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EXPLICIT COMPUTATION OF ORTHONORMAL SYMMETRIZED
HARMONICS WITH APPLICATION TO THE IDENTITY
REPRESENTATION OF THE ICOSAHEDRAL GROUP*

YIBIN ZHENG! AND PETER C. DOERSCHUK?

Abstract. A novel method to explicitly compute orthonormal symmetrized harmonics is pre-
sented and the method is applied to the identity representation of the icosahedral group. Spherical
viruses have icosahedral symmetry and the motivating application is the parametric representation
of spherical viruses for use in inverse problems based on x-ray scattering data and cryoelectron mi-
croscopy images. The symmetrized harmonics are computed in the form of linear combinations of
spherical harmonics of one order and therefore have simple rotational properties which is valuable
in the electron microscopy application. The method is based on equating the expansions of a sym-
metrized delta function in spherical and in symmetrized harmonics from which bilinear equations
for the weights in the linear combinations can be derived. The explicit character of the calculation
is reflected in the fact that both explicit expressions and an efficient recursive algorithm are derived
for computing the weights in the linear combinations.
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1. Introduction. An important problem in biophysics is the determination of
the three-dimensional distribution of electron density in so-called “spherical” viruses
[1] from x-ray scattering and electron microscopy data [2]. This is a large class of
viruses, including both viruses of plants and animals, where all viral particles of a
particular viral type are identical, each viral type has a particle diameter of 102-103A,
and each viral particle has all the symmetries of the icosahedron. Two approaches
to analyzing such data are to represent the electron density either as a truncated
orthonormal expansion [3, 4] or as a piecewise-constant function with icosahedrally
symmetric boundaries that are described using truncated orthonormal expansions [5]
and then solve a nonlinear least squares problem for the coefficients in the expansion.
Because the viral particles are roughly spherical in shape and the icosahedral sym-
metry is a rotational symmetry, it is natural to use spherical coordinates and express
the basis functions in the orthonormal expansion of the electron density as products
of functions on the sphere and radial functions. Similarly, for the approach based on
the piecewise-constant function, it is natural to describe the boundary by its radius
from the origin as a function of the angles, in which case the basis functions in the
expansion are functions on the sphere.
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In this paper we describe a new method for explicitly' computing sets of functions
that are representations of rotational groups in three dimensions and demonstrate
the method on the identity representation of the icosahedral group, i.e., we explicitly
compute a complete orthonormal basis for icosahedrally symmetric functions on the
sphere. We call the functions in this basis “icosahedrally symmetric basis functions”
(abbreviated ISBFs) and are not yet specific about which basis we will explicitly com-
pute (see section 2). Using the ISBF's in the orthonormal expansions involved in the
biophysics problems of the previous paragraph is much superior to the natural alter-
native of using spherical harmonics (denoted by Y] ,,,(6, ¢), where, here and elsewhere,
(0, ) are spherical coordinates). For example: (1) The constraint that the particle
has icosahedral symmetry is built into the functions rather than having to be added as
a constraint in the nonlinear least squares problem. (2) There are many fewer ISBFs
than Y, functions so many fewer coefficients have to be determined by nonlinear
least squares in order to determine the electron density at a given level of resolution.
(3) By incorporating the icosahedral symmetry directly in the mathematical descrip-
tion of the electron density by use of the ISBFs, we remove certain nonuniqueness
problems in the nonlinear least squares problems.

There has been extensive work on ISBFs [7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18,
19], which are basis functions for the identity representation of the icosahedral group
(the only representation needed in our application), and also on the more general
problem of basis functions for all five irreducible representations of the icosahedral
group [9, 17]. Sometimes ISBFs are called “icosahedral harmonics” [12, 20, 14] but, in
analogy with spherical harmonics terminology, we reserve “icosahedral harmonics” for
a collection of basis functions for all five irreducible representations. In the majority
of previous work, ISBFs are described as linear combinations of spherical harmonics
of fixed order which leads to simple rotational properties which are important for our
electron microscopy applications. In this framework, the only task is to determine
the coefficients of the linear combination. In a minority of previous work (e.g., [14]),
ISBFs are described as polynomials in the rectangular coordinates.

Although extensive work has been done, existing results are limited in two aspects
that are important for our application: (1) Explicit expressions in terms of standard
operations (4, —, X, +, and complex exponentiation) for ISBFs of arbitrary order
are not provided. (2) The algorithms provided to derive an ISBF for some particular
order are laborious, especially for orders greater than 29 when there can be two or
more ISBF's of a single order. Reflecting these limitations, the most extensive tables
of which we are aware [12, 18] tabulate ISBF's only up to order 30 (and in fact only
one of two functions of order 30 is tabulated) or 44, respectively, while in a medium
resolution x-ray diffraction interpolation problem we have required functions of or-
der roughly 85. In the previous work [18] most closely related to the present paper,
the derivation is unnecessarily complicated and not rigorous due to the “Q” opera-
tor in [18], implementation of the resulting algorithm requires symbolic derivatives in

1By “explicit” we mean relationships from which formulas such as those given in section 7 can be
computed. This is a weaker notion of “explicit” than is standard in, for example, spherical harmonics,
where [6, Egs. (3.53) and (3.50)]

m)!
47 (I+m)!

