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Abstract—A stochastic dynamical system model for describing
time signals that are jointly amplitude (AM) and frequency (FM)
modulated is presented. The signal is assumed to be bandpass,
perhaps originating from a filter bank applied to a broad band
signal, and includes the constraint that the magnitude of the com-
plex base band signal is positive. Motivated by speech processing
and the desire for narrowband modulating signals, time is divided
into frames, and the modulating signals are smoothly interpolated
across each frame. The model allows a detailed characterization
of the bandwidth of the modulating signals and the statistical
character of the measurement noise. An adaptive estimation
algorithm based on extended Kalman filtering ideas for extracting
the modulating signals from the measured signal is described
and demonstrated on both voiced and unvoiced speech signals.
The Cramér–Rao bound on the performance of any estimator is
computed.

Index Terms—AM–FM representations, Cramér–Rao bound,
extended Kalman filter, nonlinear speech models, sinusoidal
speech representation, speech processing.

I. INTRODUCTION

SIGNAL models in which slowly varying AM and FM sig-
nals modulate a sinusoidal carrier have a long history in

signal processing. The simplest such model in discrete time for
the measured signal is

where and are the AM and FM signals, respectively,
is the carrier, and is the sampling period. Three important

issues are models for the AM and FM signals, algorithms for ex-
tracting the AM and FM signals from the measured signal, and
bounds on the smallest error that can be achieved in extracting
the AM and FM signals from the measured signal.

A variety of models have been used for the AM and FM
signals, including deterministic but unknown [12], [13], [17],
[20], [24], [29], [30], [38], [42], [47], polynomial [35], [40],
[41], linear combination of general basis functions [12], and sto-
chastic [12], [25]–[27], [34], [47]. In this paper, we describe
a new stochastic model that combines aspects of polynomial
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models (there is an interpolation between stochastic endpoints)
and stochastic dynamical system models (the endpoints are the
output of a stochastic dynamical system). This model is moti-
vated by sinusoidal representation of speech [16], [31], [33] in
which speech is broken up into frames , and the speech in each
frame is represented as a sum of sinusoids in which the ampli-
tudes, frequencies, and phases of the sinusoids vary in a very
simple way, or not at all, during the frame. In our model, one
frame corresponds to one interpolation interval, and the simple
variation of parameters over the interpolation interval corre-
sponds to the interpolating function.

In some work, the model represents the measured signal it-
self (e.g., [12], [27], [30], [34], [47]), whereas in other work,
the model represents a subband of the measured signal (e.g.,
[8], [17]). In this paper, the model represents a subband, and
the algorithms operate on the corresponding complex baseband
signal [37].

A variety of algorithms for extracting the AM and FM sig-
nals from the measured signal have been proposed based on dif-
ferent types of models for the AM and FM signals. Examples of
algorithms include algorithms based on the Teager energy oper-
ator [7], [17], [18], [36], algorithms based on time-frequency
transforms [3], [24], [41], and algorithms based on recursive
statistical nonlinear filtering [25]–[27], [34]. In this paper, we
describe and use an extended Kalman filter [2, Sec. 8.2] algo-
rithm in parallel with a simple adaptive algorithm for estimating
certain noise variances. Related algorithms have been described
for signals with constant amplitude but time-varying frequency,
e.g., [4], [5], [9].

The primary method for bounding the error that can be
achieved in extracting the AM and FM signals from the mea-
sured signal is the Cramér–Rao bound [12], [13], [20], [35],
[40], [47]. Versions of this bound exist for both deterministic
but unknown parameters and for statistical parameters [44].
In this paper, we compute this bound for a very general class
of models that includes the models we apply to speech. Our
computations include the transient behavior of the estimator
when the system is initialized or, perhaps, reinitialized at, for
example, a voiced-to-unvoiced transition. Similar reinitializa-
tion would be useful in images at, for example, an edge in the
image.

