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3-D Image Reconstruction from Averaged Fourier
Transform Magnitude by Parameter Estimation

Yibin Zheng, Member, IEEE,and Peter C. Doerschukjember, IEEE

Abstract—An object model and estimation procedure for three- crystal x-ray diffraction or cryo-electron microscopy, can study
dimensional (3-D) reconstruction of objects from measurements the dynamics of viruses, e.g., the disassembly of the virus

of the spherically averaged Fourier transform magnitudes is : ; ; ;
described. The motivating application is the 3-D reconstruction of particle during the process of infecting a new host cell.

viruses based on solution x-ray scattering data. The object model In particular, the rfalcent availability of intense SynChrOtron_
includes symmetry, positivity and support constraints and has the Sources and sensitive low-angle x-ray detectors makes it
form of a truncated orthonormal expansion and the parameters possible to collect a complete data set in a time on the order
are estimated by maximum likelihood methods. Successful 3-Dre- of 100 ms and from sequences of such data sets it is then
constructions based_on _synthetlc and gxperlmental measurementspossible and of great interest to compute a motion picture of
from Cowpea mosaic virus are described. . -
_ _ _ the virus dynamics.
_ Index Terms—Fourier transform magnitude, image reconstruc-  There is a tremendous range of virus structures. This paper
tion, virus, x-ray scattering. considers the so-called “spherical viruses” which are viruses
with a shell of protein (the so-called “capsid”) surrounding
|. INTRODUCTION an inner core of nucleic acid. The diameter of the entire

N THIS paper we describe object models and algorithms fBR"tcle IS 107-10° A. The capsid is “crystalline” in the
I the three-dimensional (3-D) reconstruction of objects bas&f"S€ that it 'S constructed f_rom many r_epetl_tlons of the
on measurements of the spherical average of the magnitud@Ne Polypeptides and the entire capsid is invariant under the
squared of the Fourier transform of the object. The motivatifgtational symmetries of the icosahedron. _
application is the 3-D reconstruction of viruses based on x-rayBecause of the limited amount of data, only low resolution
scattering from solutions of the virus particles in which cadgconstructions can be achieved and use of all available
the object is the electron density in the virus particle. Averag@iori knowledge about the particle is crucial. We approach
Fourier transform magnitude measurements also occur in fibS reconstruction problem by proposing a low-resolution
diffraction problems [1], though the averaging is cylindricaP@rameterized model of the particle, combining this model
rather than spherical, and similar ideas can be used for th4th the physics of the measurement, and solving a parameter
problems. estimation problem. _ _

The amount of information in the solution x-ray scattering MOSt current algorithms for 3-D reconstruction from so-
data is limited. In particular, because of the spherical averddlion x-ray scattering data produce reconstructions that have
ing, the data is one-dimensional (1-D) even though the gcgj{ply radlal and no qngular dependence for the ellectr.on density
is a 3-D reconstruction. In addition, the data is a strongfﬁ”cuon [2], [3]. This was a reasonable approximation when
nonlinear function of the structure of the virus particle. I§1€ reconstruction is done using presynchrotron data but now
spite of these problems, solution x-ray scattering experimel§@" Pe improved on. Another approach [4] includes angular
are of interest for several reasons: first, crystallization of d¢Pendence but has a limited type of radial dependence: the
virus is difficult and may, for a particular virus, be impossiblegléctron density is assumed to be piecewise constant with
Second, the structures resulting from solution x-ray scatterifi$jO regions, core and capsid, and the reconstruction problem
data will be useful as starting points for reconstructions #f€n amounts to determining the surface between the core
high-resolution structures from high-resolution crystal x-ragnd inner edge of the capsid and the surface bounding the
diffraction data. Third, solution x-ray scattering, unlike singleouter edge of the capsid. Our goal in the present paper is to

compute reconstructions in which there is arbitrary radial and
angular dependence.
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are described in Section VI and the models, algorithms, and
results are discussed in Section VII.

Il. THE SCATTERING MODEL

Because the particles in the solution are randomly positioned
and randomly rotated, the standard model [5] for the solution
X-ray scattering is that the measured intensity is the spherical
average of the magnitude-squared of the Fourier transform
of the electron density in one particle. Let the electron den-
sity in one particle, its Fourier transform, and the measured
intensity be denoted by(x), P(k), and I(k), respectively.
Without additional complicationg(x) can be complex. Then
the standard model is

1 .
Pk) = W /p(x) exp (—ik?'x) d*x 1)
1 . Eig. 1. I_cosahedron. One symmetry axis of each type—two-, three-, and
I(k) — = |P(k)|2 dQy ) fivefold—is shown.
47

where [ df’ denotes integration over solid angles in Fourigtnd the minimum and maximum radii for the region in

space k = (k, €', ¢')] which, in spherical coordinates, isWhich p(x) may be nonzero, it is natural to use spherical

f2,7r_0 077_0 sin ¢ d¢ d¢'. Notice that the datal(k), is one- coordinates in both objeck[= (r, 9,_(7))] and Fourier spaces

dimensional. [k = (k, ¢, ¢)]. In order to easily compute the Fourier
(x) to P(k), it is natural to describg(x)

In order to gain some intuition about the solution x-rajfansform relating

scattering data, it is worthwhile to consider a crude mod8f an orthonormal expansion where the angular functions are
of a virus in which the virus is a solid sphere of radiy@armonic. We first discuss the angular functions and then the

& and electron densityy. The solution x-ray scattering radial functions.

pattern from such a particle, denoted k), is Io(k) =
(2/7) [poggjl(kgo)/(kgo)]? wherej; is thelth order spherical _ _
Bessel function of the first kind [6, Eq. 16.9], and the envelope Because of the icosahedral constraint, a natural approach

