ECE 580 Spring 2009
Funwork #1

Solutions
1.
e For the matrix, _ .

1 2 -1 3 2

2 -1 3 01

A - )

3 1 2 3 3

1 2 3 11

find its rank by first transforming the matrix by means of the row elementary operations

into an upper triangular form.

e Find the rank of the following matrix for different values of the parameter v by first
transforming the matrix by means of the row elementary operations into an upper

triangular form,

1 v -1 2
A=|2 -1 ~ 5
1 10 -6 1

Solution:

e Performing a sequence of row elementary operations, we obtain

1 2 -1 3 2 1 2 -1 3 2 1 2 -1 3 2

2 -1 3 01 0 -5 5 -6 =3 0 -5 5 —6 -3
A= — —

3 1 2 3 3 0 -5 5 —6 -3 0o 0 4 -2 -1

1 2 3 11 0o 0 4 -2 -1 0O 0 0 0 O

Because elementary operations do not change the rank of a matrix, hence rank(A) =

rank(B). Therefore rank(A) = 3.



e Performing a sequence of row elementary operations, we obtain

1 v -1 2 1 10 —6 1 110 -6 1
A=|2 -1 ~ 5|—=|1 v -1 2|=]0~y=-10 5 1
1 10 —6 1 2 -1 ~ 5 0 —21 ~+12 3
11 10 —6 11 10 —6
- 101 ~y-10 5 — 101 ~-10 5 |=B
03 —21 ~+12 00 —3(y—3) v—3

Because elementary operations do not change the rank of a matrix, hence rank(A) =

rank(B). Therefore rank(A) = 3 if v # 3 and rank(A) = 2 if vy = 3.

2. Consider the following system of equations,
1’1—|—1L'2—|—2£L'3—|—1’4 = 1
T — 21’2 — T4 = -2

Use Theorem 2.1 to check if the system has a solution. Then, use the method of the proof
of Theorem 2.2 to find a general solution to the system.

Solution: We represent the given system of equations in the form Ax = b, where

T
11 2 1 T 1
A= , x = ,and b=
1 -2 0 -1 x3 -2
Ly
Using row elementary operations yields
11 2 1 11 2 1
A= — ,and
1 -2 0 -1 0 -3 -2 =2
11 2 1 1 11 2 1 1
[A’ b] —= — y
1 -2 0 -1 -2 0 -3 -2 -2 =3

from which rank(A) = 2 and rank [A, b] = 2.



Therefore, by Theorem 2.1 the system has a solution.

We next represent the system of equations as

1 1 I 1-— 2373 — T4
1 -2 To -2+ 2y

Assigning arbitrary values to z3 and x4 (x3 = d3, x4 = dy), we get

-1

T 1 1 1 — 233'3 — Ty
T 1 -2 -2+ T
1 -2 -1 1—2x3— 24
31 -1 1 —2 4 a4
[ -t
1—2d;— 2d,
Therefore, a general solution is
T —%dg — %d4 —% —% 0
2 2 2 2
T2 _ 1—§d3—§d4 _ —g d3+ —g d4_|_ 1 ’
T3 ds 1 0 0
T d4 0 1 0
where d3 and d, are arbitrary values.
3. Find the nullspace of
4 -2 0
A=12 1 -1
2 -3 1

Solution: The null space of A is N(A) = {x € R®: Az = 0}. Using elementary row

operations and back-substitution, we can solve the system of equations:

4 -2 0 4 -2 0 4 -2 0

4oy — 229 = 0
21 -1 |{—=10 2 —-1(—10 2 -1 =

21’2—113'3 =0
2 -3 1 0 -2 1 0 0 O



1
T =
1 1 !
= Tog = 51’3 , T, = 51’2 = 11’3 = T = To = 3 xs3 .
ZT3 1
1
Therefore, N'(A) = 2 |c:ceR
4
4. Find the transformation matrix T' from {ey, es, e3} to {€}, €, e} }, where
(a) €] = e +3ey — 4des, €, = 2e; — ey + Ses, e = de; + bey + 3es.
(b) e; =€) + €, + 3€}, ex = 2€| — €}, + 4e;, e; = 3€| + Hes,.
Solution:
(a)
1 2 4
[e’l e eg}Z[el e €3i| 3 -1 5
-4 5 3
Therefore,
-1
1 2 4 28 —14 —-14
Tz[e’1 e, eg} [el e 63}: 3 —-15 “ | 29 -1 T
-4 5 3 —11 13 7
(b)
1 2 3
[el e eg]Z[e’l e eg] 1 =10
3 4 5
Therefore,



1 2 3
T=11 -1 0
3 4 5
5. Given two bases, {ej, ey, €3, €4} and {e’, e}, e, e} of R, where €| = ey, e, = e; + ey,

e, = e +e +es e = e + e+ ez + ey, and the matrix representation of a linear

transformation in {eq, es, €3, €4} of the form

2 0 1 0

-3 2 0 1
A=

0 1 -1 2

1 0 0 3

Find the matrix representation of the linear transformation in the basis {e}, €}, €}, €} }.

