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3-D Image Reconstruction from Averaged Fourier
Transform Magnitude by Parameter Estimation

Yibin Zheng, Member, IEEE,and Peter C. Doerschuk,Member, IEEE

Abstract—An object model and estimation procedure for three-
dimensional (3-D) reconstruction of objects from measurements
of the spherically averaged Fourier transform magnitudes is
described. The motivating application is the 3-D reconstruction of
viruses based on solution x-ray scattering data. The object model
includes symmetry, positivity and support constraints and has the
form of a truncated orthonormal expansion and the parameters
are estimated by maximum likelihood methods. Successful 3-D re-
constructions based on synthetic and experimental measurements
from Cowpea mosaic virus are described.

Index Terms—Fourier transform magnitude, image reconstruc-
tion, virus, x-ray scattering.

I. INTRODUCTION

I N THIS paper we describe object models and algorithms for
the three-dimensional (3-D) reconstruction of objects based

on measurements of the spherical average of the magnitude-
squared of the Fourier transform of the object. The motivating
application is the 3-D reconstruction of viruses based on x-ray
scattering from solutions of the virus particles in which case
the object is the electron density in the virus particle. Averaged
Fourier transform magnitude measurements also occur in fiber
diffraction problems [1], though the averaging is cylindrical
rather than spherical, and similar ideas can be used for those
problems.

The amount of information in the solution x-ray scattering
data is limited. In particular, because of the spherical averag-
ing, the data is one-dimensional (1-D) even though the goal
is a 3-D reconstruction. In addition, the data is a strongly
nonlinear function of the structure of the virus particle. In
spite of these problems, solution x-ray scattering experiments
are of interest for several reasons: first, crystallization of a
virus is difficult and may, for a particular virus, be impossible.
Second, the structures resulting from solution x-ray scattering
data will be useful as starting points for reconstructions of
high-resolution structures from high-resolution crystal x-ray
diffraction data. Third, solution x-ray scattering, unlike single-
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crystal x-ray diffraction or cryo-electron microscopy, can study
the dynamics of viruses, e.g., the disassembly of the virus
particle during the process of infecting a new host cell.
In particular, the recent availability of intense synchrotron
sources and sensitive low-angle x-ray detectors makes it
possible to collect a complete data set in a time on the order
of 100 ms and from sequences of such data sets it is then
possible and of great interest to compute a motion picture of
the virus dynamics.

There is a tremendous range of virus structures. This paper
considers the so-called “spherical viruses” which are viruses
with a shell of protein (the so-called “capsid”) surrounding
an inner core of nucleic acid. The diameter of the entire
particle is – Å. The capsid is “crystalline” in the
sense that it is constructed from many repetitions of the
same polypeptides and the entire capsid is invariant under the
rotational symmetries of the icosahedron.

Because of the limited amount of data, only low resolution
reconstructions can be achieved and use of all availablea
priori knowledge about the particle is crucial. We approach
this reconstruction problem by proposing a low-resolution
parameterized model of the particle, combining this model
with the physics of the measurement, and solving a parameter
estimation problem.

Most current algorithms for 3-D reconstruction from so-
lution x-ray scattering data produce reconstructions that have
only radial and no angular dependence for the electron density
function [2], [3]. This was a reasonable approximation when
the reconstruction is done using presynchrotron data but now
can be improved on. Another approach [4] includes angular
dependence but has a limited type of radial dependence: the
electron density is assumed to be piecewise constant with
two regions, core and capsid, and the reconstruction problem
then amounts to determining the surface between the core
and inner edge of the capsid and the surface bounding the
outer edge of the capsid. Our goal in the present paper is to
compute reconstructions in which there is arbitrary radial and
angular dependence.

The remainder of this paper is organized in the following
fashion. The physics of the scattering and the model of
the virus are described in Sections II and III, respectively,
and ambiguities in estimating the parameters of the particle
model from the solution x-ray scattering data are discussed in
Section IV. The statistical model of the measurement process
and maximum likelihood estimation of the parameters in the
virus model is described in Section V. Numerical results on
synthetic and experimental data from Cowpea mosaic virus
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are described in Section VI and the models, algorithms, and
results are discussed in Section VII.

