f ds t int lation int | d the simol
character of the measurement noise. An adaptive estimation rame corresponas to one interpofation interval, an € simple

algorithm based on extended Kalman filtering ideas for extracting Variation of parameters over the interpolation interval corre-
the modulating signals from the measured signal is described sponds to the interpolating function.
and demonstrated on both voiced and unvoiced speec_h signals. In some work, the model represents the measured signal it-
The Cramér—Rao bound on the performance of any estimator is self (e.g., [12], [27], [30], [34], [47]), whereas in other work,
computed. .
the model represents a subband of the measured signal (e.g.,
Index Terms—AM-FM representations, Cramér—Rao bound, [8], [17]). In this paper, the model represents a subband, and
extended Kalman filter, nonlinear speech models, sinusoidal e 5gorithms operate on the corresponding complex baseband
speech representation, speech processing. .
signal [37].
A variety of algorithms for extracting the AM and FM sig-
|. INTRODUCTION nals from the measured signal have been proposed based on dif-
ferent types of models for the AM and FM signals. Examples of
glgorithms include algorithms based on the Teager energy oper-
gjer [71, [17], [18], [36], algorithms based on time-frequency
transforms [3], [24], [41], and algorithms based on recursive
statistical nonlinear filtering [25]-[27], [34]. In this paper, we
l describe and use an extended Kalman filter [2, Sec. 8.2] algo-
y(1) = a(l) cos <27rfclT + 27T Z ,,(m)> rithm in parallel with a simple adaptive algorithm for estimating
m=—oo certain noise variances. Related algorithms have been described
for signals with constant amplitude but time-varying frequency,
wherea(-) andv(-) are the AM and FM signals, respectivelye g., [4], [5], [9].
fc is the carrier, and’ is the sampling period. Three important The primary method for bounding the error that can be
issues are models for the AM and FM Signals, algorithms for €Xchieved in extracting the AM and FM Signa|s from the mea-
tracting the AM and FM signals from the measured signal, argred signal is the Cramér—Rao bound [12], [13], [20], [35],
bounds on the smallest error that can be achieved in extractjag), [47]. Versions of this bound exist for both deterministic
the AM and FM signals from the measured signal. but unknown parameters and for statistical parameters [44].
A variety of models have been used for the AM and FNh this paper, we compute this bound for a very general class
signals, including deterministic but unknown [12], [13], [17]of models that includes the models we apply to speech. Our
[20], [24], [29], [30], [38], [42], [47], polynomial [35], [40], computations include the transient behavior of the estimator
[41], linear combination of general basis functions [12], and ste+hen the system is initialized or, perhaps, reinitialized at, for
chastic [12], [25]-[27], [34], [47]. In this paper, we describexample, a voiced-to-unvoiced transition. Similar reinitializa-
a new stochastic model that combines aspects of polynomtiah would be useful in images at, for example, an edge in the
image.
Manuscript received February 22, 1999; revised January 31, 2000. The assoWhereaS AM-FM models have been used in two-dimensional
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with 1-D Kalman filtering can be generalized to 2-D [21], [45]wherew is the instantaneous frequency, dfids the sampling
[46] or 1-D communication models and algorithms can be gemterval. In order to reduce the bandwidth of the estimatedd
eralized to 2-D [22], [23]. v signals, we use an unusual dynamical system to descehd

The remainder of the paper is organized in the following. Botha andr are modeled as the result of linear interpolation
fashion. In Section Il, we describe the model for the speebletween stochastic endpoints separated by a fixed intervél of
signal, in Section Ill, we present the estimation algorithm, argdmples under the constraint that the function is continuous at
in Section IV, we apply the model and algorithm to the spee¢he endpoints. In the context of speech signals,/fheample
signals. A more general model of the same AM—FM type is dedndow is exactly the traditional idea of a frame. As in speech
scribed in Section V, and for this more general model, we dsignal processing, the user must decide on an appropriate value
rive an algorithm to compute the Cramér—Rao bound on the e$-V. Picking V too small tends to increase the bandwidth of
timation error of the AM and FM modulations in Section VI. Inthe e and» signals, whereas pickingy too large tends to lead
Section VII, we use the algorithm to compute the Cramér-Raoless accurate decompositions of the original signal. We could
bounds for a complicated example. Finally, Section VIII coreasily replace the linear interpolation by a higher order spline

tains some general remarks and conclusions. but have not found that to be necessary for the speech applica-
The following notation is used. Let tions in which we are interested. In addition, instead of defining
L, n X n identity matrix; a to be the linear interpolation between the endpoirfts we
O ™ X n zero matrix; definea to be the linear interpolation between the endpoints
0, n-dimensional zero column vector; [«*]?. When using a linear interpolation (although not neces-
E{}  expectation; sarily when using a higher order interpolation), this guarantees
] floor function: that the amplitude is always non-negative. The computational

and theoretical simplicity and the ability to enforce positivity are
the primary reasons for choosing a linear interpolation method.
Assume that the endpoints of both thieand - interpolations
form a random walk. With these definitions and assumptions,

6m.n  Kronecker delta function;
mod  modular operation{ = & mod N satisfiesk =
nN+rwithn anintegerand € {0,1,---, N—1});

/
E transpose.l txm — (x(] , , the four state equations that define the endpoints for the linear

or any sequence(n) letxy = (x'(l), -, x'(m))". interpolations ofz and are

Il. MODEL a+(l + 1) = a+(l) + Qawa(l)él mod N,0
— _ — + _ —_ .
Using a bank of bandpass filters with center frequengies a(I+1) =a” (1) +1a™ (D) = a” (D]81moa N0

we divide the input signa} into subsignals;. We then convert v+ 1) =vT (1) + w161 mod N0
each subsignay; to its complex baseband representation [37] v U+ ) = (D) + ) — v (D)imeano  (3)
(using center frequencg) with in-phase and quadrature-phase . ]
componentg! andy?, respectively. Our statistical model is awhere w,(-) and w,(-) are independent zero-mean white

model for they! andy? signals. It is based on three signals: Gaussian sequences with variances 1, gpdand ¢, are
1) amplitudea;: positive constants. The linear interpolations actually occur in
(3l

) the ¢ state equation (2) and the measurement equation (1) b
2) instantaneous frequeney; use¢of i decllinitions( ) q (1) by
3) phasep;.

