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Symmetry-Constrained 3-D Interpolation of Viral
X-Ray Crystallography Data

Yibin Zheng Member, IEEEPeter C. Doerschylviember, IEEEand John E. Johnson

Abstract—A three-dimensional (3-D) interpolation problem
that is important in viral X-ray crystallography is considered. The
problem requires new methods because the function is known to
have icosahedral symmetry, the data is corrupted by experimental
errors and therefore lacks the symmetry, the problem is 3-D,
the measurements are irregularly spaced, and the number of
measurements is large (14). A least-squares approach is taken
using two sets of basis functions: the functions implied by a
minimum-energy bandlimited exact interpolation problem and a
complete orthonormal set of bandlimited functions. A numerical
example of the Cowpea Mosaic Virus is described.

. INTRODUCTION

IRUSES, like molecules, can sometimes be crystallize ,
. . . ig. 1. Icosahedron. One symmetry axis of each type (two-, three-, and
and their three-dimensional (3-D) structure can then be Gge-fold) is shown.

termined by X-ray crystallography. This paper considers a 3-D
interpolation problem that commonly arises during structure de-
termination for spherical viruses. Spherical viruses are virus@dVise], which is therefore bandlimited in real space. The inten-
with a shell of protein (the capsid) surrounding an inner cofiies are proportional to samples@tk) = (27)%/?| P, (k)|*.
of nucleic acid. The capsid is “crystalline” in the sense that ffote thatG(k) is the Fourier transform of the autocorrelation
is constructed from many repetitions of the same polypeptidddnctiong(z) = [ pu(X)pu(A — =) dA, which is also bandlim-
and the entire capsid is invariant under the rotational symmetrit&d in real space.
of the icosahedron. The icosahedron, as shown in Fig. 1, is conf complete data set is one in which the intensities for all
structed from 20 equilateral triangles and has 60 rotational syfgSiProcal lattice sites in some resolution rage< |k < k;
metries: a five-fold axis where five triangles meet, a three-foRf€ measured. For experimental reasons, the data sets used to
axis through the center of each triangle, and a two-fold axis @t€rmine avirus structure are incomplete. However, in order to
the midpoint of each edge between two triangles. A typical outdfe standard algorithms (e.g., the electron density modification
radius of the capsid is in the range2tQ 08 A. algorithm [2]), an essentially complete data set is required. The

Let p(x) [with Fourier transformP(k)] be the electron den- _subjec_t_of this paper is one approach to estimating the missing
sity in the crystal in real space or equivalently object spac@tensities. _ _ o
P(k) in reciprocal space, or, equivalently,Fourier space, is im- Because of the |co.sahedr.al symmetry of the viral pgrtlcle in
pulsive becausg(z) is periodic. The lattice of impulse locationsral space, the functiof¥(k) in reciprocal space also displays
is called the reciprocal lattice. The data in an X-ray crystallo§¥ymmetry. This paper concerns crystals in which the unit cell
raphy experiment, which are called intensities, are the magﬁither_contains one v_irus particle or contains multiple virus par-
tude squared of the weights on the impulses’¢k) [1]. One tlcles_ln_ the same orientation. In these cases, the symmetry of
period ofp(z) is called the unit cell and occupies the volushe ~ G(K) isicosahedral symmetry. We focus on the case where there
Let p, (z) [with Fourier transformP, (k)] be the electron den- S only one virus particle because in that case, we can more pre-

sity in the unit cell [i.e. p.(z) = p(z) for z € S, and= 0 oth- Cisely model the contents of the unit cell in real space.

The interesting symmetry operations k) are operations
_ _ _ that transform points on the reciprocal lattice (where measure-
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tional measurements implied by the symmetry). The intuition g&cond alternative point of view, which is applicable only to data
that even if the intensity is measured for only one fifth of the reéhat exactly exhibits the symmetry (i.e., noise free data), is min-
ciprocal lattice points in the resolution range of interest (a fairimum-energy bandlimited exact interpolation (MEBLEI). The
typical fraction), the fact that each measured value is really &@ajor benefit of these two alternative points of view is that they
measured values gives hope that the value of the intensity atpesvide motivation for using particular families of basis func-
ciprocal lattice sites where no measurement was made cartibas in the least squares problem. In addition, for the MEBLEI
interpolated from the (60/5)-fold excess of irregularly samplgaroblem, we show how to reduce the computation by the number
intensity values with sufficient accuracy to allow determinatioaf symmetry elements, which is 60 in the complete icosahedral
of the 3-D virus structure. The interpolation problem is difficulgroup.
for the reasons listed in the Abstract. Note, however, that the in-Several families of basis functions are considered: Families
terpolation only needs to be done once, at the beginning of thigginating with the MEBLEI and Bayesian problems, and a
reconstruction process, so that substantial computation canfér@ily based on harmonic functions. The 3-D character and
done. large number of measurements are central characteristics of
The general problem is interpolation of a bandlimited fundhe problem. The families originating with the MEBLEI and
tion G(k) from samples of the function. This problem has a lonBayesian problems have a number of basis functions equal to
history in signal processing [3] and crystallography [4]. If athe number of measurements and no natural way to choose a
infinite number of samples are taken on a uniform rectanguismbset of the basis functions. Therefore, they are not attractive
lattice in and/ -dimensional space and the support region of tHer computation. The family based on harmonic functions
Fourier transform is rectangular, then the well-known answerhss an infinite number of basis functions. However, there is a
given in terms of Hﬁ‘il sin(z;)/x;." In crystallography, such natural way to choose subsets based on bandwidth constraints,
functions are called interference functions and are central to emd by using subsets, we have successfully solved several
tation function calculations [4]. Very few exact results givingrroblems.
explicit formulas for the interpolating function are known when Tobacco ring spot virus (TRSV) provides a typical example of
an infinite number of samples are taken on a nonuniform late interpolation problem. The space group of the TRSV crystals
tice even in one dimension (e.g., [5], [6]), or the support regiaa C2 with parameters
of the Fourier transform in multiple dimensions is not rectan-

gular or spherical. A finite number of samples never leads to a a=4071 A

unique interpolation without an additional constraint, and nu- b=399.7 A;

merous constraints have been studied: c=2859 A:
* polynomial interpolators [7], [8]; 4 =129.1°.