II. THE SCATTERING MODEL

Because the particles in the solution are randomly positioned
and randomly rotated, the standard model [5] for the solution
x-ray scattering is that the measured intensity is the spherical
average of the magnitude-squared of the Fourier transform
of the electron density in one particle. Let the electron den-
sity in one particle, its Fourier transform, and the measured
intensity be denoted by , , and , respectively.
Without additional complication, can be complex. Then
the standard model is

(1)

(2)

where denotes integration over solid angles in Fourier
space [ ] which, in spherical coordinates, is

. Notice that the data, , is one-
dimensional.

In order to gain some intuition about the solution x-ray
scattering data, it is worthwhile to consider a crude model
of a virus in which the virus is a solid sphere of radius

and electron density . The solution x-ray scattering
pattern from such a particle, denoted by , is

where is the th order spherical
Bessel function of the first kind [6, Eq. 16.9], and the envelope
of its asymptotic behavior, denoted by , is

(3)

Therefore, the fundamental behavior of is to decline
as .

III. T HE PARTICLE MODEL

The particle has three characteristics that we wish to incor-
porate into the model.

1) Icosahedral constraint:has icosahedral symmetry, that
is, for all ( are the real
numbers) and where is the
orthonormal matrix representing theth rotation of the
icosahedral group [7], [8]. The icosahedron (Fig. 1) is
constructed from 20 equilateral triangles and has three
types of symmetries: fivefold axes where five triangles
meet, threefold axes through the center of each triangle,
and twofold axes at the midpoint of each edge between
two triangles.

2) Support constraint: for and
.

3) Positivity constraint: for all .

In addition, it is desirable to analytically compute from
and from since these are 3-D and 2-D

integrals, respectively.
Because of the spherical averaging in the measurement

process, the icosahedral symmetry (a rotational symmetry),

Fig. 1. Icosahedron. One symmetry axis of each type—two-, three-, and
fivefold—is shown.

and the minimum and maximum radii for the region in
which may be nonzero, it is natural to use spherical
coordinates in both object [ ] and Fourier spaces
[ ]. In order to easily compute the Fourier
transform relating to , it is natural to describe
as an orthonormal expansion where the angular functions are
harmonic. We first discuss the angular functions and then the
radial functions.

A. Angular Functions

Because of the icosahedral constraint, a natural approach
for the angular functions is to use icosahedral harmonics
[5], [9]–[12], which are denoted by . The two key
properties of the functions are that every weighted sum
of functions is a function that has icosahedral symmetry
and every smooth icosahedrally symmetric function can be
expanded as a weighted sum of functions. It is standard to
require the additional properties that the functions are real
valued and orthonormal. An example function is shown
in Fig. 2. The standard approach to icosahedral harmonics is to
describe them as a linear combination of spherical harmonics
[denoted by ],

(4)

in which case the key is to determine the coefficients.
For the values of used in this paper, the values of the
coefficients are known [5], [9]. Using new methods [7], [8],
we have, however, extended this work and determined explicit
exact values for the coefficients for arbitrary indices.

Let be real and icosahedrally symmetric. Then the
expansion of in icosahedral harmonics and the solution
x-ray scattering due to are

(5)

(6)
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Fig. 2. Surface plot of icosahedral harmonic T10; 0(�; �)
= 896313600P10; 0(cos �)+27360P10;5(cos �) cos 5�+P10; 10(cos �)
cos 10�.

where are real since
and are real and where is the

spherical Hankel transform1 of , i.e.,

(7)

Note that the finite sum in (5) is not due to truncation for
practical numerical reasons but rather due to the finite number
of icosahedral harmonics of order. Any choice of weights
in (5) leads to a which exhibits the icosahedral
symmetry, i.e., the weights are unconstrained, and for any
smooth icosahedrally symmetric there exists a set of
weights such that can be expressed according to (5).

Not only does use of the allow the weights
to be unconstrained and real, but it also dramat-

ically reduces the number of weights that must be esti-
mated from the data. For a particular order, let be
the number of icosahedral harmonics and
be the number of spherical harmonics. First, for

– – , i.e., for these
values of there are no icosahedral harmonics and so the
corresponding weights drop out of the problem. Second, for
any , is dramatically smaller than [10]. For example,
the number of linearly independent spherical harmonics with

is 900, whereas the corresponding number of linearly
independent icosahedral harmonics is just 15, a reduction by
a factor of 60, which is the number of symmetry elements in
the icosahedral group.