In the following description, several downsampling steps andl) =v (1) + [v (1) — v~ (D][((I + N — 1) mod N) + 1]/N
the subsignal index are omitted in order to simplify the nota—a(l) =l (D] + {[a*(l)]Q _ [a‘(l)]Q}

tion.
We model the signalg’ andy© as the output of a dynam- (U + N —1) mod V) +1]/N. )

ical system. The dynamical system can be described by sampi&ause of thenod operations, the system is time varying.
number or indexed by frame number and within-frame SampleWe now describe the same dynamica| System again but in-
number. Both descriptions have advantages and disadvantaggged by frame number and within-frame sample number rather
and in the following, both descriptions are given, starting witthan by sample number. This simplifies the interpolation equa-
the description indexed by sample number. The measuremggihs substantially but makes the measurement equation and

equation is straightforward. state equation fop more complex. Lek € {0,1,---} index
the frames and € {1,---, N} index the within-frame sam-

y' ()] [a(l) cos(p(1)) n rv’ (1) (1) ples. Thereford, = kN + n. Replace the notatiom(!) by ax ,,

v | | a(l)sin(g(1)) rv?@(1) and likewise for the other variables. The advantage ofithe

notation is that:* andv* depend only ot and that the system
wherev(-) = [v/(-),v?(-)]’ is a zero-mean white Gaussian seis time invariant. The state equation that replaces (3) is
quence with identity covariance matrix, ands a known posi- + +
tive constant. The state equation for the phagalows directly {“_(k + 1)} - {1 0} {a_(k)} + {qa} wa (k)
from its definition: a”(k+1) 1 0] [a™(k) 0 '
and likewise for *, which is easier to understand than (3) and,
Pl+1) = () + 27T (1) (2) unlike (3), is time invariant. However, the measurement equa-
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tion and state equation fgrare more complicated than (1) andestimator that minimizese(i|m) with the result that

(2). Define the interpolating functiog, (-, -) by Z*(Ilm) = E[2(1)|y(0),---,y(m)], and the achieved MSE is
_ N g € Um) = El(=(1) — 27 (Ilm))' () — " (I|m))].
gn(ur, uo) = uo + (w1 —uo)n/ ®) Itis difficult to computez*(I|1) exactly. However, ifi(-) was
wheren € {1,---,N}. Thenai. = gn(la* (k)2 [a=(k)]?) constant, then (1) is the measurement equation of a frequency

andvi,, = g.(vT(k),»~(k)). The phase at theth sample in modulated communication system, the extended Kalman filter

the kth frame, which is denoted by ., is the phase at the end(EKF) [2, Sec. 8.2] is essentially a phase-locked loop (PLL),
of the previous frame (i.e¢._1 v) p|7US27rT times the sum of and the PLL is an excellent estimator. Therefore, we compute

the interpolated frequencies (. .-) at the first througth e estimateﬁi(_l|l), P=(1|1), andg(I|l) by using the EKF for
points in the frame ' this more complicated model. The computational requirements
are minimal; the state equation is already linear, the one-step
state transition matrix (denoted By) is sparse so that multipli-
cation byF" is inexpensive, and the observation is a 2-D vector
so the one matrix inversion is only of2ax 2 matrix.

In dynamical systems such as (3), the power in the signals is

n
d)k,n = (/)k—l,N + 27T Z Vg n!

n’=1

=¢p-1.n + (k) + 8,07 (K)

where determined by the variance of the driving noise. Therefore, in
order to process signals whose power varies over time, it is nec-
Y =21Tn(n+1)/(2N) (6) essary to allow time variation in the process and measurement
6n =2nTn[l — (n+1)/(2N)] (7) noise variances. Introducing dynamical system models for these

i variances is not simple because the variances should be varying
and we have used the ident]y,_, & = K (K + 1)/2. There- much more slowly than the other dynamical variables (such as
fore, it is possible to propagate:, v, which is independent of ;+), and furthermore, such additional dynamical models greatly
n and is denoted by, by complicate the estimator because they add a substantial degree

_ of nonlinearity to the state equations that are otherwise linear
P1 = Pt + 72 (R) + 8ur” (F) [2]. Therefore, we have instead chosen to estimate the variances
which replaces (2). Finally, the aggregated measurement, whighline and use the estimated values of the variances in the es-
includes allV in-phase and alN quadrature-phase samples ifimator for a®, %, and¢ as if the estimated values were the

the frame, is true values. For the speech applications in which we are in-
terested, we have achieved adequate performance by allowing
y(k) =lar cos(Pr,1), ar,1sin(dr1), -+, an,nv cos(dr,n) 2 and+? to vary while keeping;2 fixed. Becausey, andr
ar n sin(¢p §)] + rv(k) strongly influence the power in the measuremeritg, we es-

] ] ) ] _ timate them on-line by lowpass filtering the instantaneous mea-
where v(-) is a 2N-dimensional white zero-mean Gaussiag;rement power signal with a one-pole filter

noise process with an identity covariance matrix which replaces

@) S+ 1) =g, @20 + By (W O + RO
By shifting to complex baseband processing of bandpass sub- q‘;( N )_aqag“( )+ G(Ey (2)] +Ej (2)] )
signals, algorithms for the model described here operate ata ' I+ 1) =oer™) + B[y (DF + [~ (1) ®)

lower sampling rate than those of [27], and furthermore, the o o

format frequency variables of [27] are no longer required. iffhereg.(-) is raised to the fourth power becaus) is raised
addition, the introduction of the interpolation interval and fund® the second power in the signal and, therefore, to the fourth
tion in the model described here, neither of which are presdt@Wer in the instantaneous power. The time variation of the
in [27], makes contact with the ideas of frames and sinusoidgsic model (1)_—(4) and the additional time variation |r_1tr0duced
coders in speech and achieves compression of the informatidhthe adaptation (8) does not add to the computation burden
in the AM and FM modulating signals. Finally, the fact that thgec_ause the EKF al_ready must linearize around the current state
amplitude in the measurement equation is constrained to be&jlimates at each tinie . )

ways positive reduces the ambiguity in the separation of AM 1€ result of the EKF are the estimateS(ll), 7*(I|1),

and FM and was not used in [27]. and $(1|1). From these estimates, we can compute recon-
structed in-phase and quadrature-phase signals, which are
lIl. STATISTICAL ESTIMATION denoted byj’(I) and§°(1), by 5" (1) = a(l) cos(3(|1)) and