* nonlinear warpings of the independent variable [9];

« linear bandlimited interpolators that minimize the energ$gufficient virus was available to grow 27 crystals from which
in the interpolated function [10], [11]; 71 imaging plates were recorded. In the resolution range of

« interpolation motivated by the two-dimensional (2-DP.02 < |k| < 0.25 cycles/A, there were 66594 measured
problems that arise in computed tomography (see [1@hique reflections, which is roughly 22% of the total unique re-
and the references cited therein). flections in that resolution range. The quality of the data is deter-

Interpolation is currently used to estimate the missing intefined by comparing reflections (in terms of the square root of
sity values. However, the current methods are local and do it€ intensities) that should be equivalent due to the space group
fully exploit the icosahedral symmetry of the intensity data argymmetry. The scaling factor for only whole reflections with
are therefore inaccurate. In this paper, we describe more sopHis=(I) > 4 after postrefinement was 8.4% (40649 observa-
ticated global interpolation algorithms based on a least-squati@®s and 37 381 unique reflections). In this instance, the factor
point of view that exploits the symmetry. This approach hdbat prevents the recording of additional data is that it has not
two advantages: First, if the number of degrees of freedomkgen possible to grow additional crystals that diffract to this res-
large enough and the basis functions are properly chosen, téiion. Because the virus particle is positioned on a two-fold
least squares can provide exact interpolation of consistent daxés of the space group, the 60-fold redundancy is reduced to
(i.e., data that exactly satisfies the symmetry condition) whiR0-fold. Since 22% of the data is available and the data is in-
providing an inexact least-squares fit to inconsistent data tfigipsically 30-fold redundant, the available data is slightly more
takes into account weights (e.g., variances) that describe thethen six-fold redundant. This level of redundancy should be suf-
curacy of each data point. Second, it allaygriori information ficient to solve the structure if the gaps in the data set could be
on virus structure (support and symmetry constraints) to be iecurately filled in by interpolation so that standard refinement
cluded by use of appropriate basis functions. programs would be able to converge.

In order to demonstrate the generality of the least squaresThe remainder of the paper is organized as follows. After
point of view, we show that proper choice of the basis funglefining notation (Section II), we list the properties of a viral
tions and weighting matrices in least squares makes the |e@fticle and describe a low-resolution nominal model (Sections
squares interpolator the same as interpolators derived from tllaand 1V). The following three sections (Sections V-VII) de-
alternative points of view. The first alternative point of view iscribe the least squares, Bayesian, and minimum-energy ban-
to consider interpolation as a Bayesian estimation problem willimited exact interpolators and show that the latter two are spe-
Gaussiara priori model and Gaussian measurement noise. Thigl cases of the first. In Section VIII, we describe two families
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of basis functions. Finally, numerical results are described in 4) Positivity Constraintp,.(z) > —p forallz € R?, where

Section 1X, and the results are discussed in Section X. po is the background solvent electron density.
5) Inversion Constraint: p,(z) real implies that
II. NOTATION AND MATHEMATICAL PRELIMINARIES g9(x) = g(—x).

In addition, it is desirable to have a mathematical representation

2 Integlger. b of p,(x) from which P(k) can be computed analytically since
R Real numbers. this computation is a 3-D integral.

C Complex numbers.

* Complex conjugation. V. A NOMINAL MODEL

T Transpose.

H Hermitian transpose. A very low-resolution model fop,(x) in a spherical virus is
—T Transpose of the inverse matrix. [16]