A. Angular Functions

of its asymptotic behavior, denoted dy(k), is for the angular functions is to use icosahedral harmonics
B 9 [5], [9]-[12], which are denoted b¥; ,.(, ¢). The two key
To(k) = Z[po&d (k&) (3) properties of thel; ,, functions are that every weighted sum
™

_ _ _ of 17 ,, functions is a function that has icosahedral symmetry
Therefore, the fundamental behavior 6fk) is to decline and every smooth icosahedrally symmetric function can be

as1/k*. expanded as a weighted sumif,, functions. It is standard to
require the additional properties that thg,, functions are real
[ll. THE PARTICLE MODEL valued and orthonormal. An examglg ,, function is shown
The particle has three characteristics that we wish to incdp-Fig: 2. The standard approach to icosahedral harmonics is to
porate into the model. describe them as a linear combination of spherical harmonics

1) Icosahedral constraing: has icosahedral symmetry, tha{denoted byY2, m (8, ¢)],

is, p(R;'x) = p(x) for all x € R® (R are the real +
numbers) angd = 0, - --, 59 whereRg € R3*3 is the Ti,n(0, ¢) = Z bt n,m Yo, m(6, ¢) 4)
orthonormal matrix representing thitth rotation of the m=—1

icosahedral group [7], [8]. The icosahedron (Fig. 1) i&1 which case the key is to determine the,_ ., coefficients.
constructed from 20 equilateral triangles and has thréer the values of used in this paper, the values of the,_ .,
types of symmetries: fivefold axes where five trianglesoefficients are known [5], [9]. Using new methods [7], [8],
meet, threefold axes through the center of each trianglee have, however, extended this work and determined explicit
and twofold axes at the midpoint of each edge betweexact values for thé; ,, ,,, coefficients for arbitrary indices.

two triangles. Let p(x) be real and icosahedrally symmetric. Then the
2) Support constrainty(x) = 0 for |x| < R_ and|x| > expansion ofp(x) in icosahedral harmonics and the solution
Ry, x-ray scattering/ (k) due top(x) are
3) Positivity constraintp(x) > 0 for all x € R3. oo Ni—1
In addition, it is desirable to analytically comput&k) from o(r, 8, ¢) = Z Z A o (r)T1, (6, &) (5)
p(x) and I(k) from P(k) since these are 3-D and 2-D 1=0 n=0
integrals, respectively. 1 &2 Nt
Because of the spherical averaging in the measurement I(k) :EZ Z ain(k) (6)

process, the icosahedral symmetry (a rotational symmetry), 1=0 n=0
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where h; (k) is the spherical Hankel transform &f; ,(r).
From Parseval's relation for spherical Hankel transforms
it follows that orthonormality of H; ,(r) for fixed I,
ie., [ Hyp(r)H] ,(r)yr*dr = 6&,,, implies the same
orthonormality ofk; (k) for fixed I. The functionsH; ,(r)
must be selected to achieve three goals, as follows.
1) H ,(r) = 0for » < R_ andr > R,, since this
Fig.2. Suface plot of icosahedral  harmonic Tio o(%. 6) condition is equivalent to the support con_stralnt_.
=896 313600 P10. o (cos 8)+27 360Py0. 5(cos 8) cos 56-+Pro. 10(cos 8) 2) The functlor}sHljpl(r) are orthonorr_nal for f|xe_d since
cos106. orthonormality will lead to superior behavior in the
numerical algorithms.
3) The spherical Hankel transform df; ,(r) can be ef-
ficiently computed since this is equivalent to efficiently
computing the 3-D Fourier transforfi(k) of p(x).

One method to achieve all three objectives, including ana-
5 oo Iytical rather than only efficient computation of the spherical
ar, m(k) = \/j / Ay (P)ga(Fer)r? dor. (7) Hankel transform ofd; ,(r), is to defineH, ,(r) to be certain
T Jo linear combinations of spherical Bessel functions of order
[ which can be shown to achieve Goals 1 and 2 based on

Note that the finitex sum in (5) is not due to truncation for gy, m ) joyville theory [14, ch. 7]. Note that the behavior of

prgctlcal numerical reasons but rather due tq the f|n|te_ numq%rp(k) plays an important role in experiment design because
of icosahedral harmonics of ordér Any choice of weights

) , ) ) it is necessary to determine whidl, p) contribute to the
in (5) leads to ap(r, ¢, ¢) which exhibits the icosahedral ,oasured data over what rangekofFor instancely, (k) ~ 0
symmetry, i.e., the weights are unconstrained, and for Ml & ~ 0.11. o’
smooth icosahedrally symmetrig(x) there exists a set of
weights such thap(x) can be expressed according to (5).
Not only does use of thd; (6, ¢) allow the weights _ _ _
A n(r) to be unconstrained and real, but it also dramat- The representation ofp(x) by icosahedral harmonics

ically reduces the number of weights that must be es#i (¢ ¢) and radial functionsd; ,,(r), i.e.,

where 4; .(r) = [p(r, 8, ¢)T1,.(0, ¢)dQ are real since
p(r, 8, ¢) andT; (0, ¢) are real and where; (k) is the
spherical Hankel transforhof Ap m(r), e,

C. Summary

mated from the data. For a particular ordgrlet N; be oo Ni—1 oo
the number of icosahedral harmonics afd = 20 + 1 p(x) :Z Z ¢t n.pHi, p(r)Th (6, ¢) )
be the number of spherical harmonics. Fird; = 0 for =0 n=0 p=1

I e {1-5,7-9,11, 13, 14, 17, 19, 23, 29}, i.e., for these . q b ;
values ofl there are no icosahedral harmonics and so tH/€S @ one-to-one correspondence between sets, Qfy

corresponding weights drop out of the problem. Second, fpefficients and fun(_:tionss)(x) that satisffy. the icosahedral
any!l, N, is dramatically smaller than; [10]. For example, and support constraints. Furthermore, it is easy to compute
the number of linearly independent spherical harmonics withe Selution x-ray scattering intensity (8). The only constraint

[ < 30 is 900, whereas the corresponding number of Iinear%rI _p(x_) thgt is not i_ncorpo_rated is the positivity constraint,
independent icosahedral harmonics is just 15, a reduction ich is discussed in Section V-B.
a factor of 60, which is the number of symmetry elements in

the icosahedral group. IV. UNIQUENESS
An important question is whether the measurement(af
B. Radial Functions for the idealized rangé < k < oo determines a uniqug(x)

or whether many different(x) lead to the samé(k). This is
rEomplicated question because of the nonlinear nature of the

easurement process and because of the modeling restrictions

at are imposed op(x).

