
Lundstrom ECE-656 F09 

ECE-656: Fall 2009  

Lecture 10: 
The drift-diffusion equation 

Professor Mark Lundstrom 
Electrical and Computer Engineering 

Purdue University, West Lafayette, IN USA 

1 

Lundstrom ECE-656 F09 2 

outline 

1)  Transport in the bulk 

2)  The DD equation 

3)  More on coupled current equations 

4)  DD equation with B-field 
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current flow in a nanoresistor 

EF1 EF2

1D, 2D, or 3D 
conductor 

V1,T1 V2,T2

L

electron flow  

x

T(E) =
! (E)

! (E) + L
(elastic scattering) 

f1 = f2 = f0{ }

I I

inelastic scattering 
occurs in the 

contacts 
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transport regimes and driving forces 

 1) Ballistic :              λ >> L, T ≈1

 3) Diffusive :            ! << L, T <<1

 2) Quasi - Ballistic :  ! " L, T <1

! EF = " q! V = " q V2 " V1( )

! T = T2 " T1

Driving ÒforcesÓ for current  
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bulk transport 

EC(x)

f ! fS =
1

1+ eE" Fn (x)[ ] /kBT

EC

x

1) near-equilibrium everywhere 

Fn(x)

2) contacts (and quantum 
contact resistance) are not 
important. 

n x( ) ! n0 x( ) = NCe Fn x( )" EC x( )( ) kBT

3) quasi-neutral 
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bulk transport 
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bulk transport again 

dFn = ! qV( )
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We conclude that for a bulk semiconductor under low bias: 
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gradients in Fn and T 
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gradients in Fn and T 

Jnx = Jnx E( )dE!
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gradients in Fn and T 
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ÒcontactsÓ 
keep f near f0 

ÒcontactÓ ÒcontactÓ 
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the Landauer picture for bulk transport 

EC(x)

f ! fS =
1

1+ eE" Fn (x)[ ] /kBTEC

dT(E) =
! (E)
dx

x
Fn(x) Fn(x + dx)
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outline 

1)  Transport in the bulk 

2)  The DD equation 

3)  More on coupled current equations 

4)  DD equation with B-field 
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gradients in Fn and T 

SG[ ] = !
kB

q
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2q2

h
" E( ) M E( )

A
#

$f0

$E
%
&'

(
)* In the first term, the derivative 

is taken at constant 
temperature and in the second, 
at constant Fn. 
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constant temperature 

Jnx = σ n

d Fn q( )
dx

n x( ) = NC e Fn x( )! EC (x)( ) kBT (Boltzmann statistics) 

Fn x( ) = EC(x) + kBT ln n x( ) NC!" #$

 

dFn x( )
dx

=
dEC(x)

dx
+ kBT

NC

n x( )
dn x( ) dx

NC

= qE x +
1
n

dn
dx

 
= ! nE x + ! n

kBT
q

1
n

dn
dx
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DD equation 

! n = n x( )qµn

 
Jnx = ! nE x + ! n

kBT
q

1
n

dn
dx

 
Jnx = n x( )qµnE x + kBTµn

dn
dx

 
Jnx = n x( )qµnE x + qDn

dn
dx

-diffusive (!  >> L) 

-constant temperature 

-non-degenerate 
Dn

µn

=
kBT
q Einstein relation 
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DD equation:  questions 

 
Jnx = n x( )qµnE x + qDn

dn
dx

-diffusive (! >> L) 

-constant temperature 

-non-degenerate (?) 

1) What do the DD equation and 
Einstein relation look like in the 
degenerate limit? 

2) What is the general DD equation 
(and Einstein relation) in terms of 
FD integrals? 

4) How does bandstructure affect 
the result? (i.e. what is the DD 
equation for graphene?) 

3) How does dimensionality affect 
the result? (i.e. what does the DD 
equation look like in 1D?) 