Yi,m(0,6) = Py 1, (cos 6) exp(ime),

(_1)777, m dl+m
= (1—2?) /del+m(x2—1)l.
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order to compute the “c, ;” numbers in [18] (numerical approximations of the deriva-
tives are essentially impossible because determination of an [th order ISBF requires
derivatives through lth order), the resulting algorithm in [18] is very slow compared to
the algorithm of this paper, and the matrix-factorization implications of (15) in [18]
are not appreciated or exploited. In another related work [19], the authors base their
approach on projection operators applied to spherical harmonics (as in equation (1)
of the present paper) followed by Gram—Schmidt orthogonalization and do all of the
necessary integrals numerically to machine precision by noting that the integrands of
interest are polynomials and that, therefore, suitably high-order Gaussian quadrature
formulas can compute the integrals to machine precision. These machine precision
results are then represented using square roots and rational numbers, and tables to
order 15 are provided. In contrast with the approach of [19], we apply projection
operators to delta functions rather than spherical harmonics, expand the result in
spherical harmonics and in ISBFs, and by equating the two expansions derive a bi-
linear system of equations from which the weights in the expansion of an ISBF in
terms of spherical harmonics can be derived symbolically rather than numerically to
machine precision. In summary, in this paper we remove the limitations indicated
above and the resulting algorithm is highly suitable for computer implementation in
either numerical or symbolic programming languages; software is available from the
authors.

2. Approach. Our goal is to determine ISBFs such that (1) each function is
real valued, (2) the set of functions are a complete orthonormal basis for smooth
icosahedrally symmetric functions on the sphere, and (3) each function is a linear

combination of Y7, for some fixed I. Let [df mean [, f;io sin(f)dfd¢. Then

the orthonormality referred to in the second property is [ I7%(6, ¢)Io (0, $)dQ = 64,0/,
where I, denotes an ISBF from a not-yet-specified basis. Since rotation of Y; ., gives
a function that is a linear combination of {Y},,» : m’ = —I,...,+l} [21], the third
property assures that the ISBFs will have simple properties under rotations, which is
important in electron microscopy [2].

Goals (1)—(3) of the previous paragraph do not uniquely define the ISBFs when
there are two or more ISBFs (denoted by I, ..., I,,) in the subspace S; spanned by
{Yim : m = —1,...,+1}. In particular, if O € RP*? is an orthonormal matrix, then
the p functions (Ia,,...,Is,)" could be replaced by the p functions O(1s,, ..., Ia,)"
and still satisfy goals (1)—(3). A method to chose the basis in the subspace S; so that
the basis has meaningful representation-theoretic or spectral-theoretic properties is an
open question. In this paper (see section 6) the basis is chosen so that the matrix of
expansion coefficients, expanding ISBF's in terms of spherical harmonics, is triangular.
This choice of basis minimizes the number of terms when computing ISBFs from
spherical harmonics. Except for sections 68, all results in the paper are true for any
basis satisfying goals (1)—(3).

A standard group-theoretic approach to determine the ISBF's is to apply projec-
tion operators [22, pp. 92-94] to the spherical harmonics. For the identity represen-
tation of a group, the projection operator has a simple form and a candidate ISBF,
that is, the projection operator applied to the (I, m)th spherical harmonic, is

g—1

(1) Jl,m(ev(b) = P(Tk)yl,m(97¢)v

k=0

Q|+

where g = 60 is the order of the icosahedral group, T} is the kth rotation of the
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icosahedral group, and the scalar transformation operator P(T') applied to a function
¥(r) is defined by P(T)y(r) = (T~ 'r). (We are using the notation of [22].) While
this method appears to be direct, it has some serious difficulties: First,

+1
P(Ti)Yim(0,0) = > Dimms (Te) Vi (0, 6),

m/=—1

where the Dy, m/(T) are the complicated Wigner’s D coefficients [21], so it is difficult
to perform the sum of (1) analytically for general [ and m. Second, for a fixed I,
Laporte’s results (see Theorem 3.1) state that there are only N; < 2] 4 1 linearly
independent ISBFs that can be constructed from {Y;,, : m = —[,...,+l}) while (1)
will generate 2] + 1 candidates. Therefore, N; functions must be chosen from among
the 2/ + 1 candidates. Furthermore, no set of N; functions from among the candidates
is guaranteed to be orthonormal, so a set of IN; linearly independent functions must
then be orthogonalized by the Gram—Schmidt procedure. This orthogonalization is
also difficult to perform analytically for general [ and m. In summary, it is difficult
to derive, by way of (1), expressions for an orthonormal set of ISBF's that are explicit
functions of the indices.