) g2 = a(l)sin(x(I|1)), wherea(l) and +(I) are recon-

In terms of the model, the goal of extracting AM an‘i;ltructions ofa(l) and ¢(1), respectively, and we also desire a
FM modulations from the observed signal corresponds {@construction of (1) that is denoted by(l). First, consider
estimatingz() = (a*(D),a (1), "), v (1), $())" from

T QY. --- 4! Q i = [y’ LY
4 (O)A’ u=(0), hjyh (l)’ Y (fl) Dgﬂne;;(l) O MUIE 1The EKF is a recursive estimator for the state of a finite dimensional non-
Let Z(”?ﬂ), which Is a function o y(O),---,y(m), be linear system. The approach is to linearize the nonlinear system and then apply
the estimate ofz(l) based on data through timen. the Kaiman filter to the resulting linear system. The key point is how to deter-

Let 6(l|m) - E[(z(l) _ %(l|m))’(z(l) _ é(l|m))] be mine the nominal state around which the linearization is performed. The choice

h d MSE). We defi h made in the EKF is to linearize on-line around the current estimate of the state
the mean squared error ( ). e define as the Oﬁ)dr the state equation) and the current one-step-ahead prediction of the state

timal estimator, which is denoted byz*(I|m), that (forthe observation equation).
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(). Letn € {1,---, N}. From (3) and (4), it follows that width equal to the signal bandwidth. Note that this algorithm
does not provide an estimate of the instantaneous frequency.
(kN +n)=v" (kN +n) The data is the sentence “Tim takes Sheila to see
+ [T (EN +n) — v (EN +n)]Jn/N  (9) movies twice a week.” from the TIMIT database [11,
ftimit/train/dr1/fcjf0/sx397.wav, ]. Note that this sentence
and thatv= (kN +n) = v~((k + 1)N) andv* (kN +n) = includes both voiced and unvoiced intervals, unlike the speech
v¥((k+1)N) = v~ ((k+2)N). Using more data to constructyseq in [27], which is purely voiced. The bandpass filter
the estimate of a random variable provides a more accurate egtiag to generate the subsignal used here has a passband of
mate. However, the only estimates that we can extract from $4g0_2200 Hz.
EKF (in the absence of state augmentation)iaf@|l). There-  There are several differences between the results of the
fore, rather than using™ (kN 4 n|kN +n), we use AEKF (Fig. 1) and MBDA (Fig. 2) algorithms. The am-
_ plitude estimates from AEKF are always positive, whereas
Bl (kN +n)[y(0), -+ y((k+ 1)N)] those of MBDA can be negative. This is important since
= E[~((k+1N)[y(0),- -, y((k+ HN)] the complex baseband approach implies that the amplitude
=0 (k+ DN|(k+1)N) is positive. While taking the absolute value of the MBDA
o . amplitude (see Fig. 3) gives a signal similar to the AEKF
and similarly for the other two terms of (9). Defi¢k) = gmpiitude, it is not clear how to make the corresponding
0~ ((k+1)N[(k+1)N). The final estimate isthe(k N+n) = ggjustment in the MBDA instantaneous frequency estimate
(k) + [S_Uf + 1) — 5(A/f)]”_/N- o ~ so that the reconstruction is still accurate and the bandwidth
The situation fora(l) is very similar. We need to esti- of the instantaneous frequency estimate is small. Define
gat?l[rgil[)}i(;B)';QGOLYér\éVS C‘Z;T;‘;_:fﬁeizt'r;‘?;i é):r(t):ftayfﬁ]e normalized mean squared error for the in—qf/\;\se signal
at a , W a’.i | vari by e/ = y’k‘ _:gfk. 2 yfk. 2 and
E.KF' However, we have gch|eveq better performance bg drq%ewise for[iglfl'[he(A)EKF aslg)gri%h/ri %:rgglid(es)]es}t]imates that
ping the first te:r_m and using estimates of the foffif(7[1))”. result in reconstructions with better mean squared error than
Defineb(k) = [a~((k+ 1)N|(k+1)N)J*. Then, exactly as for  o¢ ihe MBDA algorithme! = 0.1481 ande® = 0.0699
v, thefinal estimate i8(kN+n) = b(k)+[b(k+1)—b(k)n/N. versusel — 0.5780 ande@ — 0.1070.

Finally, considery(i]1). We could definey(ill) = (1) The major difference between the results of the AEKF (Fig. 1)

sincea(/]!) is an EKF output. However, the EKF does not CON3nd DESA-1 (Fig. 3) algorithms is that the DESA-1 estimate of

str:am the_ etsr;uma:es Itl C?mpltjtef to satlsffy the cond|t![(r)]n ﬂ]ﬁl"stantaneous phase, even after post processing with an 11 point
phase ¢) is the integral of instantaneous frequency. (n the median filter [29, Figs. 5-7], is noisier. One reason for this may

speech applications of interest to us, it has been IOOSSibIeb that the 2080—2200 Hz frequency band in this sentence is

achieve bgtter performance by. at qust locally (i.e., within orE)‘?‘imarily fricative in character rather than being dominated by
frame) maintaining the fact thatis the integral of-. Therefore, a formant

at the beginning of each frame, we getqual top, and to com- Finally, comparing the results of AEKF, MBDA, and DESA-1

pute the remaining samples in the frame, we integtafefine algorithms with the result of the classical bank-of-filters algo-

x(k) = ¢(kN +1|kN + 1). The estimate is rithm (Fig. 3), we see that the classical algorithm gives a similar

X n—1 result, which is an encouraging check. Note, however, that the
YN +n) = x(k) + Z (kN +n'). classical algorithm does not produce an instantaneous frequency
n/=1 estimate. In summary, the AEKF algorithm produces estimates

The adaptation of the variances and the need to refetal), that, at least in some circumstances, seem superior to some other
o . . : ! algorithms without dramatically increased computation.
=11, andg(l|l) to estimates of the interpolated amplitudes,

frequencies, and phases are the major differences between the

estimator described here and the estimator of [27]. For ease of V. GENERAL MODEL
reference, we refer to the adaptive extended Kalman filter for the
AM-FM model of the output of the filter bank (see Section II)n
as the AEKF algorithm.