Whereas AM–FM models have been used in two-dimensional
(2-D) problems (e.g., [1], [19], [28]) as well as one-dimensional
(1-D) problems, in this paper, we concentrate on 1-D problems.
However, the models and algorithms we describe can be gen-
eralized to 2-D just like the models and algorithms associated
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with 1-D Kalman filtering can be generalized to 2-D [21], [45],
[46] or 1-D communication models and algorithms can be gen-
eralized to 2-D [22], [23].

The remainder of the paper is organized in the following
fashion. In Section II, we describe the model for the speech
signal, in Section III, we present the estimation algorithm, and
in Section IV, we apply the model and algorithm to the speech
signals. A more general model of the same AM–FM type is de-
scribed in Section V, and for this more general model, we de-
rive an algorithm to compute the Cramér–Rao bound on the es-
timation error of the AM and FM modulations in Section VI. In
Section VII, we use the algorithm to compute the Cramér-Rao
bounds for a complicated example. Finally, Section VIII con-
tains some general remarks and conclusions.

The following notation is used. Let
identity matrix;
zero matrix;

-dimensional zero column vector;
E expectation;

floor function;
Kronecker delta function;
modular operation ( mod satisfies

with an integer and );
transpose.

For any sequence let .

II. M ODEL

Using a bank of bandpass filters with center frequencies,
we divide the input signal into subsignals . We then convert
each subsignal to its complex baseband representation [37]
(using center frequency) with in-phase and quadrature-phase
components and , respectively. Our statistical model is a
model for the and signals. It is based on three signals:

1) amplitude ;
2) instantaneous frequency;
3) phase .

In the following description, several downsampling steps and
the subsignal indexare omitted in order to simplify the nota-
tion.

We model the signals and as the output of a dynam-
ical system. The dynamical system can be described by sample
number or indexed by frame number and within-frame sample
number. Both descriptions have advantages and disadvantages,
and in the following, both descriptions are given, starting with
the description indexed by sample number. The measurement
equation is straightforward.

(1)

where is a zero-mean white Gaussian se-
quence with identity covariance matrix, andis a known posi-
tive constant. The state equation for the phasefollows directly
from its definition:

(2)

where is the instantaneous frequency, andis the sampling
interval. In order to reduce the bandwidth of the estimatedand

signals, we use an unusual dynamical system to describeand
. Both and are modeled as the result of linear interpolation

between stochastic endpoints separated by a fixed interval of
samples under the constraint that the function is continuous at
the endpoints. In the context of speech signals, thesample
window is exactly the traditional idea of a frame. As in speech
signal processing, the user must decide on an appropriate value
of . Picking too small tends to increase the bandwidth of
the and signals, whereas picking too large tends to lead
to less accurate decompositions of the original signal. We could
easily replace the linear interpolation by a higher order spline
but have not found that to be necessary for the speech applica-
tions in which we are interested. In addition, instead of defining

to be the linear interpolation between the endpoints, we
define to be the linear interpolation between the endpoints

. When using a linear interpolation (although not neces-
sarily when using a higher order interpolation), this guarantees
that the amplitude is always non-negative. The computational
and theoretical simplicity and the ability to enforce positivity are
the primary reasons for choosing a linear interpolation method.
Assume that the endpoints of both theand interpolations
form a random walk. With these definitions and assumptions,
the four state equations that define the endpoints for the linear
interpolations of and are

(3)

where and are independent zero-mean white
Gaussian sequences with variances 1, andand are
positive constants. The linear interpolations actually occur in
the state equation (2) and the measurement equation (1) by
use of the definitions

mod

mod (4)

Because of the operations, the system is time varying.
We now describe the same dynamical system again but in-

dexed by frame number and within-frame sample number rather
than by sample number. This simplifies the interpolation equa-
tions substantially but makes the measurement equation and
state equation for more complex. Let index
the frames and index the within-frame sam-
ples. Therefore, . Replace the notation by
and likewise for the other variables. The advantage of the
notation is that and depend only on and that the system
is time invariant. The state equation that replaces (3) is

and likewise for , which is easier to understand than (3) and,
unlike (3), is time invariant. However, the measurement equa-
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tion and state equation forare more complicated than (1) and
(2). Define the interpolating function by

(5)

where . Then,
and . The phase at theth sample in
the th frame, which is denoted by , is the phase at the end
of the previous frame (i.e., ) plus times the sum of
the interpolated frequencies (i.e., ) at the first through th
points in the frame

where

(6)

(7)

and we have used the identity . There-
fore, it is possible to propagate , which is independent of

and is denoted by , by

which replaces (2). Finally, the aggregated measurement, which
includes all in-phase and all quadrature-phase samples in
the frame, is

where is a -dimensional white zero-mean Gaussian
noise process with an identity covariance matrix which replaces
(1).