B. Radial Functions

We now describe the radial functions used for the expansion
of . Because the spherical Hankel transform depends
on , it is convenient to use different sets of basis functions
for different values of . The basis functions and weights are
denoted by and , respectively, so that

1LetU�(z) be a cylindrical Bessel function. Since the corresponding spher-
ical Bessel functionu�(z) is defined byu�(z) = (�=(2z))1=2U�+1=2(z),
the spherical Hankel transform can easily be derived from the standard
cylindrical Hankel transform [13, p. 944, Eqs. 8.3.64 and 8.3.65].

, , and

(8)

where is the spherical Hankel transform of .
From Parseval’s relation for spherical Hankel transforms
it follows that orthonormality of for fixed ,
i.e., , implies the same
orthonormality of for fixed . The functions
must be selected to achieve three goals, as follows.

1) for and , since this
condition is equivalent to the support constraint.

2) The functions are orthonormal for fixed since
orthonormality will lead to superior behavior in the
numerical algorithms.

3) The spherical Hankel transform of can be ef-
ficiently computed since this is equivalent to efficiently
computing the 3-D Fourier transform of .

One method to achieve all three objectives, including ana-
lytical rather than only efficient computation of the spherical
Hankel transform of , is to define to be certain
linear combinations of spherical Bessel functions of order

which can be shown to achieve Goals 1 and 2 based on
Sturm–Liouville theory [14, ch. 7]. Note that the behavior of

plays an important role in experiment design because
it is necessary to determine which contribute to the
measured data over what range of. For instance,
until .

C. Summary

The representation of by icosahedral harmonics
and radial functions , i.e.,

(9)

gives a one-to-one correspondence between sets of
coefficients and functions that satisfy the icosahedral
and support constraints. Furthermore, it is easy to compute
the solution x-ray scattering intensity (8). The only constraint
on that is not incorporated is the positivity constraint,
which is discussed in Section V-B.

IV. UNIQUENESS

An important question is whether the measurement of
for the idealized range determines a unique
or whether many different lead to the same . This is
a complicated question because of the nonlinear nature of the
measurement process and because of the modeling restrictions
that are imposed on .

Consider satisfying the icosahedral constraint. Then,
without loss of generality, can be represented by a
weighted sum of icosahedral harmonics (5) where the
functions are unconstrained. Addition of the support constraint
on is equivalent to a support constraint on ,
specifically, for and and
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for all and . In either case, the key result is that orthogonal
linear combinations in for fixed of the functions
lead to identical . More specifically, let
be an orthogonal matrix with elements . Then, because
the spherical Hankel transform depends onbut not on
and because is independent of , it can be shown that the
solution scattering of a structure with weights is
identical to the solution scattering of a structure with
weights . Therefore, the
weights cannot be uniquely reconstructed from the solution
x-ray scattering data.

Now assume that also satisfies the positivity constraint.
Then it is important, but difficult, to determine whether
will satisfy the positivity constraint as a function of the choice
of . Both situations occur. For instance, (
is the identity matrix) leads to which
obviously disobeys the constraint. However,
leads to (inversion through the origin, which
is not in the icosahedral group) which obviously obeys the
constraint. More generally, the choice of interacts with
the details of [i.e., the details of ] to determine
whether will satisfy the constraint and we are unable to
make further analytical statements.

In the presence of icosahedral symmetry, this ambiguity is
actually not as great as it seems. If then .
Furthermore (Section III-A), or for and

fifteen times. Therefore, reconstructions including all
harmonics up through can be computed with only
discrete ambiguities of which are related to the second

by inversion through the origin ( ). In the
absence of icosahedral symmetry, thenis replaced by
and for all so the ambiguity is great
even for low reconstructions. In the presence of icosahedral
symmetry, an additional qualitative statement can be made.
Assume that the series is truncated at so the .
Because for all values
of and , it is possible to have sufficiently larger than

for such that all choices of for
lead to which do not violate the positivity constraint.
Only can dominate the problem in this sense because
of all the , only is positive for all values
of and .