Our approach is also based on projections. However, rather than projecting a
spherical harmonic, as in (1), we project a delta function located at spherical co-
ordinates (0, ¢g), i.e., 6(cos@ — cosby)6(d — o). The result of the projection is a
symmetrized delta function denoted by A(fg, ¢o; 0, ¢):

I
-

g

A(0o, ¢0;0,¢) = P(T})[6(cos 0 — cos 60)6(p — ¢o)]-

1
9 =0

=
Il

This projection is easy to compute because the result of applying a rotation to a
delta function is just another delta function at different coordinates: P(T})[6(cosf —
€08 00)6(d — ¢o)] = 6(cos@ — cosOy)6(dp — ¢r). Furthermore, it is straightforward to
expand the symmetrized delta function A(fo, ¢o; 0, ¢) as a weighted sum of spherical
harmonics:

+1

A0y, ¢0:0.0) = > > wim(Bo, o) Yim (0, 9),

=0 m=—1

8

specifically,

g—1 oo

+
(2) A0 00:0.6) = £ 3030 3 Vi (s 00)¥in (0,9,

k=0 1=0 m=—1

In addition, because the ISBF's are a complete orthonormal fixed basis for the subspace
of totally symmetric functions, we know the expansion of A(6y, @o; 0, @) as a weighted
sum of ISBF's:

(3) A(fo, do; 0, ¢) = ZI* 0o, 60) 10 (0, 9).

In order to assure that each ISBF is a linear combination of Y} ,,, for fixed | we constrain
the ISBF, denoted by I; ,,, to have the form

(4) Iln Z blnm}/lm ¢)

m=—1
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where [ € {0,1,...}, n € {0,1,...,N; — 1} (see Theorem 3.1 for the value of N;),
and the weights b, ,, are unknown and are in fact the goal of these calculations.
It is the matrix constructed from by, (I fixed) that will be made triangular in
section 6, thereby selecting a particular orthonormal basis as described above. Finally,
by equating (2) and (3) and using (4), we can derive nonlinear equations for the
weights by ., and these nonlinear equations can be solved recursively to give explicit
formulas for the by 5 .

3. Preliminaries. For the spherical harmonics Y} ,,, we use the conventions of [6]
and exploit the standard result [6, Eq. (3.53)] that Yi,,, (6, ¢) = Ny mPpm(cos )e™?,
where P ,, () are the associated Legendre functions [6, Eq. (3.49)] and

2L+ 1 (1 —m)!
Nl’m_v dr (I 4+m)l

Laporte [14] proves the following result regarding V.

THEOREM 3.1 (Laporte [14]). For I even, the number N; (denoted by Nl(e))
satisfies the relationship

1

N(e) l
(1—20)(1 — 219 L

M8

N
I
<

while for 1 odd, the number N; (denoted by Nl(o)) is

o) _ Nl(f)mv [ > 157
Nl =
0, 0<1<15.

For our concrete calculations, we choose the coordinate system used by Alt-
mann [7] and Laporte [14] in which the z axis passes through two opposite vertices
and the xz plane includes one edge of the icosahedron.

4. The bilinear equations for by, m. The first proposition about the b, 1,
coefficients can be determined simply from the choice that [; ,, are real and Y; _,, (6, ¢)
— (—1)™Y}',,(6,6) [6, Eq. (3.54)].

PrRoOPOSITION 4.1. Foreachl=0,1,...,n=0,...,N;—1, andm = —I,...,+l,

bl,n,m = (_1)mb?,n,fm'

The second proposition, based on the orthonormality of the Y;,,, relates the
orthonormality of the by, ,, coefficients to the orthonormality of the I; ,.

PROPOSITION 4.2. I, and Iy, (I £ U; I =0,1,...;n =0,...,N, — 1
n' =0,...,Ny —1) are orthonormal for any choice of by m. For fired l =0,1,...
the I, (n=10,...,N; — 1) are orthonormal if and only if

+1
*
E blyn’mbl,n’,m = 6774,71/ .

m=—1

Let (6o, ¢o) be the (arbitrary) spherical coordinates of a delta function within
the first asymmetric unit. Let {(0x,¢r) : k = 1,2,...,59} be spherical coordinates of
delta functions in the remaining 59 asymmetric units generated by applying rotations



EXPLICIT COMPUTATION OF SYMMETRIC HARMONICS 543

in the icosahedral group. The locations of these additional 59 delta functions are
given by Proposition 4.3 below.

PROPOSITION 4.3. As a function of the parameters 60y and ¢g, the 60 symmetry-
related positions on the unit sphere are

{(Ok,dr) : k=0,1,...,59}

:{(90,¢k):k:071,...74}U<CJ {(vn,an+k25ﬁ> :k:071,...,4}>

n=0

U<90{<ﬂ—vnm—an+k25> :k=0,1,...,4}>

J{(x — 0,7 — 1) : k=0,1,...,4},

where ¢, Y, and ap, (k=0,1,...,4) are related to Oy and ¢g by

2w
¢k = ¢O + k?7

1
cos v, = —=(cos Oy + 2sin O cos ¢y,),

V5

2 — sin By cos ¢y,
/5 — (cos By + 2sin b cos )2

cos ay =

The following proposition is used in the simplification of the the bilinear equation
determining the by, coefficients.