By shifting to complex baseband processing of bandpass sub-
signals, algorithms for the model described here operate at a
lower sampling rate than those of [27], and furthermore, the
format frequency variables of [27] are no longer required. In
addition, the introduction of the interpolation interval and func-
tion in the model described here, neither of which are present
in [27], makes contact with the ideas of frames and sinusoidal
coders in speech and achieves compression of the information
in the AM and FM modulating signals. Finally, the fact that the
amplitude in the measurement equation is constrained to be al-
ways positive reduces the ambiguity in the separation of AM
and FM and was not used in [27].

III. STATISTICAL ESTIMATION

In terms of the model, the goal of extracting AM and
FM modulations from the observed signal corresponds to
estimating from

, , . Define .
Let , which is a function of , be
the estimate of based on data through time .
Let E be
the mean squared error (MSE). We define as the op-
timal estimator, which is denoted by , that

estimator that minimizes with the result that
E , and the achieved MSE is

E .
It is difficult to compute exactly. However, if was

constant, then (1) is the measurement equation of a frequency
modulated communication system, the extended Kalman filter
(EKF) [2, Sec. 8.2]1 is essentially a phase-locked loop (PLL),
and the PLL is an excellent estimator. Therefore, we compute
the estimates , , and by using the EKF for
this more complicated model. The computational requirements
are minimal; the state equation is already linear, the one-step
state transition matrix (denoted by) is sparse so that multipli-
cation by is inexpensive, and the observation is a 2-D vector
so the one matrix inversion is only of a matrix.

In dynamical systems such as (3), the power in the signals is
determined by the variance of the driving noise. Therefore, in
order to process signals whose power varies over time, it is nec-
essary to allow time variation in the process and measurement
noise variances. Introducing dynamical system models for these
variances is not simple because the variances should be varying
much more slowly than the other dynamical variables (such as

), and furthermore, such additional dynamical models greatly
complicate the estimator because they add a substantial degree
of nonlinearity to the state equations that are otherwise linear
[2]. Therefore, we have instead chosen to estimate the variances
on-line and use the estimated values of the variances in the es-
timator for , , and as if the estimated values were the
true values. For the speech applications in which we are in-
terested, we have achieved adequate performance by allowing

and to vary while keeping fixed. Because and
strongly influence the power in the measurements, we es-
timate them on-line by lowpass filtering the instantaneous mea-
surement power signal with a one-pole filter

(8)

where is raised to the fourth power because is raised
to the second power in the signal and, therefore, to the fourth
power in the instantaneous power. The time variation of the
basic model (1)–(4) and the additional time variation introduced
by the adaptation (8) does not add to the computation burden
because the EKF already must linearize around the current state
estimates at each time.

The result of the EKF are the estimates , ,
and . From these estimates, we can compute recon-
structed in-phase and quadrature-phase signals, which are
denoted by and , by and

, where and are recon-
structions of and , respectively, and we also desire a
reconstruction of that is denoted by . First, consider

1The EKF is a recursive estimator for the state of a finite dimensional non-
linear system. The approach is to linearize the nonlinear system and then apply
the Kalman filter to the resulting linear system. The key point is how to deter-
mine the nominal state around which the linearization is performed. The choice
made in the EKF is to linearize on-line around the current estimate of the state
(for the state equation) and the current one-step-ahead prediction of the state
(for the observation equation).
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. Let . From (3) and (4), it follows that