Considerp(x) satisfying the icosahedral constraint. Then,

without loss of generality,o(x) can be represented by a

weighted sum of icosahedral harmonics (5) whereAhe, ()

_ 'LetUy(2) be a cylindrical Bessel function. Since the corresponding sphefynctions are unconstrained. Addition of the support constraint
ical Bessel function:, (=) is defined byu, (=) = (7/(22))'/2U, 11/5(2), (x) is equivalent to a support constraint oty ,,(r)
the spherical Hankel transform can easily be derived from the stand&f P(X q pp \T )

cylindrical Hankel transform [13, p. 944, Egs. 8.3.64 and 8.3.65]. specifically, 4; .(r) = 0 for 0 < < R_ andr > R, and

We now describe the radial functions used for the expansi
of A; ,(r). Because the spherical Hankel transform depen
on !, it is convenient to use different sets of basis functioqﬁ
for different values ofl. The basis functions and weights are
denoted by, ,(r) ande; ., ,, respectively, so that; ,,(r) =
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for all I andn. In either case, the key result is that orthogonalectrons must be confined to an atomic-sized volume. In
linear combinations im for fixed [ of the A; ,,(r) functions the solution scattering case, the resolution goals are much
lead to identicall(k). More specifically, letQ; € RN >N lower so the volume containing the added electrons can be
be an orthogonal matrix with elemenys,, . Then, because much larger and therefore the number of electrons added can
the spherical Hankel transform depends lobut not onn be much greater. For instance, in cryo-electron microscopy,
and becaus€); is independent of, it can be shown that the calculations have been done where the added electrons take
solution scattering of a structuggx) with weightsA4; ,,(r) is the form of an antibody fragment (e.g., [15]). Experimental
identical to the solution scattering of a structyréx) with techniques for adding organo-metallic gold clusters have also
weights 4; . (r) = Zf:‘?;ol @, n.n A (). Therefore, the been developed [16].
weights cannot be uniquely reconstructed from the solutionLet p(x) and p'(x) be the electron density in the original
x-ray scattering data. virus and the modified viruses, respectively. Then, because
Now assume thai(x) also satisfies the positivity constraintthe modification does not deform the virus but rather adds
Then it is important, but difficult, to determine wheth#(x) an additional icosahedrally symmetric impulse of charge,
will satisfy the positivity constraint as a function of the choic@’(r, 8, ¢) = p(r, 8, ¢) + QA(6, ¢; 6o, ¢o)5(r — 10)/7*
of Q;. Both situations occur. For instanc®; = —Ix, (I, Wherexy = (79, 6o, ¢o) is the location (initially unknown) of
is then x n identity matrix) leads tq’(x) = —p(x) which the added electrons in one asymmetric unit of the icosahedral
obviously disobeys the constraint. Howeve€); = (—1)'Iy, group, @ is the amount of added charg&(6, ¢; 6o, ¢o) is
leads top’(x) = p(—x) (inversion through the origin, which an icosahedrally-symmetric delta function [7], af(d) is the
is not in the icosahedral group) which obviously obeys thgsual delta function. In the following equations, primed and
constraint. More generally, the choice ); interacts with unprimed variables refer to the modified and unmodified virus,
the details ofp(x) [i.e., the details of4; ,(r)] to determine respectively. It is straightforward to compute thé, (r) =
whethery/(x) will satisfy the constraint and we are unable tod;, (1) + QT (6o, ¢0)8(r — r0)/r* @and ¢} ,, , = Ci,n,p +

make further analytical statements. QG n, p(X0) Where( ., p(x0) = 13, n (6o, do0)Hi, p(r0)/ 71, p-
In the presence of icosahedral symmetry, this ambiguity is
actually not as great as it seems.Nf = 1 thenQ; = +£1. V. STATISTICAL ESTIMATION

Furthermore (Section IlI-A),N; = 0 or 1 for I < 30 and

N =0 fifteen times. Therefore, reconstructions_ includirj'g ag\_ Measurement Model

harmonics up through= 29 can be computed with onIg'?

discrete ambiguities of whick!* are related to the second, Let ¢ denote the set of unknown parametes,, . Let

214 by inversion through the originp( (x) = p2(—x)). In the 1(k; c) denote the solution x-ray scattering which would result

absence of icosahedral symmetry, thEnis replaced byps, from a particle with parameteks[(8) with the notation/(%)

andM; = 21+ 1 > 1 for all I > 0 so the ambiguity is great replaced by the notatiod(k; c) in order to emphasize that

even for low! reconstructions. In the presence of icosahedrlis is the predicted value of the solution x-ray scattering if

symmetry, an additional qualitative statement can be mad@e particle had parametet} Let the measurements be taken

Assume that the series is truncated at 30 so theQ; = +1. atk = k; for j = 1,---, J. o

Becausely, (6, ¢) = Yo,o(f, ¢) = 1/v/4x > 0 for all values There are two sources of uncertainty in the measurements.

of 6 ande¢, it is possible to havel, o(r) sufficiently larger than The Poisson counting statistics of the photon arrivals and

