course announcements

Monday 9/28/09:

Wednesday 9/30/09:

Wednesday 9/30/09:

L15: Solving the BTE (B = 0)

L16: Solving the BTE (B! 0)
Exam 1 handed out

5:00PM ARMS 1010
L17: BTE and Landauer

Friday 10/2/09: no class
Monday 10/5/09: no class
Wednesday 10/7/09: Exam 1 due
Lundstrom ECE-656 F09
Exam 1:

Take home exam B 10 questions

Covers lectures 1-17

Must be your work and your work alone

Due at the beginning of class, Wednesday, 10/7/09
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ECE-656: Fall 2009

Lecture 15:
Solving the BTE:

General SolutionforB =0

Professor Mark Lundstrom
Electrical and Computer Engineering

Purdue University, West Lafayette, IN USA

NCcN

nanoHUB.org

the BTE
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1) 1, 2, and 3D with arbitrary bandstructures

2) Temperature gradients and electric fields
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from lecture 14

1) Be able to write down the BTE in the RTA
2) Be able to solve it for small electric fields
3) Be able to solve it for small concentration gradients

4) Understand how to treat energy-dependent scattering,
multiple scattering processes, ellipsoidal energy bands
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outline

1) General solution

2) Current equation

3) Coupled current equations
4) The RTA

5) Summary
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BTE
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1) steady-state transport: !f/It=0

2) electric field (magnetic fields later): l':e =1 CE =0

3) near-equilibrium and RTA:

f(b)=1s(P)+ fu(B) [fs(P)>>fu(p)] df/dt, b " 1./%
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symmetric and anti-symmetric components

f(p) = fs(p) + f(P)

fs(p) = fs(! b) fa(p)=! f.(* )
even in momentum odd in momentum
OsymmetricO Oanti-symmetricC

N 1
fs(p) - 1+ e;gEC+E([!:))! Fa ke T
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near ed., s.s BTE
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moments
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BTE solution

_1 NS L qUEYS 1,
f(') L O(F,p)=[Ec(F)+E(P)-F,(7)]/keT
S 1+¢
of
V. fs= a@V@
$., #s' |
" f,=1 kTg' —y-*¥ ¥+,
PR B
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BTE solution
of \r - -
f,=1, kBT(—a—E)[voV,G—qE v, 0]
L (Fp) = 8B (F)+ E(p)" F, ()afk,T
o :i[] E. #! F]+[E +E#F]! $1° I =#(p)
tor kBT r r'n C n r&EkBTz p kBT
. EO
,l-
kT&b 2 ¥/+, kBTi
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BTE solution

$|| #I:SI ! - 1] f’ O
=1 S\ *
f, = kaT&b #Ez ¥{+r, kBT%
1 $1°
I " =—]l | | —
Ll E.#! F]+[E. +E#F]! BT
_ $..ﬂ'ig§ . ; $1', 14
fA_!f% #Ez ¥g 0+rEC +an]+kBTvEC+E(k) Fn/+r&thTzz cfg
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generalized force
-, $.#s 1,0 $1'3
=1/ _S\ # il
W=l & ) ¥% +F, +T,Ec +E(k) F””’%Zé

!
F =-V,F,+T[E.+E(k)- Fn]Vr(%)

Ogeneralized forceO
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from lecture 14

1) General solution

2) Current equation

3) Coupled current equations

4) The RTA

5) Summary
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px #f
ofs\! !
f.=1, (—a—ESjvo F
real force ! generalized force
! 1 1*
F =!" F+T#. +E(K)! F,% AT
Lundstrom ECE-656 F09 15
outline

16




electric current

=28 Cai() = § i ve

$E
Chy=(ta) L R Sy
J (=19 4 R (i rE
n( ) n ’k f& $E)( ) tenSOI’
17
indicial notation
! 3 . p
I'¥F =" 1 F, #! F, Osummation conventionO
j=1
" i ' 1*
F, =!"F+T#. +E(K)! ang)jzﬂ
_Llag (), e &%), o/
J== # f J=x U2 s g1 SIpF.
1§ (ar, D2 08 e )
#r [
fA=!f$g %Sz*j/:, F;=YF  (temperature constant)
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conductivity tensor

JF@Z%Q@%%&%E% F':a'F"

J J

=" (Fn/Q)