0; ; @ x j zero matrix.
I, n X n identity matrix.
“>0" applied to a matrix means positive definite, andJf €
> with QF = Q > 0, }hean;2 denotes the matrix square
root of Q, i.e., Q@ = (QY*)H Q2. Thelth spherical Bessel .
function of the first and second kinds [13, Sec. 7.2.1] are d-tla—he funjctlons Po(k )_[:;e(i)":gﬁgg (g)""n_Sf(‘;:r”)‘g /glffp’o((:))l]é
noted by () and y(r), respectively. The Gaussian probas. Po(A ’ oY — 0
bility density function with meann and covariancé} is de-
noted by]/V(m, Q_). T_he Dirac de_lta function is c_Jenoted byr) Let S,, ands,, denote the support gfy(x) andgo(x), re-
or §(x, «'). The indicator function on the sétis denoted by . o _
1s(z). The inner product ok andz is denoted by:” z. Define spectively. In generaly, " {x.' [#| < Fy} and S, o
S 3/2. : oo 1z |z[ < 2Ry} In some situations, a so-called empty virus
; dlé@;) ThefF;urler transfzrm)o;afunctmf(z) Isde- s studied, in which casg. = 0. In these situationss,, =
Inea by =T eXp—L x)ax . it i i il
Let Ry € R?’X?’ (B € {0, ---, 59}) be the orthonormal {:;2' }f_ < lol < Ry}, butitis stll true thatSy, = {z: o] <
matrix with determinant +1 representing thth rotation of the +
icosahedral group [14], [15]. To say a functip(r) (z € R?)
has icosahedral symmetry meap&) = p(RElz) for all
z € R*andg € {0, ---, 59}. The presence of the symmetry Let j, be the number of measurements that were made, let
changes the natural notion of distance. Specifically, instegd (j € {1, ---, jo}) be the reciprocal space coordinates of the
of measuring the distance between two poiatand ' by jth measurement, |@:d (“d” for “data”) be the value of thgth
|z —'| = [Zi  (®n — x,)]*/2, it is now natural to use the measurement, and I € R have component§?. Letng
metricd(z, #’) = ming|z — Raw | be the number of basis functions.
Integrals of the typ€(k; S) = 7 [, exp(—ik’ z)d®zoccur  The autocorrelation functiony(z) or, equivalently, its
repeatedly and can be done analytically witeis a cube or a Fourier transformG(k) is described byy(z) = >, ba(x)an
ball. Define the setS.(s) = [—s1, s1] x [=s2, s2] X [=s3, s3] andG(k) = 3, Ba(k)a., where the functiond, () [with
and Sb(70) = {z: |z| < 7o} and the functiong.(k; s) = Fourier transformsB, (k)] are the basis functions, and, are
I 231J0(/€ sj) andGy(k; ro) =7 4W70J1(/€70)/(/€7‘0) . the weights. Define the row-vector valued functidris) and
Then,C(k; S.(s)) = C.(k; 5), and( (ks Si(ro)) = G ([kl; o)- B(k) with components,, (x) and B, (k), respectively, and the
column vectora, with components:,. Then, the interpolator

pe;, 0< |2| < R_
po(x) =< ps;, R <|z| <Ry
07 R-l— < |"".|

[the Fourler transform ofo(x)] can all be computed analyti-
cally.

V. LEAST SQUARES

Ill. CHARACTERISTICS OF THEVIRUS PARTICLE can be written
Because we consider the case where there is one virus particle g(x) = b(z)a (1)
per unit cell, the electron densipy, () is essentially the same G(k) = B(K)a. @)

(up to a rotation and translation) as the electron density of the
virus particle , which is denoted by, (x). The electron density
pv(x) has several characteristics that we wish to incorporate intowe consider least squares estimation of the unknown param-
the interpolation process by correct choice of basis functiongersq € ¢ from the dataG? € R7 with a penalty on the
The properties op,.(x) and their implications fog(x) are as deviation of the unknown parameters from a set of nominal pa-
follows: rameters denoted by,. Therefore, the nominal(x) andG(k)
1) Icosahedral Constraintp,(x) has icosahedral symmetryare go(x) = b(x)ag andGo(k) = B(k)ay, respectively. Let
as defined in Section Il. Therefor&(k) andg(x) also L € C#*™ be a matrix with rowsB3(k;). Therefore, the vector
have the symmetry. La is the predicted value of the measurements given parameters
2) Support Constraintp,(z) = 0 for || < R_ and|z| > a. The least squares cost function is
R, . Thereforeg(x) = 0 for || > 2R,.
3) Real-Valued Constraintp,(x), and thereforeg(x) are xa(a) =5 (G = La)"E(G? ~ La)
real. + A3 (a—ao)"S(a—ao) (3)
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where= andX. are the weights on the measurementsapdori ~ crystallographic problemy(k, ) = 7 exp(—ik’x), but

model, respectively, andl is a regularization parameter. The the additional freedom of an arbitrary(k, =) is useful in

that minimizesy () is described by Theorem 1. Section VII. Then,G(k) is a Gaussian stochastic process
Theorem 1:If a € C™, G¢ € Co, L € CI0*™0, qo € C™, with mean G(k) = [ y(k, z)g(z)d®>z and covariance

AERWIthA > 0,2 €l withg” =2>0,Z e C*™  Cgk, k) = [[ Cylz, &)k, z)v* (K, o) Pz 2. Letk
with 7 = ¥ > 0, andy.: C™ — R is defined by (3), then be the coordinate location at which an interpolated value is

the global minimum ofy »(a) with respect taz occurs at desired. For conditional mean estimation, unlike maximum
likelihood estimation, it is only necessary to consider one
a= E_I/QUM)\VHEI/Q(Gd — Lag) + ao (4) location at a time because conditional mean estimation of a
vector of random variables is the same as conditional mean
where estimation of each component in the vector. The measurement
model is thatG¢ = G 4 v, whereG € R’ has components
diag< O ) 0 . . G(k;), andv € R% is N(0j,,1, V) and independent of(z)
My = pi+A T2+ A o (and, therefore, independent @).

Let mgx € R!' andmga € R’ be vectors with
componentsi(k) and G(k;) for j € {1,---, jo}, respec-
wherer is the rank ofL, andu, (k € {1, ---, x}), U, and tively. Let Yom) ex) € RV, Yow),e € RV, and
V are the singular value decomposition.bf= EY/2Ly-1/2:  Xge ga € R°*/° be matrices with componentSc(k, k),
Au = v andA# v = pu, wherey andv are the columns of  Ca(k, k;) for j € {1, ---, jo}, andCqg(k;, k) +V;,; for

Ong—m,m Ong—m,jg—m

andV, respectively. g7 e {1, -+, doh respectivebé wherd’; ;. is the(j, 5/)th
By completion of the square in (3), the result of Theorem dlement ofV. Then, (G(k)?, G*" )T is Gaussian with mean
can also be written: (mé&)> Mmea)” and covariance

a=(LHZL 4+ A0) T LHE(GY — Lag) + ao () Low),ck)  Tak),qe

T

but then, the limit\ — 0 is difficult to compute unles& =1, ), o
is full rank [i.e.,ng < jo and rankL) = no]. . . ) .