Motivated by the isomorphous replacement method [1] of
macromolecular single-crystal x-ray diffraction, we propose a
novel experiment which we show (Section VI) results in data
from which the matrices can be estimated. Isomorphous
replacement involves comparing several diffraction patterns.
One pattern is from a crystal made from the molecule of
interest and the additional patterns are from crystals made
from chemical derivatives of the molecule of interest where
the derivatives are the addition of heavy metal atoms which
have many electrons and therefore are strong scatterers and
which, ideally, do not alter the 3-D structure of the molecule.
We propose to use the same approach in solution x-ray
scattering. In the single-crystal diffraction case, the number of
electrons that can be added by making a derivative is limited
to the number of electrons in a heavy metal atom because
the goal is an atomic-resolution structure so the additional

electrons must be confined to an atomic-sized volume. In
the solution scattering case, the resolution goals are much
lower so the volume containing the added electrons can be
much larger and therefore the number of electrons added can
be much greater. For instance, in cryo-electron microscopy,
calculations have been done where the added electrons take
the form of an antibody fragment (e.g., [15]). Experimental
techniques for adding organo-metallic gold clusters have also
been developed [16].

Let and be the electron density in the original
virus and the modified viruses, respectively. Then, because
the modification does not deform the virus but rather adds
an additional icosahedrally symmetric impulse of charge,

where is the location (initially unknown) of
the added electrons in one asymmetric unit of the icosahedral
group, is the amount of added charge, is
an icosahedrally-symmetric delta function [7], and is the
usual delta function. In the following equations, primed and
unprimed variables refer to the modified and unmodified virus,
respectively. It is straightforward to compute that

and
where .

V. STATISTICAL ESTIMATION

A. Measurement Model

Let denote the set of unknown parameters . Let
denote the solution x-ray scattering which would result

from a particle with parameters [(8) with the notation
replaced by the notation in order to emphasize that
this is the predicted value of the solution x-ray scattering if
the particle had parameters]. Let the measurements be taken
at for .

There are two sources of uncertainty in the measurements.
The Poisson counting statistics of the photon arrivals and
instrumentation errors including errors such as fluctuation in
beam intensity and photon energy. In addition, the failure
of the standard model described in (1) and (2) to accurately
represent the physics of the experiment due, for instance, to
correlations between the particle positions and orientations in
the solution, can be treated as a third noise source.

The data used in Section VI is from a film detector and so is
intensity rather than photon count data. Letbe the intensity
measured at scattering angle. We describe the intensity data
with a Gaussian model in which the different measurements
( versus with ) are independent. Therefore, the
negative log-likelihood function, denoted by , is

(10)

There are several sources of information for chosing the
variance of the intensity data (i.e., ). If instrumentation and
modeling errors are the dominant errors then, due to lack of de-
tailed information, a natural model is
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where are zero-mean unit-variance independent Gaussian
random variables and are a sequence of known fractional
errors. Such a model implies . If counting
statistics are the dominant error source andis the photon
energy, then is the rate for the Poisson distribution
on the number of photons that arrive in an infinitesimal region
around . In the central limit theorem approximation, such a
model implies . (Recall that is the variance
on the intensity data not on the photon count data and the
intensity is times the photon count.) As shown in Section VI-
C, the range of is roughly so the counting statistics
cannot be the dominant source of error over the entire range
of and, in a large part of the range of, the rate is sufficiently
large such that the central limit theorem approximation is
excellent. Independent of the origin of the formula for the
variance , it is natural to replace in the variance
formula by the envelope of the spherical particle scattering
intensity (3) in order to simplify the numerical computations.
This indicates that with and in
Section VI numerical experiments are described with a variety
of choices for .

When two solution x-ray scattering patterns are measured,
one from the virus and one from a derivative of the virus,
the basic assumption is that the two sets of measurements
are independent so that the negative log-likelihoods add. (Use
of multiple derivatives is a straightforward generalization.) Let

denote the entire collection of . The unknown
parameters are and . The number of additional electrons,
i.e., , is known from chemical methods. The negative log-
likelihood is

(11)

B. A Priori Model

The purpose of ana priori probability distribution on
the unknown parameters would be to include constraints
on . Two of the constraints (icosahedral and support
constraints) are built into the parameters and therefore for
these constraints there is no need for ana priori distribution.
However, the positivity constraint has not yet been addressed.
The ability to achieve a positivity constraint is lost when
the orthonormal expansion of is truncated to a finite.
Specifically, unless is positive for all and dominates
the other terms as described in Section IV, is guaranteed
to ring and go negative. While the positivity constraint could
be weakened to a negativity penalty, which could be described
as ana priori distribution, we have found in numerical work
that this is not necessary (see Section VI).