Ay n(r) for I > 0 such that all choices of; for 1 <1 < 30 instrumentation errors including errors such as fluctuation in

lead to p(x) which do not violate the positivity constraint.p€a@m intensity and photon energy. In addition, the failure

Only A, o(r) can dominate the problem in this sense becaugk the standard model described in (1) and (2) to accurately

of all the T; . (6, ¢), only Tp o (6, ¢) is positive for all values represent the physics of the experiment due, for instance, to

of # and ¢. correlations between the particle positions and orientations in
Motivated by the isomorphous replacement method [1] &pe solution, can be treated as a third noise source.

macromolecular single-crystal x-ray diffraction, we propose a The data used in Section VI is from a film detector and so is

novel experiment which we show (Section VI) results in datgtensity rather than photon count data. ligte the intensity

from which the Q; matrices can be estimated. Isomorphod§'easured at scattering angle We describe the intensity data

replacement involves comparing several diffraction pattern¥ith @ Gaussian model in which the different measurements

One pattern is from a crystal made from the molecule &f; versusl; with j # j') are independent. Therefore, the

interest and the additional patterns are from crystals ma@@gative log-likelihood function, denoted kyc), is

from chemical derivatives of the molecule of interest where (@) = —lnp({l;:j=1, -, J}c)

the derivatives are the addition of heavy metal atoms which ; I T

have many electrons and therefore are strong scatterers and 1 s 12, 2 2

which, ideally, do not alter the 3-D structure of the molecule. T2 Z (L = £(kj; @) /o5 +2woj]}. - (10)

We propose to use the same approach in solution x-ray =t

scattering. In the single-crystal diffraction case, the number of There are several sources of information for chosing the

electrons that can be added by making a derivative is limitedriance of the intensity data (i.er.f). If instrumentation and

to the number of electrons in a heavy metal atom becausedeling errors are the dominant errors then, due to lack of de-

the goal is an atomic-resolution structure so the additionaliled information, a natural model I5 = (1 +&;w;)I(k;; <)
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wherew; are zero-mean unit-variance independent Gaussimriancel/\/X where\ is an empirical parameter. Use of this
random variables an€; are a sequence of known fractionamodel results in the addition of the term

errors. Such a model implies? = ¢21%(k;; c). If counting \ oo Nt o

statistics are the dominant error source anid the photon _ 2

energy, then (k;; c)/c is the rate for the Poisson distribution (e =3 222y (12

on the number of photons that arrive in an infinitesimal region

aroundk;. In the central limit theorem approximation, such 40 the negative log-likelihood function.

model implieso? = eI (k;; c). (Recall thats? is the variance  The termy,(c) could also be described as an energy penalty
on the intensity data not on the photon count data and tHt helps to regularize the problem. An additional type of
intensity ise times the photon count.) As shown in Section ViPenalty, which has not been previously discussed but which is
C, the range off; is roughly 10* so the counting statistics often used for regularization purposes, is a roughness penalty
cannot be the dominant source of error over the entire rar@fer(x). Such a penalty is fundamentally already built into the
of & and, in a large part of the range/afthe rate is sufficiently € parameters because roughness is controlled by the maximum
large such that the central limit theorem approximation {sandyp that is included in the truncated orthonormal expansion
excellent. Independent of the origin of the formula for thér p(x). Therefore, a separate roughness penalty, which could
Varianceo—?’ it is natural to rep|ach(k-j; C) in the variance be described as mpriori distribution, is not necessary.
formula by the envelope of the spherical particle scattering

intensity (3) in order to simplify the numerical computationsC. Estimation Criterion and Numerical Methods

R 9 o X _
This indicates thab; ~ 1/kF with 4 < o« < 8 and i The ynknown parameters or (c, xo) are estimated by
Section VI numerical experiments are described with a varigyayimum likelihood or. with\ £ 0, maximuma posteriori

H 2
of choices foro7. methods. This requires the numerical minimization of the

When two solution x-ray scattering patterns are measurehyative log-likelihood function. If only a scattering pattern
one from the virus and one from a derivative of the Viru§yom the virus is measured, then the cost criterion to be
the .baS|c assumption is that the_two sets c_>f measuremeRiRimized is x(c) + xa(c) [(10) and (12)] which is a non-
are independent so that the negative log-likelihoods add. (Ugar least squares cost criterion. Therefore, the minimum is
of multiple derivatives is a straightforward generalization.) Lt 5teq by the Levenberg—Marquardt method with analytical
{(xo) denote the entire collection df ,, ,(x). The unknown gradients [17, pp. 683-688]. Computation ﬁ(f/fj% c) and

parameters are andxy. The number of additional electrons,aj(kj; c)/dcin.» is fast oncehy (k) has been precomputed

=0 n=0 p=1

i.e., @, is known from chemical methods. The negative logs; ;. _ ;.. G=1,---,J)
S ) =k;(G=1,---,J).
likelihood is If solution x-ray scattering patterns are measured both from
x'(e, x0) = x(c) + x(c + Q¢(x0)). (11) the virus and from a derivative of the virus, then it is possible
to directly minimizex(c) + x(c + Q¢(x0)) + xa(c) jointly
B. A Priori Model with respect toc and x, but we have instead used a two