Using (4) or (5) in (1) and (2) and applying(z) = b(x)ao T.herefodre', the condnmngl probability densnyfunctlon@ifk),
andGo (k) = B(k)ao provides two equivalent formulae for the9Ven G*, is Gaussian with mean and covariance
least squares interpolator in real space and two more equivalent
formulae for the interpolator in reciprocal space. For instance ptmG(k)|Gd=‘rnG(k)+Eg(k)7ngg§7Gd(Gd — Mga)
[(4) in (2)], one of the reciprocal space formulae is

ZGd s Gd

-1
LG m)|ar=1G(k), Gk) ~EG (), G4 Ega, gaXga, ak) (7)

— -1/2 H=1/2¢md
Gk) = Go(k) + B(k)X UMAVEEYAG" = Lag). (6) and (7) is the interpolator.
If it is desired to use a nominal modél,(k) that cannot | The Bayesian app;oa;chﬂ(:) S a spec_lalhca}se of the
be written in the formB(k)ao, then the natural approach is east-squares approach (6). The paramete_rs In the least-squares
to perform least squares on the reside — Go (where approach that make the least-squares interpolator equal to
T 0 the Bayesian interpolator are the following: Take basis func-
Gy = (Go(kl), sy GO(kjg)) )Wlth ag = Ojg,l- Such a least ,. _ _
squares problem occurs in Section VI. tions Bk) = Xu).c: = (Colk ki), -, Calk, kj, )
so thatL is square, has componenits ;; = Cg(k;, k;7)
(, 5’ € {1, ---, jo}), and, thereforeL* = L > 0, so that
L1 exists. In addition, take measurement weights- V1,

In this section, we describe a Bayesian approach to intergmarameter weight® = L7 L~'L = L, and regularization
lation that provides an alternative to the least-squares pointpsrameters = 1. If the meanmq,) in the Bayesian problem
view since in the Bayesian approach, the basis functions are e-equal to B(k)L~'mga, then take nominal parameters
rived from the statistical assumptions. The idea is to assume@= L~ *mq., apply least squares to the data directly, and
statisticala priori model forg(x) and a statistical measuremenfind that the interpolators for the least-squares and Bayesian
model forG? and then compute the conditional mean{) approachs are identical by direct calculation. If the MeaNk,)
atthe desired coordinate locatibrronditional on the measuredin the Bayesian problem is not equal #(k)L = m., then
values*. We show that the Bayesian approach is a special caake nominal parametetg = 0;, o, apply least squares to the
of the least-squares approach. However, in spite of this fact, tesidualG¢ — mq., and again find that the least squares and
Bayesian approach is interesting as a method for choosing b&agesian approaches are identical.

VI. RELATIONSHIP WITH GAUSSIAN BAYESIAN INTERPOLATION

functions. As described previously, the Bayesian framework determines
The a priori model is thatg(z) is a Gaussian stochasticthe basis functions in terms of the statistical assumptions, and
process with meang(z) and covarianceCy(z,z’) = the number of basis functions (i.e,) is equal to the number of

E{[g(z) — g(x)][g(z’) — g(«)]*}. Assume thatG(k) is measurements (i.gpo). If y(k, ) = 7 exp(—ik’ ), then since
related tog(z) by G(k) = [ ~(k, z)g(x)d*x. For the the basis functions arB(k) = (Cg(k, k1), ---, Ca(k, kj,))
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in the reciprocal space, they arer) = (hi(x), - -+, h;,(z))in  where the calculation ofCq (k, k') exploits the group
real space, where structure of the rotation matriceBs. Therefore, the recip-
rocal-space basis functions for unsymmetric and symmetric
ho(z) — Colk, k; k) Bk classes ayij(k) = Cglk, k;)) = .,k — k;) and =
i@ =7 / c(k. k;) explik”z) (7/60) 239=0 Q. (k — Rgsk;), respectively, and the real-space

basis functions for unsymmetric and symmetric classes are
bi(x) = 7 [ By(k) exp(ik’z)d’k = Tw,(z) exp(ik} z)

and = w,(z)(7/60) 33, exp(iRsk] x), respectively. The
simplest choices fow, (x) andw,(x) arew,(z) = 1g, (s)(x)
(Which is not symmetric)w,(z) = 1s, () (Which is sym-
metric), andw,(z) = 1s, (x) (which is symmetric), which
result in the basis functions

:'r/ Cy(z, =) exp(+ik?w’) d*x’.