However, ana priori model is still useful for the following
reason. It is difficult to know how to truncate theand
sums for a given set of data. In particular, if excessively
large or are allowed, then is essentially zero [or
equal to some other function] throughout the range
of for which data is available and the corresponding
coefficients are essentially unconstrained (or indeterminate)
and have a tendency to grow large instead of go to zero. This
problem can be resolved by using ana priori model in which
the are independent and Gaussian with zero mean and

variance where is an empirical parameter. Use of this
model results in the addition of the term

(12)

to the negative log-likelihood function.
The term could also be described as an energy penalty

that helps to regularize the problem. An additional type of
penalty, which has not been previously discussed but which is
often used for regularization purposes, is a roughness penalty
on . Such a penalty is fundamentally already built into the

parameters because roughness is controlled by the maximum
and that is included in the truncated orthonormal expansion

for . Therefore, a separate roughness penalty, which could
be described as ana priori distribution, is not necessary.

C. Estimation Criterion and Numerical Methods

The unknown parameters or are estimated by
maximum likelihood or, with , maximuma posteriori
methods. This requires the numerical minimization of the
negative log-likelihood function. If only a scattering pattern
from the virus is measured, then the cost criterion to be
minimized is [(10) and (12)] which is a non-
linear least squares cost criterion. Therefore, the minimum is
located by the Levenberg–Marquardt method with analytical
gradients [17, pp. 683–688]. Computation of and

is fast once has been precomputed
at ( ).

If solution x-ray scattering patterns are measured both from
the virus and from a derivative of the virus, then it is possible
to directly minimize jointly
with respect to and but we have instead used a two
step procedure: minimization of with respect to
, giving a result denoted by , followed by minimization

of with respect to and the possible
matrices, i.e., the possible signs on thecoefficients. More
precisely, the second step is a set of minimizations: choose
a set of signs for the coefficients, denote the signed
coefficients by , and minimize with respect
to . As a final estimate of take that which lead to
the minimum value for . If desired, the
corresponding estimate of is also available. The two step
approach is motivated by the following observations: first, the
optimizations are simplified, in particular, the nonlinear least
squares problem of optimizing is preserved.
Second, in single-crystal x-ray diffraction it is often the case
that nonidealities are much more severe in the data from the
modified molecule and we expect that the same would occur
in the solution x-ray scattering. Therefore, determining the
absolute values of the components based on the data from
the unmodified particle may yield superior performance.

VI. NUMERICAL RESULTS

We consider data from Cowpea mosaic virus (CpMV),
which is a virus whose structure has been solved at atomic
levels of resolution by single-crystal x-ray diffraction studies
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[18] and which contains 60 4341 nonhydrogen atoms and
measures approximately 160̊A in radius.

The and sums are truncated to and , respectively.
is determined from the number of zero-crossings around any
great circle and from comparing the plots with the -
range of the available data. is determined from the number
of zero-crossings between and and from comparing
the plots with the -range of the available data.

The values of and in the functions are
determined by first fitting a spherical shell model [4] to the
data. If these values appear to be incorrect [e.g., high values
of occur near the edge of the region of support in the
reconstructed object], then they are altered manually guided
by . In the numerical results described in
this section, Å and Å.

The initial conditions on are independent random
variables uniformly distributed on . Restarting from
roughly 10 such initial conditions is sufficient to reach the
global minimum.

We discuss several different sets of , , ,
and variables. The first set, which exactly represent
the atomic resolution structure, contains variables which are
denoted by , , , and (superscript
“ ” for “atomic”) and can be computed from the atomic
resolution structure starting with the definition

(13)

where is the number of atoms in the asymmetric unit
of the icosahedral group, is the location
of the th atom, is the atomic scattering factor of the

th atom, and are the rotations of the icosahedral group.
Because and are impulsive, it is difficult to
compare them with the nonimpulsive low-resolution results of
the estimation process. Therefore, we define lowpass versions
of and , which are denoted by and

, by replacing the 3-D delta function in by
and the 1-D delta function in

by where is the unit
step function and Å.