o - o step procedure: minimization gf(c) + xa(c) with respect to
The purpose of ama priori probability distribution on ¢, giving a result denoted by*, followed by minimization
the unknown parameters would be to include constraints s x(c* + Q¢(xo)) with respect tox, and the possibley;
on p(x). Two of the constraints (icosahedral and SUPPORhatrices, i.e., the possible signs on fecoefficients. More
constraints) are built into the parameters and therefore forprecisely, the second step is a set of minimizations: choose
these constraints there is no need foraapriori distribution. 5 gat of signs for thec* coefficients, denote the signed
However, the positivity constraint has not yet been addressgdefficients byd, and minimizey(d + Q((x)) with respect
The ability to achieve a positivity constraint is lost when, xo. As a final estimate ok take thatd which lead to
the o_r'ghonormal expansion Qf(x_)_ls truncated to a fl_nlté. the minimum value fominy, x(d + Q¢(xo)). If desired, the
Specifically, unlesslo, o(r) is positive for all- and dominates ¢oresponding estimate of; is also available. The two step
the other terms as described in Section ¥x) is guaranteed anhr0ach is motivated by the following observations: first, the
to ring and go negative. While the positivity constraint couldstimizations are simplified, in particular, the nonlinear least
be weakepeq to a negativity penalty, wh|ch could bfa descnbg&iuareS problem of optimizing(c) + x(c) is preserved.
as ana priori distribution, we have found in numerical worksecond, in single-crystal x-ray diffraction it is often the case
that this is not necessary (see Section VI). _that nonidealities are much more severe in the data from the
However, ara priori model is still useful for the following o gified molecule and we expect that the same would occur
reason. It is difficult to know how to truncate theandp i, the solution x-ray scattering. Therefore, determining the
sums for a given set of data. In particular, if excessivelyhsolyte values of the components based on the data from

large [ or p are allowed, therh, ,,(k) is essentially zero [Or {he ynmodified particle may yield superior performance.
equal to some otheky ,, (k) function] throughout the range

of & for which data is available and the corresponding ,

coefficients are essentially unconstrained (or indeterminate) VI. NUMERICAL RESULTS

and have a tendency to grow large instead of go to zero. ThisNe consider data from Cowpea mosaic virus (CpMV),
problem can be resolved by using amriori model in which which is a virus whose structure has been solved at atomic
the ¢; ,, are independent and Gaussian with zero mean aledels of resolution by single-crystal x-ray diffraction studies
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[18] and which contains 6& 4341 nonhydrogen atoms and The third set, which is preprocessed experimental data [2],
measures approximately 160in radius. includes only a x-ray solution scattering intensity which is
The! andp sums are truncated tb and P, respectivelyl ~ denoted by(*)(k). The preprocessing is removal of the back-
is determined from the number of zero-crossings around agsound. Specifically, a continuous piecewise linear function
great circle and from comparing the, , (k) plots with thek-  with slope discontinuities at the 6 minima of the experimental
range of the available dat#® is determined from the numberdata is interpolated through the six minima. Then this function
of zero-crossings betweeR and R, and from comparing is subtracted from the experimental data to yigld (k). Since
the 1y, ,(k) plots with thek-range of the available data.  1(*)(k) is sampled at intervals df07 x 10~* A™*, we use the
The values of Ry and R_ in the H; ,(r) functions are same interval fod (k) andI(*)(k). Since the range d¥ for
determined by first fitting a spherical shell model [4] to thg(©)() is k1 < b < kax Where ki, = 0.004 279 At
data. If these values appear to be incorrect [e.g., high valuggy Fpon = 0.020853 ,&—1' we use eithetki, < k <
of p(x) occur near the edge of the region of support in the  “renresenting historical-ranges which are achievable
reconstructed object], then they are altered manually guidggp, rotating anode x-ray generators and film detectors, or
by min, X(c) + xa(c). In the numerical results described inkmu1 < k < 2kma representings-ranges achievable with
this section,k_ = 95 A and Ry = 160 A. modern synchrotrons and detectors.
The initial conditions onc are independent random e fourth set, which are reconstructions computed by the

variables uniformly distributed or0, 1]. Restarting from ethods described in this paper, contains variables that are
roughly 10 such initial conditions is sufficient to reach th§, ieq byp( D (x) AE"’I)(T) A, D) and 1 D(k) where

ini » G, pr
global minimum. the labeln has the same meaning as above and the label

we discuss_ several diffe_rent sets ’ms.()’ AL (1), €t p, describes the data used as the input to the reconstruction:
and I(k) variables. The first set, which exactly represent _ ;) j(a) j(e)
the atomic resolution( §tructu(r93, contains variables which areg b(;th I<;7>(k) and I9)(k), Gaussian noise has been
denoted byp(®(x), A4, (r), ¢;", ,» and I (k) (superscript concidered. In particular, the data used by the reconstruction
“(a)” for “atomic”) and can be computed from the atom'calgorithm are I(k;)

) X . S ;) max(1 + &w;, 0) where w,; are inde-
resolution structure starting with the definition pendent and identically distributed (i.i.d.) Gaussian random

M 59 variables with mean zero and variance ofie= 0.05, and
PO =D fub(x — Rgx,) (13) I(k;) is either IV (k;) or I‘®(k;). This value of noise is
p=1 8=0 typical of modern experiments [4].

An important measure of performance is the normalized

wfhehre M IS hthg r|1umber of_ato’mseln the _as;tgmrlnetrl(_: Uniform squared of the difference between the truncated atomic
of the icosahedra grourx,, = (74“ ol (/)H)_'S the location 4 the estimated electron densities
of the uth atom, f,, is the atomic scattering factor of the

pth atom, andRg are the rotations of the icosahedral group. - - (o T2 g3 (s (2 48
Because®)(x) and AL (r) are mpuisive, it is dificult to " = [ 1670 = 5§ DG x [ [ 159 6o ax
compare them with the nonimpulsive low-resolution results of

. . . . Ni—
the estimation process. Therefore, we define lowpass versions i & RONSENCN) |2/

of p(®(x) and Agffl(r), which are denoted by'"(x) and e Bt Lrp  Thnop

A" (r), by replacing the 3-D delta function ip(®)(x) by s Nl s

(1/+v/27R) exp(—| - |*/(2R?)) and the 1-D delta function in Z Z |c§j77>w|2. (15)
A (r) by (u(-+ R) — u(- — R))/(2R) whereu(-) is the unit =0 n—0 p—1

step function andk = 5 A.
The second set, which are derived from the atomic resg- The 142 (k) Data

lution structure by truncation of thé and p sums, contains . . : .
. . e ) In this section, we describe the performance of the estimator
variables which are denoted by (x), 4, (r), and