Solution:
(111 1]
(e e &b e ]=[ei e ey ]|
0011
(000 1|

Therefore, the transformation matrix from {e; , es, e3, e} to {e} , e, , e}, e} is

-1 - -

1 1 11 1 -1 0 O

0111 0 1 -1 0
T — =

0011 0o 0 1 -1

0001 0O 0 0 1

Now consider a linear transformation L : R* — R* and let A be its representation with
respect to {e; , es, e3, ey}, and B its representation with respect to {e} , €}, e, e}}.

Let y = Ax and y' = Bx'. Then,

y =Ty=T(Ax) =TA(T ') = (TAT Mz’ .

Therefore,



B TAT-! — -3 -2 -1 =2
-1 0 -1 -2
11 1 4

: / / / 3 _ / / ! _
6. Given two bases, {e;, e, e3} and {e], e}, e;} of R°, where e; = 2¢€| + e, — €}, e; =
2e| — €, + 2e}, e; = 3€) + e}, and the matrix representation of a linear transformation in

{ey, ez, e3} of the form

1
0 1

Find the matrix representation of the linear transformation in the basis {€], e}, e5}.

Solution:
2 2 3
[el es €3i|:|:€/1 e eg} 1 -1 0
-1 2 1

Therefore, the transformation matrix from {e} , e}, e5} to {e; , es, es} is

2 2 3
T = ]_ _1 0 )
-1 2 1

and the representation of the linear transformation with respect to {e] , €, , e5} is

3 —-10 =8
B=TAT '=| -1 8 4
2 —-13 -7
7. Find the basis in which the matrix
[ 100 0]
A 1 100
2 5 21
| -1 10 3




is diagonal
Solution: Let {v;, vy, v3, v4} be a set of linearly independent eigenvectors of A cor-

responding to the eigenvalues \i, Ay, A3, and \y. Let T' = [v; vs v3 v4]. Then,

AT = A[’Ul Vo V3 ’04]:[14’01 A’Ug A’Ug A’U4]

A 0 0 O
0 X 0 O
= [>\1’01 A2V2 A3v3 )\4’04]2[’01 V2 U3 ’04]
0 0 X3 O
0 0 0 M\
A 0 0 O A 0 0 O
0 X 0 O 1 0 X 0 O
Hence, AT =T ,or T AT =
0 0 X3 O 0 0 X3 O
0 0 0 M\ 0 0 0 M\

Therefore, the matrix A has a diagonal form with respect to the basis formed by a linearly
independent set of eigenvectors.
Because

det(A) = (A —2)(A = 3)(A — 1)(A + 1),

the eigenvalues are Ay =2, Ay =3, A3 =1, and Ay = —1.

From Av; = \jv;, where v; # 0 (i = 1,2, 3,4), the corresponding eigenvectors are

v = ) Uy = ) U3 = , and Vs =
1 1 9 1
0 1 1 )
'r 1 F 1 10T T
0 0 0 24
0 0 -2 —12
Therefore, the basis is {vy , vs, v3, v4} = ) ; )
1 1 9 1
0 1 1 9
\ L _ | i N _ L d )




8. Determine if the following quadratic forms are positive definite, negative definite, positive

semidefinite, negative semidefinite, or indefinite:
(a) f(x1, 20, 73) = 23;
(b) f(z1,x9, x3) = 2] + 223 — x123;
(c) flx1, w0, 23) = 23 + 22 + 22119 + 27173 + 27973,

Solution:

(a)

0 00 1
f(w1, 22, 73) =w§ = [931 T2 933} 010 To
0 0O T3

000
Then, @ = | 0 1 0 | and the eigenvalues of Q are \y = 0, Ay = 1, and A3 = 0.

0 00
Therefore, the quadratic form is positive semidefinite.

(b)

1 0 —% T
flay, @, w3) = 23 + 223 — 2125 = [Il T2 $3] 0 2 0 T
—% 0 0 T3
1 0 —3
Then, Q = 0 2 0 and the eigenvalues of Q are \; = 2, Ay = (1 — v/2)/2,

L0 0
2
and A3 = (1 ++/2)/2. Therefore, the quadratic form is indefinite.