The second set, which are derived from the atomic reso-
lution structure by truncation of the and sums, contains
variables which are denoted by , , , and

and can be computed from the atomic resolution
structure starting from the definition

and
otherwise.

(14)

We consider three different truncations which are labeled
and are defined as follows: for

the limits are and which leads to 100
parameters since there are no icosahedral harmonics for
– – . For the

limits are , , and .
Finally, for the limits are , , and

.

The third set, which is preprocessed experimental data [2],
includes only a x-ray solution scattering intensity which is
denoted by . The preprocessing is removal of the back-
ground. Specifically, a continuous piecewise linear function
with slope discontinuities at the 6 minima of the experimental
data is interpolated through the six minima. Then this function
is subtracted from the experimental data to yield . Since

is sampled at intervals of Å , we use the
same interval for and . Since the range of for

is where Å
and Å , we use either

, representing historical -ranges which are achievable
with rotating anode x-ray generators and film detectors, or

, representing -ranges achievable with
modern synchrotrons and detectors.

The fourth set, which are reconstructions computed by the
methods described in this paper, contains variables that are
denoted by , , , and where
the label has the same meaning as above and the label
describes the data used as the input to the reconstruction:

.
For both and , Gaussian noise has been

considered. In particular, the data used by the reconstruction
algorithm are where are inde-
pendent and identically distributed (i.i.d.) Gaussian random
variables with mean zero and variance one, , and

is either or . This value of noise is
typical of modern experiments [4].

An important measure of performance is the normalized
norm squared of the difference between the truncated atomic
and the estimated electron densities

(15)

A. The Data

In this section, we describe the performance of the estimator
on the simulated data. Reconstructions based on the

data are of interest because the model used by the
estimator and the model used to generate the data are of the
same type. Two situations are investigated: 1) reconstruction
from a single scattering pattern (both noise-free and noisy
cases) and 2) reconstruction from a pair of scattering patterns
where the second pattern is from a labeled derivative of the
virus where the location of the label is not known to the
estimator (both noise-free and noisy cases).

The reconstructions from a single scattering pattern are
presented first. The cost criterion is with .
The estimates are not sensitive to the value of. The variance
is with . The -range is .
Approximately 50 steps of the Levenberg–Marquardt method
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TABLE I
COMPUTED AND ESTIMATED VALUES OF cl;n;p AND THE RESULTING VALUE OF

� FOR THE I(12)(k) SYNTHETIC DATA WITH AND WITHOUT NOISE

were required to minimize the cost criterion. Computed and
estimated results for and values for are contained
in Table I. For the noisy case, the results are stated as
sample mean plus–minus one sample standard deviation based
on 100 independent trials. Since the cost criterion

is insensitive to the signs of , the signs were
set equal to the signs of in order that the value of

correctly reflect the performance of the estimator. Since
the estimated computed from the noiseless data are
essentially perfect, we focus on the estimates from the noisy
data. For each of the 100 trials, the scattering

and the icosahedral harmonics coefficients are
computed. A plot of and the sample mean and sample
standard deviation of the 100 trials of is shown
in Fig. 3. Plots of and the sample mean and sample

standard deviation of the 100 trials of are shown
in Fig. 4. Performance of the estimator is good, in spite of the
realistic amount of noise corrupting the data.

When two solution x-ray scattering patterns are considered,
one from the virus and one from a derivative of the virus, it
is possible to determine the signs of the coefficients.
The basic parameters of the problem are the same as for
the problem of the previous paragraph. The parameters for
the derivative were and

Å and the data was computed by replacing
by . The cost criterion is

. The two-step optimization proce-
dure described in Section V-C was used. For all numerical
simulations with noiseless data from the virus and
from the derivative of the virus, this method successfully

Fig. 3. Solution x-ray scattering dataI(k): I(12)(k) (solid curve), sample

mean of Î(12; I )(k) (dashed curve), and sample mean plus/minus one

sample standard deviation of̂I(12; I )(k) (two dotted curves). These four
curves are essentially indistinguishable fork < 0:025 Å�1 and so that region
is not shown.