Now, consider the case with exact measuremaénts: 0. In
this case, (7) is an exact interpolator, thavig; gy« |g_g. =
-

G(k;) becaus&Sam,y ce g oo IS thejth row of LL™1 =

I;,. The case o¥ = 0is also equivalent to the MEBLEI inter-
polators of Section VII, as shown in Section VII. ( 7¢(k — kj; 8)

Lety(k,z) =7 exp(—_ikT:c) for the remainder of this sec- 16|k — ks 2R,)
tion. A natural choice fot+(k), based on the nominal model of B,(k) = b 0 Jh e 9)
Section IV, isG(k) = Go(k). Two classes of model for the de- °
viations ofg(x) (ar)oundgo((:z) are considered. In the first class, (7/60) Z Gl — Bskjl; 2R)
the deviations [denoted by, (x)] are a space-varying white sto- ) =0 T
chastic process with covarian€g, (x, ') = w,(z)8(z, '), ((715.(s)(x) exp(ik; x)
wherew, (x) is any positive function. This class allows mod- s () exp(ik!x)
eling of the support constraint of the virus by havingz) = 0 bi(z) = % ,'; (10)
on the complement of the support set. It does not enforce the 2 ) T
symmetry constraint and, hence, the subscrigtfor “unsym- Ls,, ()(7/60) > _ exp(iRsk; z)
metric.” In the second class, the deviations [denoteg iy )] N p=0

have icosahedral symmetry. Lg{(z) be defined by respectively. Other choices af(x) that cannot be written in

59 terms of linear combinations of these choices.¢%) lead to
9+(x) = (1/60) Z gu(Rsx) 3-D Fourier transforms that are difficult to evaluate analytically.
8=0

VIl. RELATIONSHIP WITH MINIMUM -ENERGY BAND-LIMITED
which is symmetric by construction and, hence, the subscript EXACT INTERPOLATION

“wo_n

s” for “symmetric.” By dirept calculation exploiting the 9rouP s described in Theorems 2 and 3 below, the basis func-
structure of the matriceR,, it can be shown that the covariancg; g i the minimum-energy bandlimited exact interpolation

of g:(%) is (MEBLEI) problem are determined by the Fourier transform re-
Cy. (. o) = ws(2) Az, o) lationship betweet(k) andg(z) and by the support constraint.
The resulting basis functions are basis functions that are also
where naturally generated by the Bayesian approach. Therefore, the

MEBLEI approach is not a method for generating novel basis
functions. In theory, the MEBLEI can be found for an arbitrary
support constraint, but the calculations require the evaluation of
3-D integrals that can be done analytically only for cuBi¢s)
and sphericab,, = Si,(2R, ) support regions.

Consider an invertible linear operator with kernelz, ')
[i.e., if u(z) is the input andu(z) is the output of the linear

(A(z, «') is called a symmetrized delta function [14], [15]). By?Perator. themu(z) = [ w(z, & )u(a’) d’x], a/nd denote
consideringv,, (x) that are nonzero only on one asymmetric unif' ker/nel of the*mverse Ope,ratgr byi‘”(?’ ='). Define

of the group, itimmediately follows that, () can be any sym- Wiz ) = [w(& z)uw(E a')d°¢. The linear operator
metric function. Therefore, in the second class, the deviatioﬁ@v'ng W as its kemnel is also invertible, and the inverse
have covarianc€,, (z, ') = w,(z)A(x, «'), wherew,(z) is 12 kemelWin (€, #) = [ winv(®, Hui,, (2, §) d°¢. The
any positive symmetric function.

MEBLEI problem is summarized in Theorem 2.
Define 2,,(k) and ©2, (k) to be the Fourier transforms of 1 neorem 2:Let W(z, &'), Wiy, (z, '), w(z, 2'), and
w,(x) andw,(x), respectively. Then

winy(x, ') be related as above. Consider the interpolation
problem

©0

5

ws(x) =(1/60) wy(Rsx)

(<3 @
o |
o

Az, ') =(1/60) §(x — Rpx').

Il
=

Ce. (b, k) =mQu(k — k)

win § [ [ lo(@) - sl@) W (a2 )lo(a) - gn(a)]
Ca,(k, k) =(7/60) > Q.(k—Rygk) (8) d3sgd3 Ss
8'=0 -dPxdix
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subject to Theorem 3:Let Q: R?® — R satisfyQ(x) > 0 forall z €
R? and satisfyQ(R;'x) = Q(z) forall 8 € {0, - -+, 59} and
a; = / bt (x)g(z) d°x forallz € R3. AssurrT1e that there exists a functignR — C
5, such thab; (z) = f(k; x). Assume thago(Rsx) = go(x) for
. . _ all g € {0, ---, 59} and for allz € R®. Assume thatS, is
forj € {1, ---, jo}. Define symmetric. Assume that the data set is complete and consistent.
Ay = // b (2) Wi (. )by () P d®s Consider the interpolation problem
~ 3 win } [ lol@) - () Qo) '
Gy =y — / b (x)go(z) d°x. (11) . Sy
o ' subject to
Define A € C/*J to have elementd; ;;, & € C% to have
S Jo by & = ion i .
componentsy;, and e C’ by & = AX. Then, the solution is ;= /S I (k]T:c)g(:c) B
Jo g
= =+ Winv s / b; / d. ! Aj. .
s =n@+ 3 | [ Wte @ L o
59
The interpolator of Theorem 2 corresponds to a subclass of bi(x) = Z f(Rsrfx)
the Bayesian interpolators described by (7), specifically, those 9—0 '
Bayesian interpolators with™ = 0, which makes them exact - px( T oNT
) ; T <~ [regz)be(z)
interpolators. If the Bayesian problem is given, then the corre- Ayv = W
Sg

sponding MEBLEI problem is
g0(x) =9() ap=d — / (6F ) go(x) .