PROPOSITION 4.4. For any 0y and ¢g,

59 5Nl,m Pl’m(COS 90) (einl¢0 + (_1)l€—im¢0)

Zm,7n(9k7¢k) = +22:0 B,m(COS’Yk) (eimak 4 (71)l67imak)
k=0

, m =5y with p€ 2,

0 otherwise,

where Z are the integers.

Equate the expressions for A(6y, ¢o; 8, ¢) in terms of spherical harmonics (2) and
ISBF's (3) to find that

oo N;j—1 1 9 oo +1
(5) DD Do 00)in(0.8) = o5 DD 0 D ¥ (O 68)Yim(6,6).
=0 n=0 k=0 1=0 m=—1

Replace 1;,, (0, ¢) by its expansion in terms of (6, ¢) (4), multiply by Y7 .. (0, ¢),
integrate over solid angles in # and ¢, and use the orthonormality of the spherical
harmonics to obtain (after renaming the indices I’ — I, m’ — m) one form (Propo-
sition 4.5, equation (6)) of the fundamental equation for determining the by, ,,, coef-
ficients. Use Proposition 4.4 in (6) or (4) in (6) to obtain two alternative forms ((7)
and (8), respectively). The results are summarized in the following proposition.
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PROPOSITION 4.5. The by pm (1=0,1,...;n=0,. —Lim=—l,...,4l) co-
efficients satisfy each of the following equivalent relatzonsths for arbitrary 0y and ¢q:
Ni—1 T
6) D bunmlin(o,00) = o5 > Vi Ok 01),
n=0 k=0
N;—1

Z b1 n,m 110 (60, Po)
n=0

ﬁNz,m [th(cos o) (e"’w0 + (—l)le*im‘f’o)
m = bpu with p € Z,

(7) = + Zi=0 va(COS ’Yk) (eimak + (l)leimak)]
0 otherwise,
Ni-1
8 b n,m’ b n,m m’ 0 3 Y m 0 )
(8) nz;)m/z_:_ L On,m Yime (B0, o) = 6OZl ks Ok

foranyl=0,1,... and m=—1,... +l.

Notice that there is no coupling between different values of [ in (6), (7), and (8).
From (7) we immediately obtain the following properties of the b; ,, ,,, coefficients.
PROPOSITION 4.6.

1. If m # bu with p € Z, then by m = 0.

2. Forl even, by p m s real. Forl odd, b, m is imaginary.

3. binm = bin,—m(=1)Hm.

4. Forl odd, b; 0 = 0.
Using these properties, we can simplify the expression for the I; ,, as follows.
ProrosITION 4.7.

:;l 0 1+6 Nl mbin,mPm(cosb) cosme, [ even,
(9) L,(0,9) =
1 2N1,m iy 0 Prm (cos 0) sinm, | odd.

Proposition 4.7 implies that the ISBFs are completely determined by the b; , 1,
coefficients for which m > 0. Therefore in the remainder of the paper, we assume
m > 0 and m’ > 0. Also, we absorb the “/” that occurs for [ odd into by, so that
the new definition of b ,, ., is always real (Proposition 4.6(2)). The calculation of the
bi n,m coefficients is the same in plan but different in details for [ even versus [ odd.
We will show the [ even case and then state the results for [ odd.

Notice in equation (8) that the by 4, », coefficients enter only through the quantity
Zgl:?)l b1, mbin,m . Therefore, define

N;—1
(10) Cl,m,m’ = Z bl,n,mbl,n7m’-

n=0

The remainder of the calculation is in two parts: (1) explicit computation of the
Cimm constants and (2) factorization of (10) to determine the by, m
coefficients.
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5. Calculation of Cj y, . Denote the integer part function by |-]. Use Propo-
sition 4.7 in Proposition 4.5 and specialize to the case of [ even, m = 5u with
w=0,...,|1/5] and m’ = 5u' with ' =0,...,[l/5] to get the result that

l
IN, v
Z Cl.m,m’ S hm! Py s (cos bp) cosm’ ¢

m’=0 1 + 6m/,0
1 4
(11) = ENl’m {Pl,m(cos 0y) cosmeog + Z Py (cosyy) cosmay, | .
k=0

Multiply both sides of (11) by cosm” ¢g, integrate from 0 to 27 with respect to ¢,

and then divide by 27. After using the orthonormality of cos meg and renaming m”

to m’ we obtain Proposition 5.1, which is the basis for computing the Cj -
PROPOSITION 5.1. Forl even, m = 5u with u=0,...,|l/5] and m’ = 5y’ with