(9)

and that and
. Using more data to construct

the estimate of a random variable provides a more accurate esti-
mate. However, the only estimates that we can extract from the
EKF (in the absence of state augmentation) are . There-
fore, rather than using , we use

and similarly for the other two terms of (9). Define
. The final estimate is then

.
The situation for is very similar. We need to esti-

mate . In theory, we could use estimates of the type
, where is the covariance from the

EKF. However, we have achieved better performance by drop-
ping the first term and using estimates of the form .
Define . Then, exactly as for

, the final estimate is .
Finally, consider . We could define

since is an EKF output. However, the EKF does not con-
strain the estimates it computes to satisfy the condition that
phase ( ) is the integral of instantaneous frequency (). In the
speech applications of interest to us, it has been possible to
achieve better performance by at least locally (i.e., within one
frame) maintaining the fact thatis the integral of . Therefore,
at the beginning of each frame, we setequal to , and to com-
pute the remaining samples in the frame, we integrate. Define

. The estimate is

The adaptation of the variances and the need to relate ,
, and to estimates of the interpolated amplitudes,

frequencies, and phases are the major differences between the
estimator described here and the estimator of [27]. For ease of
reference, we refer to the adaptive extended Kalman filter for the
AM–FM model of the output of the filter bank (see Section II)
as the AEKF algorithm.

IV. REPRESENTATION OFSPEECHSIGNALS

In this section, we demonstrate the result of applying the
AEKF algorithm to speech data and compare the results with
three alternative algorithms. The alternatives are the DESA-1
algorithm [29, eqs. (107)-(108)], which is a single-formant ver-
sion of the MBDA algorithm [27], and the classical bank-of-fil-
ters algorithm [39, Sec. 3.2]. In the bank-of-filters algorithm the
signal is passed through a nonlinearity and then a lowpass filter
to provide an estimate of the instantaneous amplitude. We use
the absolute value nonlinearity and a low pass filter with band-

width equal to the signal bandwidth. Note that this algorithm
does not provide an estimate of the instantaneous frequency.

The data is the sentence “Tim takes Sheila to see
movies twice a week.” from the TIMIT database [11,
/timit/train/dr1/fcjf0/sx397.wav, ]. Note that this sentence
includes both voiced and unvoiced intervals, unlike the speech
used in [27], which is purely voiced. The bandpass filter
used to generate the subsignal used here has a passband of
2080–2200 Hz.

There are several differences between the results of the
AEKF (Fig. 1) and MBDA (Fig. 2) algorithms. The am-
plitude estimates from AEKF are always positive, whereas
those of MBDA can be negative. This is important since
the complex baseband approach implies that the amplitude
is positive. While taking the absolute value of the MBDA
amplitude (see Fig. 3) gives a signal similar to the AEKF
amplitude, it is not clear how to make the corresponding
adjustment in the MBDA instantaneous frequency estimate
so that the reconstruction is still accurate and the bandwidth
of the instantaneous frequency estimate is small. Define
the normalized mean squared error for the in-phase signal
by and
likewise for . The AEKF algorithm provides estimates that
result in reconstructions with better mean squared error than
does the MBDA algorithm: and
versus and .

The major difference between the results of the AEKF (Fig. 1)
and DESA-1 (Fig. 3) algorithms is that the DESA-1 estimate of
instantaneous phase, even after post processing with an 11 point
median filter [29, Figs. 5–7], is noisier. One reason for this may
be that the 2080–2200 Hz frequency band in this sentence is
primarily fricative in character rather than being dominated by
a formant.

Finally, comparing the results of AEKF, MBDA, and DESA-1
algorithms with the result of the classical bank-of-filters algo-
rithm (Fig. 3), we see that the classical algorithm gives a similar
result, which is an encouraging check. Note, however, that the
classical algorithm does not produce an instantaneous frequency
estimate. In summary, the AEKF algorithm produces estimates
that, at least in some circumstances, seem superior to some other
algorithms without dramatically increased computation.