2 ' *
1= #i#j$fz%8£
K SE*

This expression is valid in 1D, 2D, or 3D for a general E(k) and for
degenerate or non-degenerate conditions.
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spherical bands

2 & * Assume ! is a function of energy

A Y 15 @
i '2 S + but not direction.
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Fa =1 N y
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conductivity tensor

Ji:!,j"j(Fn/q) (FJ =!1F”)

2 1

g %%ﬁz%gﬁ
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< kB_T" ok(#i#j$f fs
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’ Xx kBT " k
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2 1 #2
0/0#f$f fs= kq_TT(y0€$f fs=

fs  (non-degenerate)
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electric current

1 (E) =15 (E/k,T) (1) =1,

1) non-degenerate conditions
2) spherical, parabolic energy bands
3) near-equilibrium

4) RTA (power law scattering)

#(s+5/2)

#(5/2)

22




outline

1) General solution

2) Current equation

3) Coupled current equations
4) The RTA

5) Summary
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electric current with temperature gradients

| vk
F =t FeTeE +E()! Rl )T,

3(1)= 58 ()1, (1 k)

k

F =" F, +4E. +E(k)! Fn%}(! "T)
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current equation in indicial notation

Loy A
3=2 0 an fer (Lo,

k
DRI R - F,=!"F,! E(K)! Fgg" T
i ’%#Ezijf i j_']n'ﬁc*’()' n%-_j
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current equation
J=1" (Fn/q)+[sg]ij T
1 W ) a((") _(EN)
Iy =T'k qz#i#j$fz(y08ESq_ i=to !Oznq% <<!f>>_ﬁ

parabolic E(k), non-degenerate
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current equation

o #E+E(J"F

#, Hs&
[sg]” —I— ?.{k—T(q) )" 1§ +_ES(
parabolic energy bands, non-degenerate conditions:

[ss], =[ss]o!

ks #EC+E(k)" R& )2, fo
[Sg]o_| ] kBT (q3 kaT

kY EE% 3(E()
[s¢l, = qﬁkT&z(EX)

Lundstrom ECE-656 FO9
27

current equation

J =1!,E, +[Sg]o"iT

!'v=nq o [sg] _Bi'Ech% <E(>

({r ) =(er)/(E) Toa? kT & 2AENEO;
E =1,3+S"T

Lo =YY" = . ke THE" F.&, 3(EY)) .

L=y Sb—[szg]o/.o_ @0 e )>7
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Seebeck coefficient

E, =!J+§"T

o V'E 1 R%_AEQ +
La) # kT & 2(E)NE())

7

1 (E)=1o(E/kT) 23 =1 +5/2
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heat current
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coupled current equations

J =1,E, +[Sg]o"iT
R =T[s],E;! KT
E, =1y +S8" T
J0=1 " #ST
k
1,=TS, sb:(! Z){ln(NC/n)+(r+5/2)}

!ozT(kB/q)z(r"'S/z)"o !o=Y(nqp,)
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Wiedeman Franz / Lorenz

1o =T(ks/a) (r+5/2)",

thermal conductivity (electrons)

!, =nagy, electrical conductivity (electrons)
2
KO _ kB
—=T (_) (r + 5/2) OWiedeman Franz LawO
o q
2
L #k, & R .
== B( (r + 5/2) OLorenz number®
T, ¥q
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outline

1) General solution

2) Current equation

3) Coupled current equations

4) The RTA

5) Summary
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collision integral and RTA
R

f

The RTA can be rigorously justified for:
a) non-degenerate semiconductors near-equilibrium
b) isotropic scattering
c) elastic scattering

in which case, the characteristic time is the Omomentum
relaxation time.O
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RTA: comments

See Lundstrom, Chapter 3, Sec. 5, pp. 139-141 for a
derivation of the RTA from the scattering integral.

But, the RTA is commonly used B even when it is hard to
justify rigorously B because it is a reasonable
approximation that produces reasonable results.
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outline

1) General solution

2) Current equation

3) Coupled current equations
4) The RTA

5) Summary
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summary

We have discussed the formal procedure for solving the
BTE in the presence of small gradients in electrostatic
potential, concentration, and temperature.

The same procedure can be used in 1D, 2D, and 3D and
for semiconductors with different E(k) and scattering
processes.

In the diffusive limit, the results are the same as those we
obtain from the Landauer approach.
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guestions

1) General solution
2) Current equation
3) Coupled current equations

4) The RTA

5) Discussion
6) Summary
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