W =0,..., /5,

1 1+ 6y
Nl,m/cl,m,m’Pl,m’ (COS 90) = éNl,m Pl,nz’ (COS 90)67n,m’ %
o 4
1 /
(12) +— Z P, 1, (cos i) cos(may,) cos(m’¢g)deo | -
2T 0 =0

Equation (12) is of the form Cj  m fi,m/(60) = him,m’(6o). Therefore, for fixed
[, m, and m’, the functions fi,,/(-) and Ay, m (-) are proportional and Cjp, m is
the constant of proportionality. We are unable to compute the value of the integral
contained in Ay, o (-). However, we can compute limg, o(1/m/l)d™ /d65" of both
Si,me () and Ay e (+) and the resulting functions continue to have the same constant
of proportionality. Define constants g; ., and Dy, s by

1 dm/
13 m = | —7 Pl 0 ’
( ) qi, |:m/] dg(r)n l (COS 0):| 600
4

1 am
(14) Dymom: = E [m, Py (cos ) cos(may) cos(m’ o) deo .
— m’! degY 2w J, 9o=0

1 27

Substitute these definitions into the limit of the m’th derivative of (12) to obtain the
final equation for determining Cj ,, s in terms of g ypv, Dim m/, and the standard
formula for Nj .

PROPOSITION 5.2. Forl even, m = 5u with p=0,...,|1/5] and m’ = 5y’ with

W =0,..., /5

1

(15) Nl,m’cl,m,m’gl,m/ = 6 I,m |:gl,m’6m,m/

14’2& + Dl,m,m’ .
We are unable to directly evaluate the derivatives in (13) and (14) and then set
0o = 0 so instead we use the following proposition.
PROPOSITION 5.3. Let f(-) be a function with continuous arbitrary order deriva-
tives. If limg_, f(0)/0™ = C and |C| < oo, then

{1 dm

(16) miagn ! >]9_0 = Jm S
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Initialization: ¢ pm,—1 = 0, ¢m—1,m,m’ = 0.
for(m'=0;m' <M ;m' ++){
Compute 2, using equation (40);
for(m=m';m<L;m++ ){
Compute ¢y, m,m/ using equation (44);
for(l=m+1;1<L;l++ )
Compute ¢, m/ using equation (42);
}

F1G. 1. Recursive algorithm to compute ¢ m -

Using Proposition 5.3 we can evaluate gj n,» and Dy, s (see Appendices A and B)
with the results that

(=)™ (L + m)!

ghmr = 2m'm/ V(1 — m/)!’
5
Dl,m,m’ = Wcl,m,m’y

where ¢, m can be computed either explicitly by

1 . 2i—l—m 2i—l—m j
ol Ly 2 (1 2
Cmam =271 Y (1) (l—z’)!i!(\/g) 2 (2i =1 —m—j)}j!

i=| 3=0

Soml 2\ INY 8 jiptg
X _ — - = _ w1
Z p! (\/5) 2 < 2) (m—p—q)lq!

q=0

or recursively as shown in Figure 1.

6. Factorization of Cj , m to compute by, m. Once we have Cjpy pr, We
use (10) to calculate by, using well-known matrix factorization algorithms. Note
that there is no interaction between different values of [ in (10) and so in this section
[ takes some fixed value and that value is suppressed in the matrix notation. Let
C and b be matrices of dimensions [I/5] x [I/5] and N; x |I/5], respectively, in
which the (n,p)th elements are Cj 5,5, and by, 5., respectively. Equation (10) is
then equivalent to

(17) C =b'b.

Therefore, C is symmetric and positive semidefinite. By orthonormality of ISBFs
within the same [ it follows that bb™ = Iy, (Proposition 4.2), where I, is the ¢ x ¢
identity matrix and therefore C is also idempotent. Because C is idempotent, any
factorization of C will be row orthonormal as described in Proposition 6.1.

PROPOSITION 6.1. Let U € R™ ™. If V.€ R™*™ is (row) full rank and U =
VTV, then V is row orthonormal if and only if U is idempotent.

Note that if b is a solution to (17), then for any N; x N; orthogonal matrix O,
b’ = Ob is also a solution. For this reason we may add an additional constraint on b
requiring it to be upper triangular, which implies b; ,, 5, = 0 for p < n.
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One algorithm to factor C is eigenvalue decomposition. Because C is idempotent
C has only two eigenvalues, 0 and 1. Rows of b span the same space as eigenvectors of
C with eigenvalues 1. Gram—Schmidt orthogonalization may be used on these eigen-
vectors to obtain orthogonal row vectors of b. This algorithm requires all elements of
C and it usually does not generate an upper triangular solution.