. / — / — — —_ J— —
Wi (2, 2') = Cy(2, 2') Define A € C/o*Jo to have elementd,; , @ € Ch to have

bi(z) =~(k;, =) componentsy;, andX € C% by @ = A . Then, the solution is
which can be verified by directly checking that the basis B
functions, weights, and nominal model are identical. Since the g9(x) = go(x) + Z —— bi(®) A
Bayesian problem is a special case of the least squares problem =1 Q=)

(Section VI), this result also describes the correspondenc
between the MEBLEI and least squares problems. which f(r) = 7 exp(ir). The cubeS, = S.(s) is not sym-

T
For the crystallography problert; (z) = 7 exp(ikj ©). B 1ayric"and cannot be considered. However, the sphgre=

cause the integral in (11) is 3-D, analytical forms are impogag0 — S,(2R,) is symmetric and, for the ca€¥(z) = 1, it can
|_ 1 7

tant, and the two cases for which analytical results are avgls computed thak; ; — Zso Go(|ki— Rart]; 2R ), and the
U= 2u8=0 - ) +

able areS, = S.(s) (a cube) andS, = S,, = S,(2Ry) . ; . ;
(a sphere). Assume that'(z, &) = 6(z — &'). Then, for basis functions are exactly the third cases in (9) and (10).

Sy = S.(s), it can be computed that; ;; = (.(k; — k15 s),

and the basis functions are exactly the first cases in (9) and (10),
whereas forS, = S,, = S,(2R,), it can be computed that Two families of basis functions that guarantee that the inter-
A; o = G(|k; — kj|; 2Ry ), and the basis functions are expolator has various of the properties discussed in Section IlI

Continue with the example df;(x) = 7 exp(ik]T:c) for

VIII. B ASIS FUNCTION FAMILIES

actly the second cases in (9) and (10). are described in this section. Typically, it is not possible to do
Now, consider the effect of symmetry. exact interpolation with a symmetric interpolator because the
Definition 1: AsetS issymmetridéf z € SimpliesRgz € S data do not exhibit the necessary symmetry. However, it is still

forall 5 € {0, ---, 59}. possible to do least squares using the basis functions that are de-
Definition 2: A data set for interpolation isompleteif for termined by the exact interpolation problem. Sig€e) is real

eachj € {1, ---, jo} andj € {0, - --, 59} there exists g’ € andg(x) = g(—), it follows that bothr [ g(z) cos(k” =) dx

{1, .-+, jo} such thatRsk; = k;. andr [ g(x) exp(ik” «) dz are valid expressions fa¥(k) [the
Definition 3: A data set for interpolation isonsistent Fourier transform ofi(x)]. The cosine form has practical advan-

if Rsk;, = k; impliesw; = «j. Letj, = jo/60. As- tagesbecause ityields real basis functions and, if the weights are

sume that the data set is both complete and consistent. abso real, it guarantees that the interpolator is real. Therefore, the

Kkm € R® (m € {1,---,7,}) be the measurement locationdirst family of basis functions are the third cases in (9) and (10)

in one asymmetric unit of the icosahedral group. Then, fonodified by using the cosine definition. This choice guarantees

eachj € {1, ---, jo}, there existd € {l,---,7,} and thatthe interpolated(x) is symmetric, has the correct support,

B € {0, ---, 59} such thatk; = Rgk,. Furthermore, lety,, and is real.

(for m € {1, ---, 7,}) be the values of the measurements at In this paragraph, a set of basis functions that are or-

the locationss,,,. Then, for eacly € {1, ---, jo}, there exists thonormal (unlike those of the prior paragraph) and for which

le{l, -, 7} such thaty; = a. the number of basis functions is naturally under the user’s

By examination oft = AXin Theorem 2, the following result control are described. Because of the icosahedral symmetry
can be shown. (a rotational symmetry) and the maximum radius for the
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region in which g(=) may be nonzero, it is natural to usewhich could be aligned with theandy coordinate axes, respec-
spherical coordinates in both re@ = (r, 8, ¢)) and recip- tively, are instead rotated 16ff of the = andy coordinate axes.
rocal (k = (k, ¢, ¢')) spaces. In order to easily computeThis relationship between the icosahedral group and the coor-
the Fourier transform relating(z) to G(k), it is natural to dinate axes of the lattice (which is really the space group of the
define real-space basis functions that are products of harmoaigstal) implies that the only symmetry-related data points are
angular functions and spherical-Bessel radial functions. The= (ky, ko, k3)¥ andk’ = (—ky, ks, —k3)T; therefore, the
angular function determines the rotational symmetry of thaata is 30-fold redundant. The synthetic data are calculated by

basis function. Spherical harmonics [17, eq. (3.53)], which are N s 5
denoted byY; ,,.(6, ¢) (1 € {0, 1, ---}, m € {~1, ---, +1}) B ;5 -
are a complete orthonormal (CON) basis for functions on G(k) = Z Z Jnexp(—ik" Rpz)

the sphere. Howeveg(z) must have icosahedral symmetry, =1 f=0

and therefore, we only need a CON basis for the subspagkerez, and f,, are the location and the atomic scattering
of icosahedrally symmetrié., functions on the sphere. Suchfactor, respectively, of theth atom. The specifi& used arek

a basis is provided by icosahedral harmonics [14], [15n the reciprocal lattice [i.ek = (27 /a)n for n € Z°] such
[18]-[20], which is denoted by} (6, ) (I € {0, 1,---}, that0 < |k| < ki, wherek; = 27 x 0.1 rad/A or= 27 x 0.05

n € {0,1,---, Ny — 1}). Use of icosahedral rather thanrad/A. For the 0.1 (0.05) data set, there are 7073 (56 540) mea-
spherical harmonics means that any superposition of thesgements that are not symmetry related.