()

1 11 T
f(x1, 29, 23) = x% + :L’% + 22129 + 221703 + 2X273 = [ Ty To T3 ] 1 01 Ty
1 11 T3



111
Then, @ = | 1 0 1 | and the eigenvalues of Q are \y = 0, Ay = 1 — /3, and

1 11
A3 = 1 4+ /3. Therefore, the quadratic form is indefinite.

9. Find a transformation that brings the following quadratic form into the diagonal form,

f(z1, 29, 73) = 427 + 23 + 925 — 4179 — 62973 + 1271735,

Solution:
f(l‘l, T, l’g) = 425'% + .f(fg + 95(3% — 425'15(32 — 65(325(33 + 1225‘15(33
4 —2 6 T
= [ml T xg] -2 1 =3 T
6 -3 9 T3
4 =2 6 1
Let Q=| -2 1 -3 | andx=| 2, | =161 + 7262 + T3€3, Where €5, es, and e3
6 -3 9 T3

are the natural basis for R3.

Let vy, v9, and w3 be another basis for R3. Then, the vector @ is represented in the new

N

basis as &, where x = [v, vo v3] & = V&.

Now, f(x) = 27Qx = (V&)TQ(Vz) = 2" (VIQV)z = 27 Qz, where

q~11 512 q~13

O
Il

Q21 Q22 Qo3 | >
ds1 @32 Gs3
and g;; = v] Qu; for i, =1,2,3.
We are going to find a basis {vy, vs, v3} such that §;; = 0 for ¢ # j, which is in the form

V1 = a11€
Vo = Qo171 + Qgzéy
V3 = Qgz1€e1 + Qzz2es + a33es

9



Since Gi; = v Qu; = vIQ(ajie1 + -+ + aj5e5) = aji(vIQe;r) + -+ + aj;(vIQey), if
v/ Qe; =0 for j < i the v} Qu; = 0.

In this case G; = v7 Qu; = v Qe + - -+ aze;) = an(viQer) + -+ ay (v Qe;) =
ai(vIQe;).

Our task therefore is to find v; (i = 1,2, 3) such that

v/ Qe; = 0, j<i
U?Qei = 1,
and, in this case, we get
a;p O 0
Q = 0 a9 O
0 0 33

e Caseof 1 =1.

T _
From v; Qe; =1,

(041161)TQ€1 = 0411(6?6261) =oanqn =1.

Therefore,

o] = — = —— =~ = V1 = o11€1 =

K
—
=
I’
N
(@n) (@n) [« N

e Case of 1 = 2.

T _
From v; Qe; = 0,

(ag1e1 + 042262)TQ€1 = 0421(6?6261) + 0422(€ng1) = 21q11 + 2o = 0.

T _
From v; Qes =1,

(a1e1 + 042262)TQ€2 = 0421(6?6262) + 0422(€ng2) = 21q12 + Qa2 = 1.

10



Therefore,
11 q21 Qa1 0

12 422 Qo9 1
But, since Ay = 0, this system of equations is inconsistent.

Hence, in this problem vI'Qe, = 0 should be satisfied instead of vIQe, = 1 so that

the system can have a solution. In this case, the diagonal matrix becomes

11 0 0
Q=] 0 0 0 |,
0 0 Q33
and the system of equations become
Q1 g2 Qg1 0 Qa1 :
= = = Q2
qi2 422 Q22 0 Q2 1

where s is an arbitrary real number. Thus,

Vo = Qp1€1 + Qg =

(@) — N
Q

where a is an arbitrary real number.

Case of 1 = 3.

Since in this case Az = det(Q) = 0, we will have to apply the same reasoning of the
previous case and use the condition v1 Qes = 0 instead of vl Qes = 1. In this way the

diagonal matrix becomes

a1 00
Q=|0 00
0 00

11



Thus, from vIQe; =0, vI1Qe; = 0 and v Qez = 0,

qi1 421 431 a3y a3y a3y

qi2 422 (432 (32 = QT Qg | — Q a3

q13 423 433 Q33 Q33 Q33
4 -2 6 31

= —2 1 -3 Q39
6 -3 9 (33

Therefore,
31 Q31
39 = 2&31 + 3(133 ;
33 33

where a3; and agz are arbitrary real numbers. Thus,

b
V3 = (g1€1 + Qizzes + azzes = | 2b+ 3¢ |

c

where b and c are arbitrary real numbers.

Finally,

N

V = [’01 Vo ’03} = 26+ 3¢ |

o O =

(aw] IS
o

where a, b, and ¢ are arbitrary real numbers.
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