An alternative factorization algorithm is the Cholesky factorization, which is the
algorithm we have used in computer codes. In this algorithm b; ,, ,,, are computed by

n—1
18) b =,|C — b?
(18)  binsn = 4| Cron,5n Iin’ 5n
n’=0

n—1

’
<Cl,5n’,5n - § bl,k,Snbl,k,5n’>7 n=n+1,...,N—1
k=0

(19) bl,n,5n’ = bl,n,5n

Equations (18) and (19) should be applied in the order n = 0,1,..., N; — 1 to ensure
that the by m,m that occur on the right-hand side are already determined by the
time they are needed. This algorithm requires only elements of C , .,/ for the index
values 0 < m’ < 5N; and m’ < m < [. This is a computational advantage because
computation of Cj ,,, s can be expensive especially for large I,m,m’. The algorithm
generates an upper triangular b.

7. Numerical example. For [ € {0,1,...,29} there are either zero or one har-
monic for each [ and the cases with one harmonic are [ € {0, 6, 10, 12,15, 16, 18, 20-22,
24-28}. By evaluating the recursions of this paper we have computed the harmonics
through [ = 85. Here we state only the first four harmonics in unnormalized form as
computed symbolically by Mathematica:

Io,o(97¢) =1,
Is0(0,¢) = 23-32.5-11P5 o(cos ) — Ps 5(cos 0) cos 5¢,
I0.0(0,¢) = 28-3*.5%.7-13-19 P o (cos 0) + 2°-32-5-19 Py 5(cos ) cos 5¢
+ Pyo,10(cos 8) cos 104,
T20(0,6) = 28-3°.5%.72.11-17Pj5 g (cos §) — 2*-32.5-7-11 P15 5(cos ) cos 5¢
+ Pi2.10(cos 8) cos 10¢.

(Division of the stated formula by v/22x, 2432 . 52,/ 117/13, 2% -3%.54/7-13 - 197,
or 22-3*.53%.7.11v/5 - 7- 177 will normalize Io.0, 16,0, 10,0, Or I12,0, respectively.) In
Figure 2 we show a spherical plots of I o and 12 ¢ which clearly exhibit the icosahedral
symmetry of IG,O and 112,0.

8. The I odd case. The calculations are similar to the case of [ even. Here we
list only the major results. The explicit expression for ¢; ., s (37) is modified to

1 . 2i—l—m 2i—l—m ;
- _ ;i (20) 1 27
Clamm = (=1)27" ; O m <\/5> 2 @ m

=5 =0

S )T
! \V5 2) (m—p—q)lqg"

p=1,3,... q=0
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Is0(0,9) Ii20(0, )

Fic. 2. The ISBFs for (I,n) = (6,0) and (I,n) = (12,0). For each value of 6 and ¢ the distance
of the surface from the origin is ¢, + Ij 5, (0, ®), where ¢; , = 2maxg ¢ (|11, (6, ¢)]).

For the recursive calculations, the initial conditions of z,, are modified to z; = 1, 2z =
—1 and (44) is modified to

o () ()

9. Generalization to other representations and other rotational groups.
The idea of applying the projection operator to the delta function can be applied to
other finite groups of coordinate rotations and to higher dimensional representations.

Let g be the order of the finite group G of coordinate rotations; N be the number
of irreducible representations; and d,, for p =0, ..., N —1, be the dimension of the pth
irreducible representation. For the icosahedral group, these values are g = 60, N = 5,
and dp = 1,3,3,4,5 [23, p. 324]. Let I'?(T});,;» forp=0,...,N—-1,k=0,...,9—1,
and j,j’ = 1,...,d, be the matrix elements of the kth member of the group in the
pth unitary irreducible representation which, for the icosahedral group, are tabulated
in [15].

We continue to use the notation and results of [22] specialized to square integrable
functions on the sphere which are indicated by L?(0, ¢). Let f(0, ¢) € L?(0, ¢). By [22,
Theorem I, p. 92] it follows that

N
(20) ZZ a? 1 (6, ¢),

p=0 35=0

where fp (6, ¢) is a normalized basis function transforming as the jth row of the
dp dlmensmnal unitary irreducible representation I'? of G, a] are a set of complex
numbers and the sum on p is over all the inequivalent unitary irreducible represen-
tations of G. Following [22, p. 93] we define the projection operator ’Pi i by
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By [22, Theorem II, p. 93] it follows that
P _ PP
Pj7jf(0a o) = ajfj (0,9),

where a? and f]’.’ (0, ¢) are the coefficients and basis functions of the expansion of
f(6,¢) (20) that relate to the jth row of I'P.
We apply these results to §(cosf — cosy)d(¢ — ¢p) to find that

—1dp—1

6(cos @ — cosby)6(p — ¢o) = Z Z pAp (6o, 0030, 9),

p=0 35=0
EAL (00, ¢03 0, ¢) = P ;6(cos 0 — cosblp)6(¢ — ¢o)

g
(21) - % S TP (T3, 6(cos0 — cos 04)6(6 — ),
k=1

where (0, ¢r) are the symmetry-related positions, e.g., for the icosahedral group,
(0k, ¢r) are given by Proposition 4.3. The normalization a? is set by the condition
pr 0o, bo; 0, )dQ = 1.