In the speech application (see Section Il), we use a simple dy-
amic stochastic model for the interpolation endpoiritgk)
andr*(k), specifically, a first-order AR process. In this sec-
tion, we describe a general model where the endpoints are de-
termined by ARMA processes. In Section VI, we compute the
In this section, we demonstrate the result of applying tH&ramér—Rao bound for this general model.
AEKEF algorithm to speech data and compare the results withUnlike the simple model in Section Il, the general model is
three alternative algorithms. The alternatives are the DESAd&scribed only in terms of the frame numlieaind the within-
algorithm [29, egs. (107)-(108)], which is a single-formant veframe sample numbet € {1,---,N} so that the model is
sion of the MBDA algorithm [27], and the classical bank-of-filtime invariant which is convenient for the Cramér—Rao bound
ters algorithm [39, Sec. 3.2]. In the bank-of-filters algorithm thealculations (see Section VI).
signal is passed through a nonlinearity and then a lowpass filteiThe interpolated values of the amplitude and frequency at
to provide an estimate of the instantaneous amplitude. We dbe nth sample ¢ € {1,---,N}) in the kth frame, which is
the absolute value nonlinearity and a low pass filter with bandenoted byuy, , and vy, ,,, respectively, are given by, =

IV. REPRESENTATION OFSPEECHSIGNALS
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Fig. 1.

gn(a®(k),a*(k — 1)) anduvy ,, = g, (v(k),v(k — 1)), where
g was defined in (5). The phase at théh sample in theith

i H i i i
° 500 1000 1500 2000 2500 3000 3500 4000

Instantaneous frequency estimate: (k)

Results from the AEKF algorithm. In the first pair of figures, the original and reconstructed signals are shown with solid and dashedpactizg|ye

where~ andé were defined in (6) and (7). Finally, the aggre-
gated measurement before the addition of noise is

frame, which is denoted by ,,, is the phase at the end of the

previous frame (i.e¢r—_1,~) plus277’ times the sum of the in-

terpolated frequencies (i.ex_./) at the first througth points
in the frame

Gk = Pr—1,8 + 27T Z Vi

n’=1

=¢r_1.5 + (k) + 60(k — 1)

[an,1 cos(¢r,1), ar,18in(Pr 1), - -+, ar, N cos(Px,N)

Qr, N Sin((f)kJ\r)]/.

In order for the pairs (i.e., in-phase and quadrature-phase)
of the 2N components of the measurement vector to have the
sameuay, , andey , values in the following equations, the floor
function is used in the index @f, v, andé. The complete model
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Fig. 2. Results from the MBDA algorithm. In the first pair of figures, the original and reconstructed signals are shown with solid and dashedspecteslye

is (k > 1)
Y- eulialk— )= D du(iywat — (10
- eyl =) = 3 dulidun (i) (11)

S(k) = p(k — 1)+ ya (k) + Sar(k — 1) (12)
y(k) =si(a(k), alk — 1), (k) v(k), v(k — 1))

+rv(k) (13)
si() = (s1,1()s s sk 2n () (14)

Sk,n(a/la ao, d)a y, 1‘/0)

= gl(nt1)/2) (a1, ag)

'COS(d)_’_ 4§ 1/) n odd
sin Y(n+1)/2]71 La+1)/2170) 5 even
(15)

wherew,(-) € R, w,(-) € R, andv(-) € R?Y are inde-
pendent zero-mean white Gaussian stochastic processes with
covariances 1, 1, anlb, respectivelyr € R2V>x2N y —

rIan, andc,(0) = 1, ¢,(0) = 1. The initial conditions on
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Absolute value of instantaneous am- Classical instantaneous amplitude es-

plitude estimate from MBDA: |a(k)| timate
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timate. mate after postprocessing with an 11

point median filter.

Fig. 3. Results from the MBDA, DESA-1, and Classical algorithms.

the o(-) process, the initial conditions on the joimt(-), #(-)] means positive semidefinite. The estimation error at thhes
processuw,(-), andw,(-) are independent of each other and x x; therefore, the desired CRB is
jointly Gaussian. Precise(s ecification of the( i)nitial conditions

i a . a . _ 0
ontheq(-) process (meam ’ and c0\g?)r|ancP0 )z_‘;mdjm(r}t)ly Ak —[0 L]J 1 {I } > 0. (16)
onther(-) and¢(-) processes (meany ’ and covarianc®y’ ') n

is done via state variable representations in Appendix A. S ) ) o
There are two difficulties in applying (16). The first difficulty

is that for a long trajectory, the matriis large, and it is difficult
to computel —*. This problem is circumvented in [6], [10], and
VI. CRAMER—RAO BOUND [14] by finding a linear Gaussian system that has the same Fisher
information matrix as the nonlinear system of interest. (An alter-
Let x(-) be a vector nonlinear AR process and) be a se- native method is described in [43]). The linear Gaussian system
guence of vector measurements. Application of the standarskd here and in [10] iszh-order AR process and an observa-
Crameér-Rao bound [6], [10], [14], [15], [32], [43], [44] to thetion equation where the observation at tilndepends on the AR
entire trajectoryxl_p of the nonlinear AR process gives theprocess attimek, k—1, - - -, k—p+1. This system can be trans-
basic bound used in [6], [10], and [14]. Define the trajectorformed by state augmentation into a linear Gaussian state-vari-
error covariancel € RUTPImx(K ) with blocks Ary. €  able system. In the state-variable systeXj{?j¢ can be com-
R given by Ay, = E{(x — x7)(xx — X3)'}. Define the puted exactly and without excessive computation by the Kalman
Fisher information matrid by, under approprlate regularity asilter, and furthermore, the CRB is satisfied with equality so that
sumptionsJ = E{V,x V,x 1np(y1_p,x1 »)},wherepis  the known value ofA5¢ is the desired bound on the perfor-
the joint pdf on thex ancfy trajectones Then, since is unbi- mance of any estimator for the nonlinear system. The second
ased, the standard multivariate CRBAis- J—! > 0, where>  difficulty is that the computation oF requires computation of



