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BTE

I I !
%+”¥#rf+Fe¥#pf:Cf

The steady-state, near equilibrium BTE in the Relaxation

Time Approximation is:

| ! (f#fo)_#k
) =g
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solution to the s.s., near eq. BTE

! fA

F¥" fs+ R ¥ fi=#2

f
$, #s' 1! _ .
fo=! B IsyryF ;
AT #Ez anti-symmetric component
1

fo=——— symmetric component

ST 1+ B Rkt y p

#1 &
F=1" F+T[E! F] generalized force

!"an:!(f:

when carrier density is constant
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solution to the s.s., near eq. BTE

#

E" F /
e

1,(1)=$ (a)#1, (7.4 3=14E ),

IJJ

W=2$E RN =Tl E, T

EJ=!J’(Fn/q)
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solution to the s.s., near eq. BTE

I[=G!'V+[SG|' T

19=T[SG!V" K,/ T
[sc]=]
T[sg  K=! é
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transport parameters (isotropic)

These three expressions
involve a similar sum (or

doHE'R), . , % $(/ :
sgl =2 #7178 integral over k-space)
[ ]o L22k: T x x7f e $E)?
h  "E'F%,, " *.u
| =——+ n, 2 | S,
K —iz (E_F")ZUUT (_%) L kﬁ keT &(X)fﬁ *E&
o r4 T N oE

Lundstrom EE-656 FO9 8




transport parameters in k-space

[SG]:%M | =G!V+[sq! T

2kgT I, =T[SG!' V" K, T

Ko = h I,

h  "E!F% s
' 2L2+§ kT &()‘ﬁ *E&
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inverted equations

IV=RI"SI'T
G=YR 1,=TSI! K"T
S=1[sg/G R 2q21 $
T# %,
_ 2
K.=K,! T[SG’/G k4,
<V #1 &I,
_h  "EI'RE% *f0/
Ke= 27
h I
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integration over energy

In the Landauer approach, we integrate over energy channels
rather than summing over k-space. (The advantage is that even for
materials with no E(k), we can compute the 1V)

G= ;#G(E)dE:Z—qZ;QEr(E)M (E)?/i’ $o( e

| I

How do we express the BTE results as an integral over energy?
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converting k-space sums to energy integrals

H=2 h(|’<) H=1H(E)dE

H(E)=2! h(k)"(E#E)

k

(factor of 2 for spin) (factor of 2 for spin)

Proof:

H = GiE# 2n(K)! (E* E)=2# h(k)$ (E" E,)dE=2# h(K)

k
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converting k-space sums to energy integrals

2 0
GO :q_2+ ! X! an '/%$fs£
L® & $E) -
G=T|0
—2q2 h 2 0/ $f g
G h 2L2( ) " X f& $E)
-_— $Il #f !
the (2) is for spin l,=%*! (E)% Esz dE
h
k
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transport parameters in energy-space

IV=RI"SIT
lo =TSI!T KT
"El F % )% 05
| =% n, ((E) dE 1247 $
TR KT & ¥ )E& R:#TIO%
h o ks %0l
! (E):?g_kL 2#.$(E %E,) Wﬁl&l—l
. 0
2T n 2
Ke—2kBT#|2! 12%
h g Iy
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transport parameters: Landauer
AV = Rl — SAT
lq =TSI!T KT
ElF%—, " (f.% o5
= L, | 2 S dE
= )s T & (el R= #Zq Igb
- "k, %l
E)=T(E)M(E = B /U1
(E)=T(E)M(E) 5
Ke:ZkéT_;H | ﬁz
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BTE and Landauer

From the BTE, we find the TE coefficients from an integral:

"ELF%, )% h oo
| =*§E;BTF"&°((E)§! ;iESZdE ! (E):?% 2# $(E%E,)

From the Landauer approach, we find the TE coefficients from a similar
integral:

"ELE%—, " (f% _
1, :)ﬁ A .&T(E)ﬁ! (T;&%E T(E)=T(E)M(E)
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derivation

| (B)=3& " #S(E%E,) =T (E)M (E)

How are T(E) and M(E) defined?

Define the average x-directed velocity:
$I."(E#E)
="
$"(E#E,)

k
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average velocity, 1D

%|!x|"(E#Ek)

{Ir) T (ERE) (raf)=1.(8)
| |>_!j§ik|lx|%E#Ek)_2'l‘+édgE JAE#E,)dE
o %%jko/(E#Ek) ) 2L+édd WE#E,)dE

&(E#Ek)dE
=0 =1 (E)
1 Y)
;$ﬁ/¢(E#Ek)dE
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parabolic bands, 2D

%|’x|"(E# E,)
( x|>—w

k

okl e B) Fokgr (E)oosale )

<|I X|>: % 2# %
dkg” &(E' E,) $<dk$d" &E' E)
0 0 0 0
| 2k m
Bz ! kdk=5dE,
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parabolic bands, 2D

< > é(dk$j ()|cos"|&(E' Ek) %(E)&(E' Ek)dEngcos”d”
= —
$<dk$d” &E' E) $§(E E)dEk $a”
& (E)HESE,)dE,
(1 d) =22 (r.)=21 ()
&(ESE)dE,
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recall from Lecture 4

I
| Eq / Y- , Enj
WAV - A oy

My (E)=y7D,(E)/2 D, (E)=A(m'//1?) (E(k)=12k?/2m)

+#/2
$ cos! d!
— #12

_ye (cos! ) =222 (! )="!(E){cos")
- _1"(cos#) o2 =4 (E)
OV Cy (cos! )=+

parabolic bands, 3D

We leave this as an exercise.