Fig. 4. Icosahedral harmonic expansion coefficientsAl; n(r): A
(12)
l; n

(r)

(solid curve), sample mean of̂A(12; I )
l; n

(r) (dashed curve), and sample

mean plus/minus one sample standard deviation ofÂ
(12; I )
l; n

(r) (two dotted
curves).

determines a complete set of correct signs. With noisy data,
this method determines a complete set of correct signs in
73 out of 100 simulated data sets. [A complete set contains
four signs, , , , and ,
though it is obvious without considering a second scattering
pattern that the sign of must be chosen so that

is primarily positive.] This process also determines
the coordinates of the additional chargein the asymmetric
unit of the icosahedron. The true location, as described above,
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TABLE II
COMPUTED AND ESTIMATED VALUES FOR cl;n;p. AS SHOWN IN FIG. 5, THE

SOLUTION SCATTERING COMPUTED FROM THEATOMIC RESOLUTION MODEL

(I(a)(k)) IS ONLY A MODERATELY GOOD FIT TO THE EXPERIMENTAL

SOLUTION SCATTERING DATA (I(e)(k)). THEREFORE, IT IS NOT

UNEXPECTED THAT THEESTIMATED c
(12 ;I )
l;n;p

COEFFICIENTS, WHICH

ATTEMPT TO FIT THE EXPERIMENTAL I
(e)(k) DATA, DISAGREE TO

SOME EXTENT WITH THE COMPUTED c
(a)
l;n;p COEFFICIENTS, WHICH

ARE COMPUTED FROM THEATOMIC RESOLUTION MODEL. FOR THE

SAME REASON, THE VALUE OF �
(12 ;I ),WHICH IS COMPUTED FROM

THE DIFFERENCEc
(a)
l;n;p

� c
(12 ;I )
l;n;p

, IS DIFFICULT TO INTERPRET

is Å while the sample mean
plus/minus one sample standard deviation of the estimated
locations from the 100 trials is Å

. In spite of the imprecision of the
estimated angular position of the added electrons, the method
provides moderately accurate signs for the functions
and thereby removes an otherwise intractable ambiguity from
the reconstruction problem.

B. The Data

The issue with the data is that no model with a finite
number of coefficients or equivalently a finite number
of weights can exactly represent the data. This is a
natural situation in which to investigate the behavior of the
estimator as the number of degrees of freedom is increased
(i.e., larger and ) while the amount of data is constant
(i.e., constant range for) and also to investigate the effect of
the a priori model (i.e., the value of ). The complete results
[19] are summarized here.

The two estimates that are considered are with
and which have 13 and 100 parameters,

respectively. Since there are only 160 data points, 100 is a
large number of parameters. The parameters are the same as
were used for the data, including . While
fits the “hidden” variables well and reasonably
though with decreased spatial resolution, does not fit
the measurements well at large. This might be interpreted
as indicating a need for larger and . However, while

(which has more parameters) fits the measurements very
well and reasonably though with increased artifactual
spatial resolution, fits the hidden variables
poorly. Thea priori model has a role in this behavior since if

then the results for are poorer than for .
However, the balance between, , , , and is
difficult to achieve and probably requires interdependencies:
most likely should be an increasing function ofso that the
maximum angular frequency of a component (controlled by)
and the maximum radial frequency (controlled by) increase
together. Furthermore, and for the same reason,should most
likely be a function of , start (i.e., ) at a level
greater than the used here, and be a decreasing function
of . Finally, as increases, a higher resolution structure
can be computed and thereforeand should increase and

should decrease.

B. The Experimental Data

The estimates resulting from the minimization of
with and variance with

using the experimental data are shown in
Table II. The results are not sensitive to the value of
or the value of in the range . Coefficients
for smaller are less affected by than coefficients for
larger . The -range is and, therefore,
it is only possible to estimate a limited number of
coefficients. [Inclusion of additional coefficients, especially in
the absence of , results in unreasonably large estimates
for the values of the additional coefficients while providing
little improvement in the fit of to .] This
limitation in the number of coefficients and therefore in the
spatial resolution of the reconstructed is the major cost
of a reduced range of in the data. Since this cost criterion is
insensitive to the signs of , the signs were set equal to
the signs of in order that the value of correctly reflect
the performance of the estimator. Approximately 50 steps of
the Levenberg–Marquardt method were required to minimize

the cost criterion. Plots of , , and

are given in Figs. 5–8.
Because, as shown in Fig. 5, the solution scattering com-

puted from the atomic resolution model ( ) is only a
moderately good fit to the experimental solution scattering
data ( ), there is no gold standard against which the

reconstruction or can be com-
pared. However, as shown in the figures, the reconstruction is
consistent with the atomic resolution structure and also with
the cryo-electron microscopy reconstruction [20].