PAI AND DOERSCHUK: STATISTICAL AM—-FM MODELS 2307

expectations. The approach of [6], [10], and [14] still requireshich can be incorporated into the measurement equation (18).
such computations, but the approach organizes the computhis transformation was already used in Appendix A, and the
tions so that they involve only the nonlinear AR process (i.@nitial condition ona(-) is given as an initial condition on(-).
not also the observation equation). In the problem consideredThe second step is to define a scalar AR prog#ss from
here, the nonlinear AR process is actually linear so that theshich bothy(-) and¢(-) can be reconstructed by usifg) to
computations can be done analytically. drive two MA processes. This can be done by expressing the
In order to use the methods of [10] to compute th&ansfer function fromw,(-) to »(-) and¢(:) in the form
Cramér—Rao bound, it is necessary to replace (10)—(12) by a
vector autoregression process with a full-rank process noise N _1 N i
covariance and make related changes in (13). Specifically, it is )/ (2) =1/ | (1 —277) Z o 1)z
necessary to write the system in the form =0

Dy

(2)/3 (1—-2" dy(
x(k+1) =fi(x(k), - x(k —p+1) +aw(k) (17) (2)/5(z) Z

k) =hi(x(k), -, x(max(k —p+1,1— . .
O =bl e p L) S = O o) S

=0

where (17) holds fok € {0,---, K — 1}, (18) holds fork € where* indicatesz transform. Multiplying out the polynomials
{1-p,---,K}, qq’, andrr’ are full rank;w(-), v(-), and the leads to the definitions

initial conditionx, = (x'(0), - - -,x/(1 — p))’ are independent (0) iz 0
and Gaussian with meas 0, andmj, respectively, and co- c”(i) T eoli—1) 1_< i <
varianced, I, andPy, respectively. Then, the linear Gaussian ep(t) = ”c () v ’ iz —+pi’ (23)
system that is used for comparison is a special case of the non- 0 w\Pv); otEeprI\/Nise
linear system with d7 (0), i 0
. d,, d,, —1 5 1<iLq
Bux() - x(k — p+ 1) e e A S
p v v
0 otherwise
— A xi ?
z_: b 49 vy (0), i=0
hy (x(k), - -, x(max(k — p+ 1,1 — p))) dy o) = Ny (1) +ondy (i =1), 1<i< gy (25)
min(p—1,k+p—1) 6Nd” (q”)’ t=4q + 1
_ Z Crixi_i (20) 0, otherwise
i=0 and the time domain equations
andmj = 0, whereA, ;, Ci;, Q = qq’, R = rr/, andP} putl
must be determined. In the problem described in this paper, we Z ca(0)Bk — i) =w, (k) (26)
will find that the dimensions of andy in (17) and (18) arg and i=0
2N, respectively. The theory in [10] requires these dimensions @+l
to be equal; therefore, we augmentith unobserved compo- v(k) = de Bk —1)  (27)
nents. The comparison system (19) and (20) that results from the
theory of [10] then hax andy, both of dimensior2/ V. How- @l . .
ever, only two of thec components are observable, and only two P(k) = Z dg,s(0)B(k —1i)  (28)

of they components depend on Therefore, we can reduce the

that we describe in this paper. equation (18). The initial condition g#(-) is determined in Ap-
. pendix B.
A. Transformation to Standard Form After the first two steps, (13) is replaced by

We transform (10)—(15) to the form of (17) and (18) in four

da da

steps. The first step is to rewrite the ARMA-) process as an B = s, d(Dealk — i d(Dealk —1—3
AR process, which is denoted by -) and defined by y((R) = s | 2 dali)alh =), 3 da(i)o 2

Po qv+1 gy +1

3" cald)alk — i) = wa(k) 1) > @Bk =), Y dg . (i)B(k— 1)

- =0 =0

=0 q,+1
which drives an MA process that is defined by > (DB -1 - i)) + rv(k). (29)

k) = i: do(i)a(k — i) (22) Equations (14), (15), (21), (26), and (29) define an intermediate

P system. The third step is to express the right-hand side of (29) as
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afunction ofa(-) andg(-) rather than as a function of functionsl/ = 0), it follows that a formula for EV,h;} is not re-

of a(-) and3(-). Forn € {1,---, N}, define quired. Becauséd/,;)f; is deterministic, there is no need to
(k)
compute its moments.
&y =n/N If p: R™ — R™, then defineVe to be the matrix with
( d5.5(0) + ynds., (0) components:, j) defined byd+y; /dx,. For later use, define
o) + 1l 20) + By~ 5~
8,0(t) T Vnag,p(t) + O0ndg,(t — (k. n) = DBk — 4 35
é’(—}’n(i) — 1 S L S qV +1 (30) ( 771) Zz:% e,@,n(")[( L) ( )
et ) Apn(i) =2da(i =1 = (1 = en)ali — 1)
= (qy . .
L0, otherwise +2da (i = Dena(i) (36)