“n,p _on the simulated *?)(k) data. Reconstructions based on the
I™(k) and can be computed from the atomic resolutiofi12)(1) data are of interest because the model used by the
structure starting from the definition estimator and the model used to generate the data are of the
o _ {05"2 Cp< PI(ZL) andl < L) same typ_e. Two situa_tions are investigatec_i: 1) reconstruct_ion
Cin, p TP : (14) from a single scattering pattern (both noise-free and noisy
0 otherwise. . . .
cases) and 2) reconstruction from a pair of scattering patterns
We consider three different truncations which are labeleghere the second pattern is from a labeled derivative of the
n = 22,12, 127 and are defined as follows: fay = 22 virus where the location of the label is not known to the
the limits areL = 22 and F; ,, = 10 which leads to 100 estimator (both noise-free and noisy cases).
1, n, p Parameters since there are no icosahedral harmonics fofhe reconstructions from a single scattering pattern are
[ e {1-5, 79, 11, 13, 14, 17, 19, 23, 29}. Forn = 12 the presented first. The cost criteriony$c) + xa(c) with A = 1.
limits are L = 12, Py o =4, andFs o = Pio,0 = P12,0 = 3. The estimates are not sensitive to the value.ofhe variance
Finally, for n = 12~ the limits areL = 12, F; o = 3, and is 1/0-]2» =k? with o« = 4. The k-range sk, < k < 2k 0%
Ps.0 = Pioo = Pz o =2 Approximately 50 steps of the Levenberg—Marquardt method

7
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TABLE | 10° i . : :
COMPUTED AND ESTIMATED VALUES OF ¢; 5, ,, AND THE RESULTING VALUE OF
e FOrR THE 1'?) (k) SYNTHETIC DATA WITH AND WiTHOUT NOISE
a) (12,1(12)
l np cg,n,p l(,n,p :
Noiseless .
Noisy data
data,
0 ]0]|1] 977763 9.77753 9.7709-£0.0319 <
0[012] 3.33439 3.33439 3.2936:+0.0242 -
01]0]3] -1.92586 -1.92583 -1.929040.1552
0|04 -1.58729 -1.58729 | -1.4862+0.1726
6 107111 1.67796 1.67798 1.715840.1240
6 | 0}2]| -2.87828 -2.87829 | -2.732240.1612
6 |03 0278339 0.278296 0.37244-0.1953 10° L : 1 1
0.025 0.03 0.035 0.04 0.045 0.05
1070]1)] 1.01116 1.01112 1.09724+0.1304 k
10|02 -1.97873 -1.97872 | -1.8017+0.3595 Fig. 3. Solution x-ray scattering datdk): I(‘Q)(k:) (solid curve), sample
#12, 112)y g, ;
100013 -1.4401 1.44008 | -1.048540.6254 mean of I( )(A) (dasAhgd c(tljzr;(e), and sample mean plus/minus one
sample standard deviation 6f!2: )(k) (two dotted curves). These four

12101 11-0.318764 | -0.318735 | -0.6791+0.4715 curves are essentially indistinguishable fox 0.025 A~" and so that region
121012 -1.41253 -1.41259 | -1.6504+0.4950 is not shown.
12 10| 3| 0.973701 0.973718 1.1949-£0.3698

4.71x 1073 -

12.102) 7.51x1071
+1.84 x 1073 o

oo15|

were required to minimize the cost criterion. Computed and”
estimated results for; ,, , and values fore are contained ..
in Table I. For the noisy case, the results are stated as
sample mean plus—minus one sample standard deviation based
on 100 independent trials. Since the cost criterjgfe) +

xa(c) is insensitive to the signs of; ,, ,, the signs were |
set equal to the signs of(” _p in order that the value of

e correctly reflect the performance of the estimator. Since
the estimatedc; ,,,, computed from the noiseless data are’
essentially perfect, we focus on the estimates from the noisy
data. For each of the 100 trials, the scatterfrﬁg2 I(m)( k) 4
and the icosahedral harmonics coefﬁmemgfl e (r) are -
computed. A plot of *?) (k) and the sample mean and sample
standard deviation of the 100 trials 62 7"*)) (k) is shown

in Fig. 3. Plots ofA{"” (r) and the sample mean and sample

D S S

100 10 12 T30 o 50 g %0 o0 110 120 130 0 50 180

00 10 120 13 10 150 180 %0 100 10 20 130 140 150 160

Aqop(r) A12,0(r)

standard deviation of the 100 trlalsﬂf12 e >)( ') are shown Fig. 4. Icosahedral harmonic expansion coefficierts ,, (r):
in Fig. 4. Performance of the estimator is good, in spite of ”Z?ohd curve), sample mean m(u e >)(7,)
realistic amount of noise corrupting the data.

When two solution x-ray scattering patterns are considerecmger
one from the virus and one from a derivative of the virus, it
is possible to determine the signs of the, , coefficients.