VII. D ISCUSSION

In this paper, we have described the first method for com-
puting general 3-D reconstructions of icosahedrally symmetric
objects from measurements of the spherical average of the
magnitude-squared of the object’s Fourier transform. The
method is based onmaximum likelihoodor maximum a posteri-
ori estimation of the parameters in a mathematical model of the
object. The mathematical model is an orthonormal expansion
in spherical coordinates where the angular functions are icosa-
hedral harmonics, which guarantee the icosahedral symmetry
of the resulting reconstruction; the radial functions are linear
combinations of spherical Bessel functions, which guarantee
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Fig. 5. Solution x-ray scattering dataI(k): I(e)(k) (dashed curve),

Î(12 ; I )(k) (solid curve), andI(a)(k) (dotted curve). Notice that the
solution scattering computed from the atomic resolution model (I(a)(k))
is only a moderately good fit to the experimental solution scattering data

(I(e)(k)) and thatÎ(12 ; I )(k) attempts to fitI(e)(k) and notI(a)(k).

Fig. 6. Icosahedral harmonic expansion coefficientsAl; n(r):ALP
l; n(r)

(solid curve) andÂ(12 ; I )
l; n

(r) (dashed curve). As shown in Fig. 5,

the solution scattering computed from the atomic resolution model (I(a)(k))
is only a moderately good fit to the experimental solution scattering data

(I(e)(k)). Therefore, it is not unexpected that the estimatedÂ
(12 ; I )
l; n

(r)

functions, which attempt to fit the experimentalI(e)(k) data, disagree to
some extent with the computedALP

l; n(r) functions, which are computed from

the atomic resolution model. [A(a)
l; n

(r) are impulsive.]

the support constraints on the resulting reconstruction; and the
parameters are the weights in the expansion. Measurements of
this type are inherently ambiguous. To address this problem,
we have proposed a method using two sets of measurements
where the second measurement comes from a modified version
of the particle. While we have only considered spherical

Fig. 7. Contour plot of a cross section in thez–x plane of the electron
density�(x): �̂(12 ; I )(x). The image is thresholded at zero.

Fig. 8. Stereo images of a contour surface, in 3-D, of the electron density
�(x): �̂(12 ; I )(x). The surface shown is the surface at 10% of the
maximum electron density value.

averaging, similar methods can be applied when the data
comes from cylindrical averaging.

Measurements of this type occur in solution x-ray scattering
problems, and we have described several reconstructions,
including a reconstruction from experimental data, where
the object in solution is Cowpea mosaic virus. We have
considered synthetic data where the model used to compute the
synthetic data is in the class of models used to compute the
reconstruction and thus perfect reconstructions are possible.
Even in the presence of realistic levels of noise, the mean of the
ratio of the norm of the reconstruction error divided by the

norm of the true object is only 0.069. When reconstructions
are based on two synthetic data sets, one from the particle
and one from the modified version of the particle, and both
data sets have realistic levels of noise, then a complete set of
correct signs for the unknown parameters can be determined
in 73% of the trials. We have also considered synthetic data
where the model used to compute the synthetic data is outside
the class of models used to compute the reconstruction, and
in fact would require an infinite number of parameters to
achieve an exact reconstruction. We demonstrated that the
number of parameters used in the reconstruction must depend
on the amount of data available and we demonstrated the
importance of thea priori model. Finally, we have considered
experimental data and achieved a reconstruction consistent
with both the atomic-resolution structure based on x-ray crys-
tallography and the moderate-resolution structure based on
cryo-electron microscopy.
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These methods can contribute to biophysics by provid-
ing a new method for the study of virus structures without
crystallization, by providing initial conditions for virus re-
constructions based on crystal x-ray diffraction data, and by
allowing the study of virus dynamics, such as the changes in
structure that occur during the process of infection.
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