Bin(i) =epn(i — 1) [a®(i — 1)(1 — &) + a*(i)en] . (37)
In order to have notation that easily incorporates the pres- .
ence of both an in-phase and a quadrature-phase méBe facts thatf(k,2m — 1) = 6(k.2m), 4 2m—1('L) =
surement at each sampling time, I@;[ = €ntny2) and  Azzm(i), @ndByon_1(1) = Bram(i) (m € {1,---, N}) will
ep,n(i) = €3 | (nt1)/2) (1) forn € {1,---,2N}. Then, elemen- be important in the derivation of (42)—(44). The first step [10]
tary calculations show that (14), (15) and (29) can be replaci&icompute the Cramér—Rao bound is to eval(afe,f; and

by (k > 1) Virohs with the results thaV/ ) f; = c(i — k) and
r Ohi1 Oh;1 7
y(k) =hi((a(k), -, alk — g — 1), B(k) w1 (k)  Ozo(k)
Bk =g —2)) +rv(k) (31) Oh; 2 Oh; 2
hk() = (th ()’ e, hk72]\r(-))/ (32) vx(k)hz = axl(k) a.’ﬁQ(k) (38)
8/1{72N 8/1{72N
h’km(a(k)v"' a(k—q,, - 1),/3(/6),'“,/3(/{—%,—2)) _8371(/{}) 8372(/{;)_
2
{ [Z dy(i 1 L)] (1 - en) where
‘ Ohin _ Ohin L\ COS n odd
i 2 83:1(1) = 804(1) = Alm(L) sin (Q(L,TL)), n even (39)
do(D)a(k — )| en oh; oh; sin n odd
; LN L B N - .
=0 9y~ ap TP g B en (4O)
cos [ - 2 n odd
X <§ egn(i)B(k — i)) . even (33) The second step [10] is to compute the expected value of
Vi Vg b
The fourth step is to defin&(k) = (a(k),3(k)) € R?2, 2N on o, 2N 8h ‘
wib) = (wa(k = Dok ~ DY € R q = Ly Y Stiomy 22 o e
p= InaX(pavpu+17 Gat2, qy+3) C( ) dl&dca(') ( )) € —_ n=r1 L L 1 2 ) (41)
RQXQ' andfk (X(k)v U 7X(k -p + 1)) 1 (L)X(k - L)' X ahi,n ahi,n 2]\ ahz n ahz n
Finally, extend the definition ok ,, in (33) to negative times Z dza2(1) da1 (k) Z do(1) (k)
Ee{l—p,---,0}(n€{l,---,2N}) by setting n=t
The summands in (41) are
hin(-)=0. (34) o o )
e ROV O] e TN
With these definitions ok(-), w(-), q, p, andfi(-), (17) and w1 (1) 1 (k) sin
(21), and (26) are equivalent. Furthermore, after replaaifig n odd
by z1(k) and (k) by z2(k) in (31)—(34), the resulting equa- n even
tions and (18) are equivalent. Ohipn  Ohim A B .
a]}l(l) 8x2(k) =+ lﬂ() kﬂ()SIH(e(L’n))
B. Calculation of the Expectation of Momentsfoh, and - cos (8(4,n)) n odd
Their Gradients " neven
Now that the system is in the standard form of (17) and (18), 9hin Ohin Buo(i)Bin (i) sin (80, n)) 2
we compute the Cramér—Rao bound by the method of [10]. The ~ dzo(I) dxa(k) b ko cos ’

calculations are simplified by two facts: Because the state and n odd
measurement noises are uncorrelated (in the notation of [10], " neven’
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Therefore, the components of (41) are for(k = K;k>=1-pik - -){
min(k+p—1,K) /2

. : Cio= | Dj — CiikCiick
o Ohim Ohin o . . " ( o G )
2 Ger(l) () = 2 Atem@Akan() (42 for(l = k - 151 >= max(k — p+ 1,1 - p)i1 = =){
n=1 m=1 . t

. min(l+p-1,K) .
i\: Ohin Oh;y —0 43) Crit = (Dk,l - ._Zk;q Cf,i_ICi,i-k) C;,o]
el 83:1(1) 8372(]{}) }
IN N

y 2 = BI,QWL(Z)B’C,QWL(Z)' (44)

nz=:l 8372([) 8372(]{}) et

Fig. 4. Algorithm for the computation o€, ;. The control structures are

written in the C programming language. The notatid@ indicates matrix
In order to compute the expectation of (42)—(44) [andgguare rootsR = R/2 (R*/2)", RT/Z = (R*/2)'].

thereby, (41)], we define

C. Determination of the Linear System of (19) and (20)

ma(k) =E{a(k)} (45)  After extensive computations to evaluate (5)—(8) and
Po(ky, ko) =E{[a(k1) — ma(k)][alks) — ma(k2)]}  (46) (10)—(16) and [10] followed by dimensional reduction [as
described following (20)], we find the following results. It
which can easily be computed from (10). The stochastic prjg-_ sufficient to choose a comparison system [(19) and (20)]
cessed(,-), A...(-), andB...(-) are jointly Gaussian. Further- Vith parameters&,z;k_l =ck -0, Q=L R =1 and
more,d(-,-) is independent of A. .(-), B..(-)}, butA. .(-yand P§ = f (Pé‘”,Pé )), where the functiory(-, ) is described
B. (-) are dependent. Using (45), (46), (36), and (37), we haire Appendix C.Cy; € R?*? cannot be computed explicitly
but, rather, is the solution of (17) and (18) in [10], which can

E{ Ay om (i) Ar.2m (i)} be solved by the following algorithm. Define
=4{d,(i =1 = Ddo(i — 1 — E)(1 — eam)? | L)
[Pl = 1,0 — 1) +m(i - 1)) Dyt = > HGED. (50)
+[do(i — 1 = Ddo(t — k) + do(i — Ddo(t — 1 — k)] i=k
(1= eam)eam [Pali — 1,4) + mg (i — )mg(d)] Then,C;. ,; is determined by the algorithm shown in Fig. 4. Once
+ do(i — D)do(i — k)€3,,, [Pald, i) + m2(d)] } (47) Ay -1, Cri, PX, Q, andR have been determined, then the
E{B1.2m (i) Br.2m (%)} state augmentation and Kalman filter computations needed to

: ) 2. . determine the bound are standard [2].
= egam(i —Degom(i — k) {[BP7(i — 1,4 — 1) H is diagonal, and therefor®;, , is diagonal, and therefore,
+ 6P, (i — 1,0 = 1)mg(i — 1) +mu(i = D] (1 = c2m)®  C,; is also diagonal. For this reason, the algorithm of Fig. 4
+ 2 [Po(i, i) Py(i — 1,0 — 1) + 2P2(i,i — 1) can be run independently on the scalar diagonal elements of
+m2(D)Py(i — 1,4 — 1) + m2(i — 1)Py(i,9) Dy, andCy;. The fact that the amplitude and phase variables