The symmetrized delta functions A¥(fo, ¢o;0,¢) define subspaces, denoted by
(L%)?(6, ¢), of the Hilbert space L(6, ¢) by

(L2)2(0.6) = {f<9,¢> € 12(60.0): f(6,) = / A?;(eo,¢o;9,¢>f<90,¢o>dao}.

Each subspace contains only a certain type of basis function, the union of the sub-
spaces is all of L?(6,¢), and the only function in the intersection of any pair of the
subspaces is the zero function.

The goal is to determine a complete orthonormal fixed basis in each subspace.
Denote the fixed basis functions by I f (0, ¢; a) where « is an index. We proceed exactly
as in the previous sections of the paper devoted to the identity representation of the
icosahedral group. First, one can show that o can be written as [, n and

+1

700, ¢:0,m) = > V(1,0 m)Yym (6, 6).

m=—1

Second, one can expand A?(GO, ¢0;0, ) as a weighted sum of Y, (6, ¢):

AP(6o, ¢o; 0, ¢) = ZZ 7 (00, $0; 1, m) Yy (0, ),

=0 m=—1

specifically (by using (21)),

d oo
(22) A7, 60:6,0) = Z Tk”ZZYlmok,mnM ,8).
]

=0 m=—1

Third, since I7 (6, ¢;1,n) are a complete orthonormal fixed basis for (L?)Q(ﬁ,(b), it
follows that

oo

N @)
(23) AP(6o, ¢o;0,0) = > Z P (00, do31,n))" 156, ¢;1,m).

=0 n=0
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Fourth, by equating the expansions for A’; (6o, ¢o; 0, @) provided by (22) and (23),
one arrives at an equation that is exactly a generalization of (5). From this point
forward, the I f (0, ¢;1,n) can be obtained by using the same methods already used
for the identity representation of the icosahedral group.

10. Conclusion. We have described a novel method for explicitly computing
orthonormal symmetrized harmonics and have applied the method to the identity
representation of the icosahedral group. The work was motivated by the analysis
of data from spherical viruses. Other applications of icosahedral symmetry include
fullerenes [24] and quasi crystals [10]. A Mathematica program to obtain exact closed-
form expressions for ISBFs of arbitrary order and a C program to calculate their
numerical values are available from the authors upon request.

The same approach can be used to determine general explicit expressions for other
groups and the particular examples of tetrahedrally and octahedrally symmetric basis
functions have been done by the authors. Moreover, since the icosahedrally symmetric
delta function can be viewed as the result of applying the projection operator of the
identity representation of the icosahedral group to the regular delta function, we
believe the same technique can be employed to calculate basis functions for the other
four irreducible representations of the icosahedral group. These functions are of great
interest in quantum mechanical problems with an icosahedrally symmetric potential,
of which one example is the Cgy molecule. Work in this direction is already in progress
and will be reported in a future publication.

Appendix A. Computation of g; ,,,». Since

(71)m(1 o x2)m/2 dl+m

(24)  P(z) = (@ =)' = (=)™ = 2*)" Gy (2),

207! dzttm
where
1 dl+m

is a polynomial of order [ — m, we find that
Py (cosby) = (=1)™ (sin Ho)m/Gl,m/ (cosBy).

Using Proposition 5.3 we obtain
(=)™ (1 +m)!

G = Tim T (c0s60) S S L B
™ 2 (1 — )

. = (=1)" G (1
6o—0 o5 (=1) e (1)

Appendix B. Computation of D, /. We begin the calculation of Dy,
by recalling the trigonometric and polynomial definitions of the Chebyshev polyno-
mials of the first kind:

m
(26) T () = cos(marccosx) = Z (Z) 2™P (22 — 1)P/2,
p=0,2,...
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Define Ry, (x,y) by

Rim(2,y) = P ((y + 2;6)/\/5) cos (m arccos ((2 — m)/W))

oo
@ D S L R E

where we have used (25) and (26). R; ,(z,y) derives its importance from the fact that
Ry (sin g cos ¢y, cos 0p) = Py, (cos ) cos(may) which is central in the definition of
Dy e (14). Since Ry (z,y) is a polynomial of order [ in = and y it can be written
in the form

l
(28) Rl,’m(xvy) = Z cl,m,m”(y)xm 5

m!'=0

where ¢; . m (y) is a polynomial in y of order at most 1.
PROPOSITION B.1. Define Ay mr by

1 2m .
(29) At oy = —/ (cos ¢r)™ cos(m/¢g)dey.
2T 0

Then
1. if m"” <m/, then Apyr o =0,
2. Ay oy = (1/2™") cos Zkm/.
Define Ql,m,m’ (90) by

1

27
Q1m,m (6) = o / Ry (sin 0 cos ¢y, cos b)) cos(m’ ¢g)deo,
0

which is the first step on the path from Ry, (sin 6y cos ¢y, cos6y) to Dy ms. Note
that all dependence of R; ,(sin g cos ¢y, cosby) on ¢ (and thus on ¢g) comes from
the first argument z. Using Proposition B.1 and (28) we obtain

l
(30) Ql,m,m/(go) = Z Clom,m’’ (COS 90)(Sin Ho)m”Am//7m/,

m'' =m’

Furthermore, by Proposition 5.3 and (30),

’

dm,

L Ql,m,m’ (90) 1 2m
m'! dor

= c1m,m’ (1) = cos —km/.