V. GENERAL MODEL

In the speech application (see Section II), we use a simple dy-
namic stochastic model for the interpolation endpoints
and , specifically, a first-order AR process. In this sec-
tion, we describe a general model where the endpoints are de-
termined by ARMA processes. In Section VI, we compute the
Cramér–Rao bound for this general model.

Unlike the simple model in Section II, the general model is
described only in terms of the frame numberand the within-
frame sample number so that the model is
time invariant which is convenient for the Cramér–Rao bound
calculations (see Section VI).

The interpolated values of the amplitude and frequency at
the th sample ( ) in the th frame, which is
denoted by and , respectively, are given by
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Fig. 1. Results from the AEKF algorithm. In the first pair of figures, the original and reconstructed signals are shown with solid and dashed curves, respectively.

and , where
was defined in (5). The phase at theth sample in the th

frame, which is denoted by , is the phase at the end of the
previous frame (i.e., ) plus times the sum of the in-
terpolated frequencies (i.e., ) at the first through th points
in the frame

where and were defined in (6) and (7). Finally, the aggre-
gated measurement before the addition of noise is

In order for the pairs (i.e., in-phase and quadrature-phase)
of the components of the measurement vector to have the
same and values in the following equations, the floor
function is used in the index of, , and . The complete model
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Fig. 2. Results from the MBDA algorithm. In the first pair of figures, the original and reconstructed signals are shown with solid and dashed curves, respectively.

is ( )

(10)

(11)

(12)

(13)

(14)

odd
even

(15)

where , , and are inde-
pendent zero-mean white Gaussian stochastic processes with
covariances 1, 1, and , respectively; ,

, and , . The initial conditions on
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Fig. 3. Results from the MBDA, DESA-1, and Classical algorithms.

the process, the initial conditions on the joint
process, , and are independent of each other and
jointly Gaussian. Precise specification of the initial conditions
on the process (mean and covariance ) and jointly
on the and processes (mean and covariance )
is done via state variable representations in Appendix A.

VI. CRAMÉR–RAO BOUND

Let be a vector nonlinear AR process and be a se-
quence of vector measurements. Application of the standard
Cramér-Rao bound [6], [10], [14], [15], [32], [43], [44] to the
entire trajectory of the nonlinear AR process gives the
basic bound used in [6], [10], and [14]. Define the trajectory
error covariance with blocks

given by . Define the
Fisher information matrix by, under appropriate regularity as-
sumptions, , where is
the joint pdf on the and trajectories. Then, since is unbi-
ased, the standard multivariate CRB is , where

means positive semidefinite. The estimation error at timeis
; therefore, the desired CRB is

(16)

There are two difficulties in applying (16). The first difficulty
is that for a long trajectory, the matrixis large, and it is difficult
to compute . This problem is circumvented in [6], [10], and
[14] by finding a linear Gaussian system that has the same Fisher
information matrix as the nonlinear system of interest. (An alter-
native method is described in [43]). The linear Gaussian system
used here and in [10] is ath-order AR process and an observa-
tion equation where the observation at timedepends on the AR
process at times, . This system can be trans-
formed by state augmentation into a linear Gaussian state-vari-
able system. In the state-variable system, can be com-
puted exactly and without excessive computation by the Kalman
filter, and furthermore, the CRB is satisfied with equality so that
the known value of is the desired bound on the perfor-
mance of any estimator for the nonlinear system. The second
difficulty is that the computation of requires computation of
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expectations. The approach of [6], [10], and [14] still requires
such computations, but the approach organizes the computa-
tions so that they involve only the nonlinear AR process (i.e.,
not also the observation equation). In the problem considered
here, the nonlinear AR process is actually linear so that these
computations can be done analytically.