: . . i 2, become uncoupled in the Cramér—Rao bound is not unexpected
HAma(ima(i = DPo(ii = 1) + mg(i)ma(i - 1)] because of the following.
(1= e2m)eam 1) Both in-phase and quadrature-phase measurements are

+ [BP2(4,4) 4+ 6P (i,9)m2(3) + mya(i)] €5, } (48) made.
2) The noise variances on the in-phase and quadrature-phase
where Gaussian moment factoring [44, p. 229] was used. measurements are equal, and the correlation coefficient is
DefineH(i, k,1) = E{ Vyyh;Vymh:} with components zero.
3) The state equations for amplitude and phase variables are
aN uncoupled.
H; (i, ke, ) = E{Z [Oh; )0z ;(D)] [ahim/axj,(k;)]} Exactly the same behavior occurs in the following simple
n=1 static problem: Let(a,¢,r7,7g)" be Gaussian with mean

(49) (ma,me,0,0) and covariance  didg;, 07,07, 07).

The goal is the estimatéa,¢) based on measurements
wheren € {1,---,2N}, andj, ' € {1,2}. By (34), it follows ¥r = a® cos(¢) + 7 andyg = a? sin(¢) + rq. The resulting
that#; (i, k,1) = 0 fori € {1 — p,---,0}. From (43), we Fisher information matrix [44, p. 84] is
immediately have thak(; ;- (i, k,1) = 0 for all j # 5. Finally,
using (47) in (42) determindgs; 1 (¢, k, ) and using (48) in (44)
determinest, »(4, k, 1). In both of these calculations, there is a
sum over then index that can be done analytically with the aid
of analytical formulas foEf:‘r=1 nt (I = 1orl = 2), butthe which hasthe same diagonal structure that is present in the cur-
resulting formulas are too complicated to be included here. rent problem.

. 2 1 3ot46oimiemt 1
J:d|ag<4o—_g+_27 0g T+ O'ama+ma+
o2 o2

2 2
o: T,
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Cramer-Rao bound (standard deviation) for v

005k

Cramer-Rao bound (standard deviation) for a(-) Cramer-Rao bound (standard deviation) for v(-)

Fig. 5. Cramér-Rao bounds as a function of timedor) andv(-).

Sincea(-), v(-), andg(-) are related by FIR filters ta(-) and 4) computed the Cramér—Rao bound on the estimation error
B(-), any second-order statistic (i.e., the Cramér—Rao bound) variance performance of any estimator for extracting the

that applies tax(-) and 3(-) can be transformed into the cor- AM and FM signals in the general class of model pro-
responding second-order statistic that applies(td, »(-), and posed in 1).
¢(). The model [Item 1)] pervades all aspects of the work.

There are several aspects of the amplitude part of the model
that deserve further comment. Ideally, we would like to have
The Cramér-Rao bound (see Section 1V) applies to the modetlynamical system for a positively-constrained amplitude. For
of Section V that is much more general than the speech modeitance, a positively-constrained amplitude might be one com-
of Section II. In order to demonstrate the generality of thgonent of the state. It is difficult to propose such a model, espe-
Cramér—Rao bound algorithm and our softwafer computing cially if the dynamical system is driven by an additive noise. For
the bound, we apply it to a model in whiel{-) is an ARMA thatreason, we proposed a dynamical system for the square root
model withp, = 6 andq, = 3 whose frequency responseof the amplitude and then squared the output of the dynamical
is lowpass with digital frequency cut-off.4r, andr(-) is an system in the measurement equation. This squaring operation
ARMA model with p, = 8 andg, = 5 whose frequency interacts with the interpolation operation: square the interpo-
response is lowpass with digital frequency cut@fix. Both lated values versus interpolate the squared values. We choose
ARMA frequency responses are generalized Butterworth filtets interpolate the squared values because squaring the interpo-
that were designed with the algorithimxflat in Matlab. The lated values can lead to cusps in the amplitude function at the
resulting Cramér—Rao bounds, which are functions of time, drame boundaries, and such cusps increase the bandwidth. In
shown in Fig. 5. Notice the prominent initial transient, whiclthis paper, we have only considered linear interpolants. Itis pos-
is important since we envision reinitializing these methodsble to get smoother and, therefore, lower bandwidth signals by
frequently at, for example, an unvoiced to voiced transition sing higher order interpolants, but it is harder to guarantee that
speech or an edge in a texture segmentation of an image. the interpolated amplitude will be positive. This squaring oper-
ation interacts with the Cramér—Rao bound. If the initial con-
VIIl. DISCUSSION dition ona(-) is zero, then the conditional probability density
. on thea(+) trajectory given the measurements is symmetrically
In this paper, we bimodal: For any trajectory, the value of the probability for that
) ) : y trajectory, the value of the probability for tha
1) proposed a stochastic dynamical system model for th@jectory and for the negative of that trajectory are equal. If the
complex baseband representation of AM-FM signalgitial condition ona(-) is nonzero, then the probability density
which describes the signal in terms of frames that ajgnot symmetrically bimodal, but for a stable model, the initial
modeled on the frames used in speech processing;  condition decays to zero exponentially in time, and therefore,
2) proposed an adaptive nonlinear estimator for extractiige probability density is asymmetrically bimodal. The bimodal
the AM and FM modulating signals, which requires vergnaracter need not hurt the performance of a nonlinear filter but

VII. A PPLICATION OF THECRAMER-RAO BOUND

modest amounts of computation; does distort the Cramér—Rao bound since if most of the proba-
3) demonstrated the approach of 1) and 2) on a speggfiy is concentrated in the regions -+ § and—ag + 6, then the
signal; Cramér—Rao bound will give a standard deviation on the order