(31) Q1m,m (90)} = lim o 3

m/
9o—=0 o0 0y

In addition, if m’ is an integer multiple of 5, then Zi:o cos Zkm’ = 5. Using this
fact and (31) in the definition of Dj , v (14) we obtain

5
(32) Dl,m,m/ = Wcl,m,m’(l)~
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It remains only to calculate ¢; m m (1). In the following two subsections we provide
two methods, a finite summation and a recurrence, both based on the observation that

l
(33) Rim(2,1) = > cimm(1)2™
m’=0

That is, ¢;mm (1) is the coefficient of the term 2™ in the [th order polynomial
Ry m(z,1). For notational convenience, from now on we shall rewrite ¢ m/(1) as
Clomm: and Ry, (x,1) as Ry ().

B.1. Explicit expression for ¢ m,,m/. Substituting y = 1 into (27) we obtain

(34) Ry () = ( - jg)mGz,m (;50 T 2x)) H,(2),
-

Hy(z) = (1 -z —2*)™?T, (2\/12;756332> — p_%m (Z:) (1 - §>mp (?w)p.

The function Gy, (-) can be evaluated for an arbitrary argument from its defini-
tion in (25): take the derivative term by term of the binomial expansion of (z2? — 1)!
to obtain

l

1 l i 21)! 2i—l—m
Gim(®) = 5 > (i)(—l)l (21_(1)_771),33 o

= L l+2m J

By further use of the binomial expansion, we can obtain the following expression for
Rl,m (l‘)

l

L _i (22)' 1 2i—l—m 2i—Il—m 2]1:3
Bim(@) =27 3 (=) (l_z)w(\/g> Z (2i — 1 —m — j)\j!

i:[Hsz §=0

w3 (G S () e

p=0,2,... q=0

From (36) and (33) it is clear that an explicit expression for ¢, m/ is

l . 2i—l—m 2i—l—m :
@i (1 2
m = 27l —1 177‘(7 .
Clm,m Z (=1) (l—i)!z’!(\/5> Z (26 — 1 —m — j)lj!

i:\-l-gm,J §=0
m m—p M—p q
m! ([ 2 IN"_ omrjtpta
37 x = 2| Imltpte
(37) pzoz’;w p! (ﬁ) ; ( 2) (m —p—q)q!

B.2. Recursive calculation of ¢; ,,,,m’. Using the recursive relation for Cheby-
shev polynomials

Tnt1(2) — 22T () + Tre1 () =0
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and (35) we can derive the following recursive relation for H,,(x):
(38) Hy1(2) 4+ (2 = 2)Hy(2) + (1 — 2 — 2*)H,p_1(x) = 0
with the initial condition Ho(z) =1, H1(z) = 1 — 2/2. The solution of (38) is

o) = 2 (14 25" (1 )]
) - ;mi_o (;:,) 2™
where

(5 e (52

Note that z,, satisfies the recursion
(40) Zm/+1 + Zm — Zmr—1 =0

with the initial condition zp = 2 and z; = —1.
Using (34), (24), and the recursion for P ,,(x) in |

(14 1= m) Pt (@) — (20 + Py (@) + (1 + m) Py () = 0,

we can derive a recursion for Ry, (z) in [:

1
(41) (I+1-—m)Riy1m(x)— (21 + 1)E(1 +22)Ry () + (I + m)Ry—1 m(x) = 0.
Substitute (33) into (41). The coefficient of each power of x must vanish sepa-
rately, which leads to the recursion

1
(42) (I+1—m)cryr,mm: — (21 + 1)E(Cl,m,m’ +2¢1mm—1) + (L +m)ci—1,mm = 0.
To initialize (42) to compute ¢ m/, note that ¢ m—1 = 0 and Cm—1m,m’
= 0. We still need ¢y m,m/ to start the recursion, but

< i 1 \™ (2m)!
(43) m/Z:O Cmymm/T = Rm,m(x) = (_ \/5> (Tni')Hm(CE)

I O O

Given an integer L, Figure 1 shows an algorithm, with control structures writ-
ten in the C programming language, to calculate all ¢; s for I < Lym’ < M’ =
5Nr,m' < m < l. Because the factorization algorithm described in section 6 uses
only Cj . for which 0 < m’ <5N;,m’ <m <1, it follows that for any single [ we
need only to compute ¢y, m for 0 <m/ <5N;,m' <m <.
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