ECE-656: Fall 2009

Lecture 16:
Solving the BTE:
Magnetic Fields

Professor Mark Lundstrom
Electrical and Computer Engineering
Purdue University, West Lafayette, IN USA
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1) 1, 2, and 3D with arbitrary bandstructures
2) Temperature gradients and electric fields

3) Magnetic fields
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1) General solution

2) Current equation

3) Coupled current equations
4) Example

5) Summary
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BTE
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1) near-equilibrium:  f(p) = fs(!p) + fA(b) |fs(b)| >>|fA(b)|
2) RTA:  df/dt| , ! " f,/#
3) steady-state transport:  dof /ot =0

4) spatially uniform | —0 | Lo
(just to keep math simple): o RTE

5) electric + (small) magnetic fields F. =1 ¢E ! ¢"#B




BTE

(< —quxB)sV,f,=1./1,

Solve by superposition:
1) first, assume B = 0 and solve for f}
2) then add B and solve for fi!

(This procedure works for small magnetic fields.)

but firstE..consider only a B-field

(1g" #B)¥s f=1 f,/%

(1o" #B)¥s f.=! f,/%

Ly (1o #B)¥" =0

(g #B)¥$—E%pE=! fi)&
Lo ng so we need to be

[
lq" #B|¥" = f /+ careful about replacing
( ) sge) Wt o by f5 on the LHS!




first step: B=0

! qE!¥" Sy =t Jip)
$f

t1(p)=q" E ¥# f,
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now add B

(1o"#B)¥s f=1 19,
(1o’ #B)¥s ,(f+ f9p=! f9

1=q", (#$ B) ¥%, /)
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now add B (ii)

ot ang & %) 2O
L= p]#wf(#%¢, ¥E]
fli=q", (7% B)¥%,f)

Exercise: show that only 1 term will give a non-zero contribution:

! pf,;':é#qssf(E)‘(g‘;&/f%lu_-! p(,! ¥é)6§
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- now add B (iii)
ti=a", (#$ B)¥%, 11 ! pfA-:%#wf(E)fL#%;?! p(’! ¥%)6§
) ()2
! p("XEX+"yEy+"ZEZ):#%X(”XEX))'(H#%y("yEy)jb+#%Z("ZEZ)Z')

" " " _#1 &, #1 & #1 _ &,
L (7 E+E, ZEZ)—%'—*EXUMgﬁEy(yHWEZ(D

3]
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now add B (iv)

=g, (#3 B)¥% 11

~yF &, %) E

2=t (€ 21 (€ v ()
C] f /Q %fs ! ! N . .
= — o & E§(+ B¥E) Oscalar triple productO
fl= qu/nﬂg(_;%é E|)
A" ) y
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= m* f_§( )
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1) General solution

2) Current equation

3) Coupled current equations
4) Example

5) Summary
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electric current

3, =) (o) ki) =Ip+ I

J =3+ d="1E +"WE, =" E,

J
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electric current: first component

J; :!EO/C(" a)# f/d;() J="1E, fA (p) q"E#, fs
. . v (EL)
"i}=2—_k 51965“%'%&i <<f>>_ (E)
1 (E)=1o(E/keT)
q <#f> " S+
ot et
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electric current: second component

J"——%(#q) f"() f,yz"????%ﬂhé,é)

need to write the cross product in indicial notationE.

(A! B)¥>’Q ="4WAB,  (recall Lecture 10)
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second component (ii)

3 =Loguq)s fAI!(1!<) = }W%%#%f i (é¥|!3. 1:1)
(f¥8" £)=2

(é! E’)ém'@m:",ijr/:‘j

(00 BXE )= v, (e.BE))
(A! B)¥#d=",AB,

17

second component (iii)

First consider the diagonal terms, i = j, then the off-
diagonal terms, i ! j.
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diagonal terms

Recall from Lecture 15, that when we integrate over " and #, only the
m = 1 term survives.

y()=2. Lok,

11 « 2 % 17 l/mlan Ema = 0

SE+

"1(8)="1(8)="4(8)=0

Diagonal terms are not affected by B (to first order in B). 1

off-diagonal terms

3¢2
"%!(B)=#l_k qm??zo/&s T m/rijn
i=1j=2
3¢2,
IIIZ(B)z#l- qméfzo/%*-l_m/rszn
k

i) m=3n=1/,,=+1" ##" 0

iy m=Ln=31,="1# $8%,
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off-diagonal term: evaluation

Recall:
B 1 q3¢' 8s*
ig(B):#g ‘ m*?z#E*'lB?’ O
T T, 1f2 o
b ( B) =#" oy By non-degenerate:
—r o= <<I$>> 0y, = 0o = NOU,
(T , (o)
:q<<-f>> (=t
n m* <E>
1 (25+5/2)! (5/2) ( )
T (s+5)2) _, "(s+5/2
(s+5/2) ({1 )=t 57
final result
3=1,(B)E,

# "
- | % 1 IJH Bz +I“H By
!ij(B)z!Onij#'louH‘ﬁjkBk !ij(B)z',og;o-i-lJHBz 1 ! IJHBX

%/g" IJH By +lJH Bx l

NSNS o

J =1 " oy #BE,
J=I E" I u,E#B

(In Lecture 18, we will present a simple derivation of this result.)

22




outline

1) General solution

2) Current equation

3) Coupled current equations
4) Example

5) Summary
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coupled current equations (B = 0)

From Lecture 15:
=1 E +[sg]," T E, =1,3+S"T

I =T[sl £, " o#T IO =1 00" ST

Transport tensors were diagonal for parabolic energy bands.
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coupled current equations (B ! 0)

3,=1,(B)E, +[sa], (B)" T E =!,(8)3,+s(8)" T

R =T[sl,(B)E, L 5(B)#T 9=t (B)a, #5(B)sT

ij

All transport tensors now depend on the B-field.
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form of the tensors

32=1,(8)3," #(B)8T 'j

I

(

E =1,(B)3,+s(B)" T S (B)=S+S/yB +..
(
(

See Smith, Janek, and Adler, Chapter 9, for expressions for the B-field
dependent transport tensors.
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Lundstrom ECE-656 FO9 27

Seebeck and B-fields

[
T;_ TBZD T2 > Tl
| 7
T /1y=0
Z 13
W n-type semiconductor
=0
S>>
x  'v=8IT?
isothermal in the y-direction
y
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Magneto-Seebeck (isothermal in y)

Ei=!ij(:B)‘]j+Sj(:B)"jT Ex=.’ij(:B)Jj+S(x(:B)"XT
Por(8) k(BT ES(E)T
Sj(:B):Sb"'Si!ijkBk
E.=S0T
B-field has no S<X(B):SJJ“Sr'mBz
effect (to first .
order) %(B)=%
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Magneto-Seebeck (adiabatic in y)

Ei=!ii(:B)Ji+Si(:B)"iT E.=s,(B) T

S B =S5 + 9B
‘]iQ =1 i (B)JJ ! #§(§)$JT ( )

E,=S!,T+SB) T
32=0=t "5(B)#T

y

e Y1 g%

e en e Ex: S)+ e Bz'(xT
i =l +1 7B § I &
0=t “¢(B)#T! "¢ #TB, _

,,E ) ’ . Ex - Sapp! xT
! )’T = ﬁ BZ Lundstrom ECE-656 FO9
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comments

See Lundstrom, p. 179 for table listing other effects
involving a transverse B-field.

(Also includes effects to second order in B-field)
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exercise

Test your understanding of this lecture by working
out the magneto-conductivity tensor for graphene.
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1) General solution

2) Current equation

3) Coupled current equations
4) Example

5) Summary
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