DD equation with temperature gradients 

Jnx = ! n

d Fn q( )
dx

+ SG[ ] dT
dx

 
Jnx = n x( )qµnE x + qDn

dn
dx

(All signs assume electron transport) 
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outline 

1)  Transport in the bulk 

2)  The DD equation 

3)  More on coupled current equations 

4)  DD equation with B-field 
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the equations 

Jx = !
d Fn q( )

dx
+ SG[ ] dT

dx

Jx
Q = ! T SG[ ]

d Fn q( )
dx

! " 0

dT
dx

If the carrier density is uniform, then: 
 

d Fn q( )
dx

=E x

 
Jx = ! nE x + SG[ ] dT

dx

 
Jx

Q = ! T SG[ ]E x ! " 0

dT
dx
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the inverted equations 

 
Jx = ! E x + SG[ ] dT

dx

 
Jx

Q = ! T SG[ ]E x ! " 0

dT
dx

 
E x = ! Jx + S

dT
dx

Jx
Q = ! Jx " # e

dT
dx

! =1 " S= ! SG[ ] "

! = TS ! e = ! 0 " T
SG[ ]
#

$
%&

'
()

  
!

E = ![ ]
"
J + S[ ]

"
" T

 
!
JQ = ![ ]

!
J " # e[ ]

!
$ T

In general, the transport 
coefficients are tensors, 
not scalars. 
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tensors 

  
!
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!
E
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Ji = ! ij

j =1

3

" E j Òindicial  notationÓ 

 
Ji = ! ij

j =1

j =3

" E j # ! ijE j Òsummation conventionÓ 
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coupled current equations 

  


E = ![ ]

J + S[ ]


" T

 
!
JQ = ![ ]

!
J " # e[ ]

!
$ T

 E i = ρij J j + Sij∂ jT

Ji
Q = ! ij J j " # ij

e$jT

For isotropic materials, the tensors are diagonal. 

 E i = ρ0Jj + S0∂ jT

Ji
Q = π 0Jj − K0

e∂ jT
![ ] = ! 0

1 0 0
0 1 0
0 0 1

"

#

$
$
$

%

&

'
'
'

ρij = ρ0δ ij
! ij = 1 i = j( )

= 0 i " j( )

ÒKronecker deltaÓ 
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form of the tensors 

For isotropic materials, such as common, cubic semiconductors, the 
tensors are diagonal (under low-fields). 

 E i = ! 0Jj + S0" jT

Ji
Q = ! 0J j " # 0

e$ jT

For a given crystal structure, the form of the tensors (i.e. which 
elements are zero and which are non-zero) can be deduced from 
symmetry arguments. (See Smith, Janak, and Adler, Chapter 4.) 

The transport tensors can be readily computed by solving the 
Boltzmann Transport Equation (BTE). 
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magnetic fields 

Magnetic fields introduce 
off-diagonal elements, 
which  lead to effects like 
the Hall effect. 

  E i = ! ij

!
B( )Jj + Sij

!
B( )" jT

 
Ji

Q = ! ij

!
B( )Jj " # ij

e
!
B( )$jT

The B-field transport tensors can be computed by solving the 
Boltzmann Transport Equation (BTE). 
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dealing with small magnetic fields 

  E i = ! ij


B( )Jj

 
ρij

!
B( ) = ρij

!
B = 0( ) + ∂ρij

∂Bk

Bk +
1
2

∂2ρij

∂Bk∂Bl

BkBl + ...

 
! ij

!
B( ) = ! ij + ! ijkBk + ! ijklBkBl + ...

! ij = ! 0" ij

! ijk = ! 1" ijk = ! 0µH" ijk

! ijkl ! " " " " ! " " ## ! " #" # ! " ##"( )
cubic semiconductors 

(alternating unit tensor) 
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alternating unit tensor 
! ijk = ! 1" ijk = ! 0µH" ijk

 
!
C =

!
E !

!
B

  

!
C =

öx öy öz
E x E y E z

Bx By Bz

!

"

#
#
#
#

$

%

&
&
&
&

= öx E yBz ' E zBy( ) + ...