2See  http://www.ece.purdue.edu/~doerschu/4SPpaper. README.html R} @016, whereas afilter could have a typical error in estimating
the software used in this section. a*(-) on the order of.
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In this paper, we propose a statistical parametric approactNow, consider the instantaneous frequency ARMA
to AM—FM modeling and processing. An advantage of this aprocess (11). Assume that(p,) # 0 andd,(g.) # O.
proach is that it allows the characteristics of the modulatilgssume that the polynomials inz> defined by
signals (e.g., bandwidth) and the measurement noise (i.e., Vi, d,(i)2=" and ]2, ¢, (i)z~* have no common
ance) to be precisely described. Furthermore, the characteristimtors. Definec, = [c.(py), - -,c ()] € R?,
of the signals and noise imply optimal (typically impracticall, = [d.(¢.), --,d.(1),d,(0)] € R«&*! and
processing and bounds on the performance achievable with any max(p,, g, + 2). n is the dimension of the state variable
processing so that practical suboptimal processing can be cogslization. Because the measurement equation (13) depends

pared with an absolute standard. on bothy(k) andv(k — 1), we require a 2-D measurement
equation in the state variable realization.plf > ¢, + 2,
APPENDIX A thenn = p,, and the realization is analogous to (51) and

STATE VARIABLE REPRESENTATIONS OF THRARMA SysTEMS  (52) with d, replaced byd, andc, replaced byc,, whereas

f P < g, + 2,thenn = ¢, + 2, and the realization is
analogous to (53) and (54) with the same replacements. Make
the obvious definitions ok, (k), A,, b,, andC,, to get

First, consider the amplitude ARMA process (10). Assum
thatc,(p,) # 0 and thatd, (qa) # 0. Assume that the poly-
nomials inz defined by, d,(i)z=" and[[}, cq(i)z™"

have no common factors. Defirg = [co(pa), -, ca(1)] € _

Rre, d, = [du(g),- - du(1), (O] € RI-+., andn = %, (k) = Avxy(k = 1) + bou (k)
max(p,, ¢, +2). n is the dimension of the state variable realiza- [ v(k) } =C,x,(k).

tion. Because the measurement equation (13) depends on both v(k—1)

a(k) anda(k — 1), we require a 2-D measurement equation i

the state variable realization.gf, > ¢, + 2, thenn = p,, and rllhe phase AR process (12) has the realization

the realization is $(k) 1 5N $(k — 1) - ‘
b + 1 v(k)
2ok +1—n) za(k —n) v(k) v(k—1)
. _ On—l In—l . ( )
: =" : Bl =11 0| |-
za(k) 2ok —1)
" 0, 1 (k) (51) The instantaneous frequency and phase state variable systems
1 | e can be combined. Ldi’ be the first row ofC,.. Then,¢(k) =
a(k) O g1 i Pk —1)+bnv(k— 1) +ynv(k) = ¢(k— 1)+ oxh'x, (K —1)
a(k — 1) - p _aq _aQ d, 0 +ynh'x, (k) = ¢(k — 1) + onh'x, (k= 1) + ywh'[A,x, (k-
2l 41— n) 1)+ by (] = 60k — 1) + (o + b Ay (k= 1) +
@ yvh'b,w, (k). Therefore
: (52)
x4 (k) x, (k)| A, 0, | [x,(k—1)
(f)(k‘) Tl énvh +yNbA, (f)(k‘ — 1)
whereas ifp, < g¢,+ 2, thenn = ¢, +2, and the realization is b
|:’}/Nhl;b :|w,,(k)
Zo(k+1—n) Y
. _ Onfl Infl V(k) C 0 b'e (k)
: © 10g, 12 -, vk = 1) :[O’V 12}[ Vk }
za(k) B o(h) g #(k)
To(k —m) . .
, 4 {Onl} wolk) (53) Make the obvious definitions af;(k), A ¢, by, andC; to get
. 1 a
To(k—1) xp(k) = Apxp(k — 1) + b pw, (k) (57)
zo(k+1—n) v(k)
k 0 d
[a(z(_)n} _ [d, 8} ; L (54) [;/(k_ )| =Cx, ). (58)
@ walk) P(k)
Make the obvious definitions of, (%), A,, b,, andC, to get The initial condition (mearm(f) and covariancePéf)) is on
x4(0).
Xo(k) = Auxo(k — 1) + byw, (k) (55)
a(k) APPENDIX B
{a(,€ _ 1)} =Caxq(k). (56)  STATE VARIABLE REALIZATION USING /3(-) AND m{” AND

p{”

The initial condition (mearm( ) and covarianceP(()“)) is on Thefirst stepisto realize/(k), v(k—1), ¢(k)]’ as the output
x,(0). of a state variable system where the state is composed of lagged
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versions of3(-). We have already assumed in Appendix A APPENDIX C

thatc,(p,) # 0 andd,(g,) # 0 and that the polynomials INITIAL CONDITION ON P¥

in z defined by[[%, d.(i)>=% and [}, c.(i)z—* have

no common factors. Defings = p, + 1, ¢s = ¢ + 1, ¥ is constructed frorrPéa) andPé'@). Indicate components

n = max(ps,qs + 2), ¢s = [ea(pp), -, ca(1)] € Rrs, by (-)i;. If i is even andj is odd or if¢ is odd andj is even,
ds, = [ds.(gs), - ,ds.(1),ds,(0)] € R, and then(Pf);; = 0because thisis across covariance between the

dse = [dgolgs), . dse(l),ds (0)] € R%. nisthe « and g stochastic processes.ilfandj are both odd, then if

dimension of the state variable realization. Because the méa& max(pa, ¢o +2) andj < max(pa, o + 2), then(Py); ; =

surement equation (13) dependsadik), v(k — 1), and¢(k), (Pé‘x))(iﬂ)/&(ﬁl)/?, and otherwise(P}); ; is arbitrary. If4

we require a 3-D measurement equation in the state variabled j are both even, then if < max(p, + 1,¢, + 3) and

realization. Ifps > g3 + 2, thenn = pg and the realizationis j < max(p, + 1,q, + 3), then(P¥); ; = (P((j@))i/Q,j/Qv and
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