basis functions has icosahedral symmetry and that the numbe?) Approximately 80% of the computed data is randomly
of basis functions for eadhis markedly decreased, specificallydeleted. Two mechanisms are considered: a) In the first mech-
N; (for which formulas are known [18]) vers@é+- 1. Because anism, independent and identically distributed Bernoulli trials
g(x) = g(—=x), there is an additional simplification: Only with p = 0.2 are performed (one trial for each measurement),
even is required. For the radial functions, which determirand if the trial is a success, then the measurement is retained.
the support ofg(z), it is straightforward to derive a CON In the 0.05 cycles/A realization used in these calculations,
basis on(0, R, ) constructed from spherical Bessel functionthe number of retained and deleted points are 1399 and 5674,
by using Sturm-Liouville theory [21, ch. XVIII]. [HereR, respectively, whereas the corresponding numbers for the 0.1
is twice the value used in the nominal model of Sectiogycles/A realization are 11245 and 45295. b) The second
IV for p(x) becauseg(x) is the autocorrelation function of mechanism models the actual data collection process. Data
p(x)]. The result of these calculations are the real, and recipre collected in a sequence of double-wedge shaped regions
rocal, space basis functiortg ,, ,(x) = Hi ,(r)1; (6, ¢) intersecting the origin, and data sets are incomplete because
and By, p(k) = hi (k)T (6, ¢") (I € {0,2,4,---}, an insufficient number of regions are collected rather than

pe{l,2,3, --},ne{0,1, -, Ny—1}),whereH; ,(r) = because the data in an individual region are incomplete. This
GO, pr) /1, py b, p(k) = R H[ (Ry)ji(kRy)/(K* — 7 ,), process is simulated by randomly generating two unit vectors
v, is the pth root in ascending order of;(vR;) = 0, denoted byn; and#,, where the angle between them % 3

nep = Ry /2R 5} (i, pRy), Hz',p is the derivative of; ,, and defining one boundary plane by requiring it to be normal
and Ty (6, ¢) = S°FL L by i m(6, ¢) for known coef- 10 71 and to intersect the origin and likewise for the second
ficients by, ., . There exists an efficient numerical algorithnfPlané andi.. The double wedge is then the region between
that can computg;(z), 7(x), j/(x), andy}(z) simultaneously thgse tonpIanes that is the region of reciprocal space such that
so thath; (k) can be computed without numerical derivativesk” 71)(k” 722) < 0. Regions are added until the number of
The number of basis functions used is determined by tReints falling within some region is roughly 20% of the total.
truncation of the sum (an angular bandwidth constraint) an# the 0.05 cycles/A realization used in these calculations, there

p sum (a radial bandwidth constraint) and is therefore und@f€ 14 regions, and the number of retained and deleted points
user control. is 1405 and 5668, respectively.

3) The parameters that minimize the least squares cost func-
tion (3) are computed either by singular value decomposition
(SVD) (4), [23, Sec. 2.6] or by direct solution of the normal

In this section, we describe numerical results on synthequations by Gauss—Jordan elimination (GJE) (5), [23, Sec.
data computed from the atomic-resolution structure of Cowp@&al]. The SVD is a superior numerical technique but requires
Mosaic Virus (CpMV) [22], which contains 60 x 4341 nonhy-more computation and storage than the GJE, in particular,
drogen atoms. Each numerical experiment consists of sevestairage proportional tagjo rather tham2, and we do not have
steps: the resources required for the SVD approach for the larger

1) Compute synthetic data from the atomic-resolution strucalculations described here. Least squares is applied to the
ture. One viral particle is placed in each unit cell of a cubic Residual after subtraction of the nominal mode}(k) with
Bravais lattice where the unit cell of the lattice measures R_ = 95 A, R, =160 A, p. =0, andp, determined from the
317.053 A on a side. The symmetries of the icosahedral groufata by least squares. Interpolation on the data directly rather
are related to the coordinate axes of the lattice in the followirilgan on the residuals leads to only slightly inferior performance.
fashion: The icosahedral group has three orthogonal two-fdlthe parameters in the cost function &e= I;, (measurement
symmetry axes. One of these symmetry axes is aligned with tregiance) andx = 0 (regularization parameter). The choice
z coordinate axis. The second and third of these symmetry axesA = 0 means that there is no nominal mode} @nd>) in

IX. NUMERICAL METHODS AND RESULTS
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the least squares procedure. We focus on the harmonic basis TABLE |
. . . — <
functions ®,. = 320 A) because the number of parameteg ( RESULTS FORK;, = 27 x 0.05 RAD/A
. . USING THE BERNOULLI DELETION MODEL
can then be controlled. (Recall that for the exact-interpolation
basis functions, the number of parameters is always equal to the L=10| L=20| L=30
number of observations, there is no natural way to delete basis R | 0.000201 | 0.000198 | 0.0000273

functions, and the number of observations in the problem of
real interest is large, e.g., 66 594 for TRSV). The calculations
are carried out for a subset of the infinite set of harmonic
basis functions, and the subset used! ise {0, ---, L},
nef0,---,Ny—1},andp € {1, ---, P = |ky Ry |}, where no | 88 183 299
L is variable and is described in the following.