The point is that:

$11.l"(E#E)

-k

") “§(EFE)

k

is simply the average x-directed velocity at energy, E, in 1D,
2D, or 3D.

Lundstrom EE-656 FO9 24




so where are we?

I (E) :%& "2#$(E%E,)=T(E)M(E)

Define the average x-directed velocity:

$1."(e4E)

(HE $ " (E#E)

k
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derivation
h
| (E)=—= & "2# $( E %E,
(E) L2g (E o) $1.l"(E#E)
<|!x|>:k$n(TE)
. " 24 $(E %E,) ! «
I (E)= 5 $(E %E,
( ) L2 &$(E°/0Ek) &;L ( Of k) !2"f$(E%Ek)
K X

(13)# k&$(E%Ek)
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derivation (ii)

@- g steve) - 280 2 g sfewe)
(#3,)

E(E)z<<MLE)>>M(E)=T(E)M(E) I
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modes: 1D

M(E)=i2 v |6(E-E,)

2L 4!

LetOs work this out in 1D and you will find: M (E)=1 .
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modes: 2D
[
M(E)=-$ I, |"(E#E,)
2|_ ! X k
Let®s work this out in 2DE.. o 2|2
h A $ 2! ‘ zm*
M\E)=——+kdkHl" |N|&E' E
() 2L4.’20#k O#d|9|( k) I 2E,
nowL $ P ( ) K m
=— 2+ dk H#Hd" %cos" &4 E' E
2L 417 fﬂc ﬁ ¢
hw ® , W m' 2E ,
:W\IZm*E !
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modes: 3D

M(E)= 5§11 I (E#E)

As an exercise, work this out in 3D and showE..

|\/|3D(E)=A2;n!2 E
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an alternate view

M(E)=

!
X

h ’
s (E#E,)

M(E):%z" " #ESE)

h

k K k>0 M(E)=Z$ I",|"(E#E,)
hn n L fL ‘

=ka ky2_%00||&!X#(E$Ek) =%%(E#Ek)
nmon &d('kx)l

= A2 AHESE)d
Kk, ko 0 dEk ( k) Ek

—nmn ((E$Ek)
ke Kk
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interpretation

N
M (E) = $ I (E ENE ) Consider a 2D conductor with
k . . .
K transport in the x-direction. Then
the sum is simply the number of
E( k T k-states in the transverse
4 direction with energy less than E.

I Exercise: Work the sum out in

2D and show that the result is
the same as that obtained from:

o ME=5 Zhls(E-E)
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mean-free-path

Note that this is an OaverageO over angle at a specific energg.

The double brace§ are to help remember that this is a
specially-defined Oaverage.O

If we work this out in 1D, 2D, and 3D for parabolic energy bands.

(1 (E))=2"(E)#,(E) (1D)
((M(E)))=(n/2)v(E)z,(E)  (2D)
(1 (E)))=(4/3)" (E)# (E)  (3D)

Lundstrom EE-656 FO9 35

example: mean-free-path in 2D

1
. 7!2(E)"f(E)
w280 o2 0O . g
() 2_, 6 2
Assume an isotropic band.
(=2 v(E)
o >_°!k/o’f f (E$E )cos2 d’ )/2 )" (E,)#(ESE,)dE
e 0{0#(E$E) B 222)&"' ()# (oe)a
=31*(8)",(€)

Lundstrom EE-656 FO9 36




outline

1) BTE review

2) Transport Distribution

3) Connection to Landauer

4) Modes

5) Mean-free-path

6) Summary
Lundstrom EE-656 FO9 37
key results
IV=RI"SIT }
_ | E-£ s
log=TSIT KT ’J—J( o JE(E)(—B—E}’E
N 20° $'1 | - "El F”-%'F(E)"I go/?jE
R=4log )T e R (ER
= K h oo
“#qal, I(E):E%”X#f$(E%Ek)
2T I 7()=T(E)M(E)
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key results

| (E)= %& ”f#f$(E %Ek)
k

T(E) = ((¢ E_E)» F(E)=T(E)M(E)
(,) (1EN=20(E)z(E) (D)
(ED) 25y (B =(x/2)v(E)7, (E)  (2D)

(
((r (E))=(4/3)"(E)#(E)  (3D)
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