In order to use the methods of [10] to compute the
Cramér–Rao bound, it is necessary to replace (10)–(12) by a
vector autoregression process with a full-rank process noise
covariance and make related changes in (13). Specifically, it is
necessary to write the system in the form

(17)

(18)

where (17) holds for , (18) holds for
, , and are full rank; , , and the

initial condition are independent
and Gaussian with means, , and , respectively, and co-
variances , , and , respectively. Then, the linear Gaussian
system that is used for comparison is a special case of the non-
linear system with

(19)

(20)

and , where , , , , and
must be determined. In the problem described in this paper, we
will find that the dimensions of and in (17) and (18) are and

, respectively. The theory in [10] requires these dimensions
to be equal; therefore, we augmentwith unobserved compo-
nents. The comparison system (19) and (20) that results from the
theory of [10] then has and , both of dimension . How-
ever, only two of the components are observable, and only two
of the components depend on. Therefore, we can reduce the
dimensions of both and to 2, and it is this smaller system
that we describe in this paper.

A. Transformation to Standard Form

We transform (10)–(15) to the form of (17) and (18) in four
steps. The first step is to rewrite the ARMA process as an
AR process, which is denoted by and defined by

(21)

which drives an MA process that is defined by

(22)

which can be incorporated into the measurement equation (18).
This transformation was already used in Appendix A, and the
initial condition on is given as an initial condition on .

The second step is to define a scalar AR process from
which both and can be reconstructed by using to
drive two MA processes. This can be done by expressing the
transfer function from to and in the form

where indicates transform. Multiplying out the polynomials
leads to the definitions

otherwise

(23)

otherwise

(24)

otherwise

(25)

and the time domain equations

(26)

(27)

(28)

where (27) and (28) can be incorporated in the measurement
equation (18). The initial condition on is determined in Ap-
pendix B.

After the first two steps, (13) is replaced by

(29)

Equations (14), (15), (21), (26), and (29) define an intermediate
system. The third step is to express the right-hand side of (29) as



2308 IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 48, NO. 8, AUGUST 2000

a function of and rather than as a function of functions
of and . For , define

otherwise

(30)

In order to have notation that easily incorporates the pres-
ence of both an in-phase and a quadrature-phase mea-
surement at each sampling time, let and

for . Then, elemen-
tary calculations show that (14), (15), and (29) can be replaced
by ( )

(31)

(32)

odd
even

(33)

The fourth step is to define ,
, ,

, diag
, and .

Finally, extend the definition of in (33) to negative times
( ) by setting

(34)

With these definitions of , , , , and , (17) and
(21), and (26) are equivalent. Furthermore, after replacing
by and by in (31)–(34), the resulting equa-
tions and (18) are equivalent.

B. Calculation of the Expectation of Moments of, , and
Their Gradients

Now that the system is in the standard form of (17) and (18),
we compute the Cramér–Rao bound by the method of [10]. The
calculations are simplified by two facts: Because the state and
measurement noises are uncorrelated (in the notation of [10],

), it follows that a formula for E is not re-
quired. Because is deterministic, there is no need to
compute its moments.

If , then define to be the matrix with
components defined by . For later use, define

(35)

(36)

(37)

The facts that ,
, and ( ) will

be important in the derivation of (42)–(44). The first step [10]
to compute the Cramér–Rao bound is to evaluate and

with the results that and

...
...

(38)

where

odd
even

(39)

odd
even

(40)

The second step [10] is to compute the expected value of

(41)

The summands in (41) are

odd
even

odd
even

odd
even
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Therefore, the components of (41) are

(42)

(43)

(44)

In order to compute the expectation of (42)–(44) [and,
thereby, (41)], we define

E (45)

E (46)

which can easily be computed from (10). The stochastic pro-
cesses , , and are jointly Gaussian. Further-
more, is independent of , but and

are dependent. Using (45), (46), (36), and (37), we have

E

(47)

E

(48)

where Gaussian moment factoring [44, p. 229] was used.
Define E with components

E

(49)

where , and . By (34), it follows
that for . From (43), we
immediately have that for all . Finally,
using (47) in (42) determines and using (48) in (44)
determines . In both of these calculations, there is a
sum over the index that can be done analytically with the aid
of analytical formulas for ( or ), but the
resulting formulas are too complicated to be included here.

Fig. 4. Algorithm for the computation ofC . The control structures are
written in the C programming language. The notation indicates matrix
square roots [R = R R ,R

:

= R ].