 Ci = ! ijkE j Bk ! ijk = +1 i, j ,k  cyclic( )
= " 1 i, j ,k  anti-cyclic( )
= 0 otherwise( )

 

Cx = ! xjkE j Bk

= ! xyzE yBz + ! xzyE zBy

=E yBz " E zBy
!  
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Example:  ÒHall effectÓ 

The Hall effect was discovered by Edwin Hall in 1879 and is widely used to 
characterize electronic materials.  It also finds use magnetic field sensors. 

 ! V +

 I n-type semiconductor 

  öx

  öy

   

B = Böz

 + VH !

current in x-direction:  

 I x

B-field in z-direction:  

   
!
B = Böz

Hall voltage measured 
in the y-direction:  

  
VH < 0   n-type( )

Example:  Hall effect 

 E i = ! ij J j + ! ijkJi Bk + ...+ Sij " jT ! jT = 0 (isothermal)

 E i = ! 0Ji + ! 1" ijkJ j Bk
(cubic semiconductor) 

 E y = ! 0Jy + ! 1" yxzJxBz

 E y = 0 ! " 1JxBz

 

E y

JxBz

! RH = " #1 = " #0µH = "
µH

nqµn

=
rH

" q( )n

(RH:  Hall coefficient) (Hall factor, 1 < rH < 2) 

ÒmeasuresÓ the carrier 
density 
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Hall effect 

The Hall effect was discovered by Edwin Hall in 1879 and is widely used to 
characterize electronic materials.  It also finds use magnetic field sensors. 

 ! V +

 I x n-type semiconductor 

  öx

  öy

   
!
B = Böz

 + VH !

 
RH !

E y

JxBz

=
rH

" q( )n

1< rH < 2

(depends on the energy 
dependence of the dominant 

scattering processes) 
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integer quantum Hall effect 

M.E. Cage, R.F. Dziuba, and B.F. Field, ÒA Test of the Quantum Hall Effect as a 
Resistance Standard,Ó IEEE Trans. Instrumentation and Measurement,Ó Vol. 
IM-34, pp. 301-303, 1985 

Hall effect 

Quantum 
Hall effect 

 VH

 Vx

Longitudinal 
magneto-
resistance 
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for more information 

1)  Lundstrom, Fundamentals of Carrier Transport, 2nd Ed. 
Cambridge Univ. Press, 2000, Ch. 4 

2)  A.C. Smith, J.F. Janak, and R.B. Adler, Electronic 
Conduction in Solids, McGraw-Hill, New York, 1967 
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outline 

1)  Transport in the bulk 

2)  The DD equation 

3)  More on coupled current equations 

4)  DD equation with B-field 



B-field dependent DD equation 

  

!
Fe = ! q

!
E - q

!
" #

!
B =

d
!
p

dt

  
!
p = ! q

!
E - q

!
" #

!
B( )$ = m* !

"

  

!
! = "

q#
m*

!
E -

q#
m*

!
! $

!
B (Can be solved exactly for the velocity.  See 

prob. 4.18, Lundstrom.) 

  

!
! " #

q$
m*

!
E

  

!
! " #

q$
m*

!
E +

q2$2

m*( )2

!
E %

!
B (Low B-fields.) 

B-field dependent DD equation 

  

!
! " #

q$
m*

!
E +

q2$2

m*( )2

!
E %

!
B

  

!
! " #

q $
m*

!
E +

q2 $2

m*( )2

!
E %

!
B

  

!
Jn = ! nq

!
" = nq

q #
m*

$
%&

'
()

!
E + nq

q2 #2

m*( )2

!
E *

!
B

  

!
Jn = nqµn

!
E + nq

q !
m*

q !
m*

! 2

! 2

"

#
$

%

&
'

!
E (

!
B

  
!
Jn = nqµn

!
E + ! nµnrH( )

!
E "

!
B  Ji = nqµnE i + ! nµH " ijkE j Bk

µH = rH µn

rH =
! 2

! 2
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questions? 

1)  Transport in the bulk 

2)  The DD equation 

3)  More on coupled current equations 

4)  DD equation with B-field 