The basic parameters of the problem are the same as dgtermines a complete set of correct signs. With noisy data,
the problem of the previous paragraph. The parameters #8is method determines a complete set of correct signs in
the derivative were) = 1000 and xo = (7o, 6o, ¢o) = 73 out of 100 simulated data sets. [A complete set contains
(140 A, /10, 7/10) and the data was computed by replacinfpur signs,+A4o o(7), +£4¢ o(7), +A10,0(r), and+Ayz o(r),

i np BY ¢tn,p+ Q4 n, p(X0). The cost criterion is¢(c) + though it is obvious without considering a second scattering
xale) + x(c + Q¢(xo)). The two-step optimization proce-pattern that the sign ofdy o(r) must be chosen so that
dure described in Section V-C was used. For all numericdh o(r) is primarily positive.] This process also determines
simulations with noiselesg*? (k) data from the virus and the coordinates of the additional char@ein the asymmetric
from the derivative of the virus, this method successfullynit of the icosahedron. The true location, as described above,

A )
(dashed curve), and sample

- a(12, 1(12))
an plus/minus one sample standard dewano&,éﬁ' (r) (two dotted
ves).
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TABLE 1
COMPUTED AND ESTIMATED VALUES FOR ¢7 1, . AS SHOWN IN FIG. 5, THE
SOLUTION SCATTERING COMPUTED FROM THEATOMIC RESOLUTION MODEL
(I{?) (%)) Is ONLY A MODERATELY GOOD FIT TO THE EXPERIMENTAL
SOLUTION SCATTERING DaTA (1(9)(k)). THEREFORE IT IS NoT

= 1)
l(lfpj ) COEFFICIENTS WHICH

ATTEMPT TO FIT THE EXPERIMENTAL I(e)(k) DATtA, DISAGREE TO

UNEXPECTED THAT THEESTIMATED ¢

IEEE TRANSACTIONS ON IMAGE PROCESSING, VOL. 7, NO. 11, NOVEMBER 1998

A = 0 then the results for; = 22 are poorer than fon = 1.
However, the balance between L, P, kyin, and kyax 1S
difficult to achieve and probably requires interdependencies:
most likely P should be an increasing function b$o that the
maximum angular frequency of a component (controlled)by
and the maximum radial frequency (controlled By increase

together. Furthermore, and for the same reag@hould most
likely be a function of(i, p), start (i.e.,l = p = 0) at a level
greater than the = 1 used here, and be a decreasing function

SOME EXTENT WITH THE COMPUTED cgan? , COEFFICIENTS WHICH
ARE COMPUTED FROM THEATOMIC RESOLUTION MODEL. FOR THE
o= rle
SaME REASON, THE VALUE oF €127 1) WhicH Is COMPUTED FROM

(a) (127,71 . . . .

THE DIFFERENCEC) ,, \, = ¢/, ,," IS DIFFICULT TO INTERPRET of 1. Finally, ask..., increases, a higher resolution structure
Uln|p| ) 51,3;’“)) can be computed and therefakeand P should increase and
0 |o|1] 977753 | 9.88098 A should decrease.
0|02 333439 | 3.02935 © i

B. Thel'®’(k) Experimental Data
0|03 -1.9258 | -2.3585 . ) o
The ¢ ,,, estimates resulting from the minimization of
6 {01 167796 | 0.97699 T ) : 2 .
x(c) + xale) with A = 1 and variancel/o; = k§ with
6102 287828 ) -1.2271 o = 4 using the experimental dat&®)(k) are shown in
100 1] 1.01116 | 1.11713 Table Il. The results are not sensitive to the value Jof
1002 -1.97873 | -2.19932 or the value ofa in the range3 < « < 8. Coefficients
121011 -0.318764 | -0.696881 for smaller I are less affected byr than coefficients for
larger I. The k-range iSkyi, < k < knax and, therefore,
12002 -1.41253 | -1.32081 L . : s
5 it is only possible to estimate a limited number af,, ,
=, It . . . . .. . .
1) 0.029 coefficients. [Inclusion of additional coefficients, especially in

the absence of .(c), results in unreasonably large estimates
. o ) for the values of the additional coefficients while providing
is (ro, 60, do) = (140 A, /10, 7/10) while the sample mean jiye improvement in the fit off ™ /“)(k) to I)(k).] This
plus/minus one sample standard deviation of the estimaiggiiation in the number of coefficients and therefore in the
locations from the 100 trials @40'5 + 4'0_345 A’_O_'3890 + spatial resolution of the reconstructe@x) is the major cost
0.1904, 0.3255 £ 0.1103). In spite of the imprecision of the ¢ 5 raqyceg range df in the data. Since this cost criterion is

estimated angular position of the added electrons, the meﬂ?ﬁgensitive to the signs of, the signs were set equal to
provides moderately accurate signs for thg, (r) functions (@) o
4

AN P the signs of;"/ _ in order that the value of correctly reflect
and thereby removes an otherwise intractable ambiguity frqwe performahég of the estimator. Approximately 50 steps of
the reconstruction problem. i

the Levenberg—Marquardt method were required to minimize
L Sr1o— 7le 19— 7(e)
the cost criterion. Plots of 12 -2 (k), A"2-7)(;), and
B. Thel(®) (k) Data (12— 10 o ’
. _ _  pT (%) are given in Figs. 5-8.

The issue with the*) (k) data is that no model with a finite " gecause, as shown in Fig. 5, the solution scattering com-
number ofcly,,,jp coefficients or equivalently a finite nur_nb_erputed from the atomic resolution model(Q(k)) is only a
of A; () weights can exactly represent the data. This is@oderately good fit to the experimental solution scattering

natural situation in which to investigate the behavior of thgata ¢(<)(1)), there is no gold standard against which the

estimator as the number of degrees of freedom is increasfggonstructionA“T’I@)(r) or A(12—71<e>)(x) can be com-
(i.e., larger . and P) while the amount of data is constant Lin P

. : . ared. However, as shown in the figures, the reconstruction is
(i.e., constant range fdf) and also to investigate the effect o . . . ! .

L ) consistent with the atomic resolution structure and also with
the a priori model (i.e., the value ok). The complete results

[19] are summarized here the cryo-electron microscopy reconstruction [20].