C. Determination of the Linear System of (19) and (20)

After extensive computations to evaluate (5)–(8) and
(10)–(16) and [10] followed by dimensional reduction [as
described following (20)], we find the following results. It
is sufficient to choose a comparison system [(19) and (20)]
with parameters , , , and

, where the function is described

in Appendix C. cannot be computed explicitly
but, rather, is the solution of (17) and (18) in [10], which can
be solved by the following algorithm. Define

(50)

Then, is determined by the algorithm shown in Fig. 4. Once
, , , , and have been determined, then the

state augmentation and Kalman filter computations needed to
determine the bound are standard [2].

is diagonal, and therefore, is diagonal, and therefore,
is also diagonal. For this reason, the algorithm of Fig. 4

can be run independently on the scalar diagonal elements of
and . The fact that the amplitude and phase variables

become uncoupled in the Cramér–Rao bound is not unexpected
because of the following.

1) Both in-phase and quadrature-phase measurements are
made.

2) The noise variances on the in-phase and quadrature-phase
measurements are equal, and the correlation coefficient is
zero.

3) The state equations for amplitude and phase variables are
uncoupled.

Exactly the same behavior occurs in the following simple
static problem: Let be Gaussian with mean

and covariance diag .
The goal is the estimate based on measurements

and . The resulting
Fisher information matrix [44, p. 84] is

diag

which has the same diagonal structure that is present in the cur-
rent problem.



2310 IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 48, NO. 8, AUGUST 2000

Fig. 5. Cramér-Rao bounds as a function of time fora(�) and�(�).

Since , , and are related by FIR filters to and
, any second-order statistic (i.e., the Cramér–Rao bound)

that applies to and can be transformed into the cor-
responding second-order statistic that applies to, , and

.

VII. A PPLICATION OF THECRAMÉR-RAO BOUND

The Cramér-Rao bound (see Section IV) applies to the model
of Section V that is much more general than the speech model
of Section II. In order to demonstrate the generality of the
Cramér–Rao bound algorithm and our software2 for computing
the bound, we apply it to a model in which is an ARMA
model with and whose frequency response
is lowpass with digital frequency cut-off , and is an
ARMA model with and whose frequency
response is lowpass with digital frequency cut-off . Both
ARMA frequency responses are generalized Butterworth filters
that were designed with the algorithm in Matlab. The
resulting Cramér–Rao bounds, which are functions of time, are
shown in Fig. 5. Notice the prominent initial transient, which
is important since we envision reinitializing these methods
frequently at, for example, an unvoiced to voiced transition in
speech or an edge in a texture segmentation of an image.

VIII. D ISCUSSION

In this paper, we

1) proposed a stochastic dynamical system model for the
complex baseband representation of AM–FM signals,
which describes the signal in terms of frames that are
modeled on the frames used in speech processing;

2) proposed an adaptive nonlinear estimator for extracting
the AM and FM modulating signals, which requires very
modest amounts of computation;

3) demonstrated the approach of 1) and 2) on a speech
signal;

2See http://www.ece.purdue.edu/~doerschu/4SPpaper.README.html for
the software used in this section.

4) computed the Cramér–Rao bound on the estimation error
variance performance of any estimator for extracting the
AM and FM signals in the general class of model pro-
posed in 1).

The model [Item 1)] pervades all aspects of the work.
There are several aspects of the amplitude part of the model