4) The interpolator determined in Step 3) is evaluated at the TABLE I

k values of the deleted measurements, and the results are COfRzg ;1 Fork, = 27 x 0.05 RADIANS/A USING THE DOUBLE-WEDGE

Ry 0315 0.223 0.145
R, |0.00880 | 0.000920 | 0.000127
C 10974 0.988 0.995

pared with the values of the deleted measurementsGi(k} DELETION MODEL
andG(k) be the values of the true and interpolated data at lo-
cationk. Three measures of performance used by crystallogra- L=10) L=20 | L=30
phers are computed: R | 0.00184 | 0.000229 | 0.0000416
Ry {0359 |0222 |0.148
7. ~
X0 [G(ky) — Gk Ry |0.0787 |0.000994 | 0.000196
2 it 7.
j c lo9esr |0989  |0.994
X2 [GR)P
. no | 88 183 299
; -
Ej=01 vV G(kj) Y G(kj)
R, = -~
N2 /G(ky) TABLE Il
.. — RESULTS FORk; = 27 x 0.1 RADIANS/A USING THE BERNOULLI
Ejjzol \ /G(kj) A /G(kj) DELETION MODEL
Tt 2, . 1/2
[E g, G(kj)} [E g, G(kj)} L=36SVD | L=3GJE|L=60GIE|L=75GJE|L=85GIE
Jj= J Jj= J
RyY | 0.0000998 | 0.0000998 | 0.0000380 | 0.000023¢ | 0.0000183
whereY" indicates a sum over only those measurements tt_f1_| 0312 0.312 0.239 0.203 0.184
were deleted. We also compute a modified versioRofwhich Bz | 0000342 | 0.000342 | 0.000162 | 0.0000853 | 0.0000713
is denoted byR5Y) in which the sums are over the retainec ¢ | 0.978 0.978 0.986 0.989 0.991
rather than the deleted measurements, which is a normali: », 900 900 1797 2277 2573

version of the least squares cost function at the minimum.
We first consider the case, = 27 x 0.05 rad/A. Results

using the SVD computation are shown in Tables I and Il for g, — 1836 matrix for L = 60. Similarly, we stop af. = 85 be-

variety of L. Current unpublished algorithms due to JOhnSthuse our current software for the Computation Oﬂﬂ)g(a d))

and collaborators make only local interpolations and opergtghctions, which is based on recursions, becomes inaccurate for

without fully exploiting the icosahedral symmetry. Uetbe the |argeri. Even with these limitations, we have achieved useful

location at which an interpolated value is desired. The 59 syiterpolations since a typical refined atomic-resolution macro-

metry-related locations are computedhy = Rsko. At each molecular structure only has & in the low to mid 20%’s.
kg, aninterpolation is performed using local values, where local

is defined in the sense ¢k — ks| rather thard(k, ks). Then,
the 60 values from local interpolation are averaged to give the
final value. Using such algorithms yields resuits = 0.25 and In this paper, we consider 3-D interpolation in the presence of
C = 0.8, and therefore, the algorithm described here, whidymmetry. The particular symmetry involved is the icosahedral
computes global interpolations and fully exploits the icosahsymmetry of viral X-ray crystallography (which also occurs
dral symmetry, is already improving performance by a factam quasi crystals and fullerenes) but any rotational symmetry
of 2 when only 312 parameters are used. This interpolatorviduld have equivalent results. We consider the problem from
nearly an exact interpolator siné&e" is small. Since the two three points of view—least squares, Bayesian estimation, and
deletion models give very similar results, we only consideradinimum-energy bandlimited exact interpolation—and show
the Bernoulli model in later computations. that MEBLEI is a special case of Bayesian, which in turn is
We now consider the cage = 2 x 0.1 rad/A, which is a special case of least squares. However, the MEBLEI and
the size of problem that is of biological interest. Results usigayesian approaches are still of interest because they suggest
the SVD and GJE computations are shown in Table Ill for a vaasis function families for use in least squares. An important
riety of L. The larger problems are computed exclusively withspect of the problem is that although a symmetric interpolator
GJE because we do not have the computational resources edesired, the data are not symmetric due to the presence
essary to compute the SVD’s, e.g., the SVD gf &= 11245 by of noise, and this aspect is naturally dealt with by the least

X. DISCUSSION



222

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 48, NO. 1, JANUARY 2000

squares approach. Examples of interpolation in the regiofts] ——, “Symbolic symmetry verification for harmonic functions in-
0 < |k| < 27 x 0.1 rad/A are described.

In order to definitively treat problems such as the tobaccq,g
ring spot virus problem described in Section I, several software
issues must be addressed; it would be desirable to use SVD
methods, but that requires the practical computation of the SV
of a large matrix (e.g., 6 x By 3 x 1), stable software for
high-order icosahedral harmonics (i.e» 85) must be devel-
oped, and more general space groups and more general po[sle]
tioning of the viral particle within the space group need to be20]
implemented.

In this paper, we have considered interpolation when the in-
tensities have icosahedral symmetry. A second related problefau]
of great importance in crystallography is determination of sym-
metry. Specifically, if multiple copies of an object are presentm]
in the unit cell then, based on the intensities, what are the spa-
tial relationships between the copies? These relationships all
traditionally determined by so-called rotation function methods
[4], which essentially search for the maximum of the correla{24]

tion between the Patterson function (the inverse Fourier tran
form of the samples off(k) [1]) and the rotated and translated

7]

(18]

5]

Patterson function. If the objects themselves have a symmetrjze]
then the so-called locked rotation function method [24] can ex-

a very efficient locked rotation function method can be based on
the same icosahedral harmonics tools used in this paper.

(1]
(2]

(3]

(4]
(5]

(6]
(7]
8]
El

(20]

(11]

(12]

(13]

(14]
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