The two estimates that are considered é,((ef;)) with
n = 12 and = 22 which have 13 and 100 parameters,
respectively. Since there are only 160 data points, 100 is aln this paper, we have described the first method for com-
large number of parameters. The parameters are the sameusg general 3-D reconstructions of icosahedrally symmetric
were used for thé(*?) (k) data, includings = 1. While, = 12 objects from measurements of the spherical average of the
fits the “hidden” variablest; ", (r) well andp" " (x) reasonably magnitude-squared of the object's Fourier transform. The
though with decreased spatial resolutign= 12 does not fit method is based amaximum likelihoo@r maximum a posteri-
the measurements well at large This might be interpreted ori estimation of the parameters in a mathematical model of the
as indicating a need for largdr and P. However, whilen, = object. The mathematical model is an orthonormal expansion
22 (which has more parameters) fits the measurements vemspherical coordinates where the angular functions are icosa-
well and p""(x) reasonably though with increased artifactudiedral harmonics, which guarantee the icosahedral symmetry
spatial resolutiony; = 22 fits the hidden variable%};i(r) of the resulting reconstruction; the radial functions are linear
poorly. Thea priori model has a role in this behavior since itombinations of spherical Bessel functions, which guarantee

VII. DISCUSSION
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Fig. 7. Contour plot of a cross section in thex plane of the electron

2 1 I 1 s 1 ' | 1 P . »(12*,]@)) . .
Woo4 0006 0008 001 0012 0014 0016 0018 002 0022 density p(x): p (x). The image is thresholded at zero.

Fig. 5. Solution x-ray scattering datd(k): I(¢)(k) (dashed curve),

7027 1) (k) (solid curve), andI(®) (k) (dotted curve). Notice that the
solution scattering computed from the atomic resolution mod&b (k))
is only a moderately good fit to the experimental solution scattering dat

() (k)) and thatf (12~ 1) (k) attempts to fit/(*) (k) and not/(®) (k).

Fig. 8. Stereo images of a contour surface, in 3-D, of the electron density

p(x): 9127 TN (x). The surface shown is the surface at 10% of the
maximum electron density value.

averaging, similar methods can be applied when the data
comes from cylindrical averaging.

Measurements of this type occur in solution x-ray scattering
problems, and we have described several reconstructions,
including a reconstruction from experimental data, where
the object in solution is Cowpea mosaic virus. We have
considered synthetic data where the model used to compute the
synthetic data is in the class of models used to compute the
reconstruction and thus perfect reconstructions are possible.
Even in the presence of realistic levels of noise, the mean of the
ratio of the L, norm of the reconstruction error divided by the
Aqop(r) Aqa0(r) Ly norm of the true object is only 0.069. When reconstructions
are based on two synthetic data sets, one from the particle
U and one from the modified version of the particle, and both
(solid curve) andAf's **")(r) (dashed curve). As shown in Fig. 5, data sets have realistic levels of noise, then a complete set of
the solution scattering computed from the atomic resolution madel (k))  .orrect signs for the unknown parameters can be determined
is only a moderately good fit to the experimental solution scattering data . . -

) L YT S (GO in 73% of the trials. We have also considered synthetic data
(I'%)(k)). Therefore, it is not unexpected that the estlmazﬂét r) . ) .
functions, which attempt to fit the experiment&l®) (k) daté\, disagree to where the model used to compute the synthetic data IS_ outside
some extent with the computett-* () functions, which are computed from the class of models used to compute the reconstruction, and
the atomic resolution model%f’i(r) are impulsive.] in fact would require an infinite number of parameters to

achieve an exact reconstruction. We demonstrated that the

number of parameters used in the reconstruction must depend
the support constraints on the resulting reconstruction; and §¢ the amount of data available and we demonstrated the
parameters are the weights in the expansion. Measurementi@fortance of the priori model. Finally, we have considered
this type are inherently ambiguous. To address this problesxperimental data and achieved a reconstruction consistent
we have proposed a method using two sets of measuremenits both the atomic-resolution structure based on x-ray crys-
where the second measurement comes from a modified verdmlftography and the moderate-resolution structure based on
of the particle. While we have only considered sphericatyo-electron microscopy.

004

o0z

-0.02]

004

Fig. 6. Icosahedral harmonic expansion coefficiets ,(r): AFP (r)

Ln
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These methods can contribute to biophysics by provigt4] E. A. Coddington and N. Levinsorifheory of Ordinary Differential
i i i Equations. New York: McGraw-Hill, 1955.
Ing a r!ew. method for .th.e StUdy of Vlru.s. StrUCtureTQ' WIthOlﬁS] W. R. Wikoff et al, “The structure of a neutralized virus: Canine
crystalllza_ltlon, by providing initial Con(_j't'ons for virus re- parvovirus complexed with neutralizing antibody fragmerSttucture,
constructions based on crystal x-ray diffraction data, and by vol. 2, pp. 595-607, July 15, 1994.
allowing the study of virus dynamics, such as the changes H

] J. Thygesen, S. Weinstein, F. Franceschi, and A. Yonath, “The suit-
. . . ability of multi-metal clusters for phasing in crystallography of large
structure that occur during the process of infection.

macromolecular assembliesStructure,vol. 4, pp. 513-518, 1996.

W. H. Press, B. P. Flannery, S. A. Teukolsky, and W. T. Vetterling,
Numerical Recipes in C: The Art of Scientific Computiraqnd ed.
Cambridge, U.K.: Cambridge Univ. Press, 1992.

Z. Chen, C. V. Stauffacher, and J. E. Johnson, “Capsid structure and
RNA packaging in comovirusesSeminars Virol.yvol. 1, pp. 453-466,
1990.

Y. Zheng, “Symmetry constrained signal reconstruction from spheri-
cally averaged Fourier transform intensities,” Ph.D. dissertation, Purdue
Univ., West Lafayette, IN, May 1996.

J. A. Speir, S. Munshi, G. Wang, T. S. Baker, and J. E. Johnson,
“Structures of the native and swollen forms of Cowpea chlorotic
mottle virus determined by x-ray crystallography and cryo-electron
microscopy,”Structure,vol. 3, pp. 63-78, Jan. 15, 1995.
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