that deserve further comment. Ideally, we would like to have
a dynamical system for a positively-constrained amplitude. For
instance, a positively-constrained amplitude might be one com-
ponent of the state. It is difficult to propose such a model, espe-
cially if the dynamical system is driven by an additive noise. For
that reason, we proposed a dynamical system for the square root
of the amplitude and then squared the output of the dynamical
system in the measurement equation. This squaring operation
interacts with the interpolation operation: square the interpo-
lated values versus interpolate the squared values. We choose
to interpolate the squared values because squaring the interpo-
lated values can lead to cusps in the amplitude function at the
frame boundaries, and such cusps increase the bandwidth. In
this paper, we have only considered linear interpolants. It is pos-
sible to get smoother and, therefore, lower bandwidth signals by
using higher order interpolants, but it is harder to guarantee that
the interpolated amplitude will be positive. This squaring oper-
ation interacts with the Cramér–Rao bound. If the initial con-
dition on is zero, then the conditional probability density
on the trajectory given the measurements is symmetrically
bimodal: For any trajectory, the value of the probability for that
trajectory and for the negative of that trajectory are equal. If the
initial condition on is nonzero, then the probability density
is not symmetrically bimodal, but for a stable model, the initial
condition decays to zero exponentially in time, and therefore,
the probability density is asymmetrically bimodal. The bimodal
character need not hurt the performance of a nonlinear filter but
does distort the Cramér–Rao bound since if most of the proba-
bility is concentrated in the regions and , then the
Cramér–Rao bound will give a standard deviation on the order
of , whereas a filter could have a typical error in estimating

on the order of .
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In this paper, we propose a statistical parametric approach
to AM–FM modeling and processing. An advantage of this ap-
proach is that it allows the characteristics of the modulating
signals (e.g., bandwidth) and the measurement noise (i.e., vari-
ance) to be precisely described. Furthermore, the characteristics
of the signals and noise imply optimal (typically impractical)
processing and bounds on the performance achievable with any
processing so that practical suboptimal processing can be com-
pared with an absolute standard.

APPENDIX A
STATE VARIABLE REPRESENTATIONS OF THEARMA SYSTEMS

First, consider the amplitude ARMA process (10). Assume
that and that . Assume that the poly-
nomials in defined by and
have no common factors. Define

, , and
. is the dimension of the state variable realiza-

tion. Because the measurement equation (13) depends on both
and , we require a 2-D measurement equation in

the state variable realization. If , then , and
the realization is

...
...

(51)

... (52)

whereas if , then , and the realization is

...

... (53)

... (54)

Make the obvious definitions of , , , and to get

(55)

(56)

The initial condition (mean and covariance ) is on
.

Now, consider the instantaneous frequency ARMA
process (11). Assume that and .
Assume that the polynomials in defined by

and have no common
factors. Define ,

, and
. is the dimension of the state variable

realization. Because the measurement equation (13) depends
on both and , we require a 2-D measurement
equation in the state variable realization. If ,
then , and the realization is analogous to (51) and
(52) with replaced by and replaced by , whereas
if , then , and the realization is
analogous to (53) and (54) with the same replacements. Make
the obvious definitions of , , , and to get

The phase AR process (12) has the realization

The instantaneous frequency and phase state variable systems
can be combined. Let be the first row of . Then,

=
+ = +

+ = +
. Therefore

Make the obvious definitions of , , , and to get

(57)

(58)

The initial condition (mean and covariance ) is on
.

APPENDIX B
STATE VARIABLE REALIZATION USING AND AND

The first step is to realize as the output
of a state variable system where the state is composed of lagged
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versions of . We have already assumed in Appendix A
that and and that the polynomials
in defined by and have
no common factors. Define , ,

, ,
, and

. is the
dimension of the state variable realization. Because the mea-
surement equation (13) depends on , , and ,
we require a 3-D measurement equation in the state variable
realization. If , then and the realization is

...
...

...

whereas if , then , and the realization is

...
...

...

Make the obvious definitions of , , , and to get

(59)

(60)

We now compute the initial condition (mean and
covariance ) on . Let and be as im-
plied by (57) and (58). Define and to be the
second and third rows of , respectively. Let and

be as implied by (59) and (60). Define and
to be the second and third rows of , respectively. De-

fine ,

, and .
Then, computing the response to just the initial condition, we
have
so that . Therefore, the

mean and covariance of are and
, respectively.

APPENDIX C
INITIAL CONDITION ON

is constructed from and . Indicate components
by . If is even and is odd or if is odd and is even,
then because this is a cross covariance between the

and stochastic processes. Ifand are both odd, then if
and , then
, and otherwise, is arbitrary. If

and are both even, then if and
, then , and

otherwise, is arbitrary.
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