ECE-656: Fall 2009

Lecture 28:
Balance Equation Approach

Professor Mark Lundstrom
Electrical and Computer Engineering
Purdue University, West Lafayette, IN USA
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review

So far in ECE-656, we have discussed three general
topics:

1) Landauer approach to low field transport
2) Boltzmann Transport equation

3) Carrier scattering
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Landauer approach (1D)

|, =1 Z—r?;J:ﬁ'(E)M (E)(f,! f,)dE

¥ describes ballistic (T = 1) or diffusive (T < 1) transport
¥ works best for small bias

¥ leads to quantized conductance

¥ readily extended for thermoelectric effects

¥ can be derived without assuming a bandstructure
(Datta: https://nanohub.org/resources/5346/
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BTE

'f Lf o

LRV LR

I't Ix 1 Tk,

¥ describes semi-classical transport near or far from
equilibrium - hard to solve in general

Of =1(f! f)/",

¥ describes semi-classical transport near equilibrium
for specific types of scattering

¥ gives results that are very similar to the Landauer
approach, easier to include B-field and anisotropic

transport.
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scattering

Ct=" s(pL.p)gy# f(p)es" S(p.p1)gi ! (pl)e

p! p!

¥ FermiOs Golden Rule givess(pO, por !, for BTE

¥ Also gives " (E) for Landauer approach
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guestion

¥ physical quantities are moments of f(f,p,t)

n (r.)=" 1 (p) £ (r.p.1)

!
p

eq. 3,(0=# (0} 1(F.h)

p

Can we bypass solving the BTE and solve directly for
the physical quantities of interest?
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1)! Introduction

2)! General continuity equation
3)! Carrier continuity equation
4)! Current equation

5)! Summary

Reference: Chapter 5 of Fundamentals of Carrier Transport by Mark
Lundstorm, Cambridge Univ. Press, 2000.
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the continuity equation for holes

- . 'p_,...J .
A familiar balance equation: TS #lE”+Gp R,
generation recombination
ST
in-flow ) \ ‘ || , |
, SO \ I/

out-flow

in-flow -out-flow = - divergence of flux

balance equations for physical quantities

n, =%Zf(x, pt) I, :%# ("a)" fF(x pt)

w=# (L) E(xpt) nx0=T" HRF(xpY)

p

I J In, !
%zn#iEp+GP" R, $ |t/o="#iF%+G%" Ry
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balance equations examples

! (IO) =1: n, (l’ )= n(l’ ,t)  electron continuity equation

! (p) = (" Q) (p) SN (I" )= Jn(ll’ ,t) current balance equation

! (f)) = E(r)) . n,(F,t)=W(F,t) kinetic energy balance equation

I'n !

What are the flux, generation rate, and recombination
rate associated with the quantity n,?
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moments of the BTE (1D)

| | | L.
o LB e

TR TS \

no explicit generation-
recombination terms,
butE
"f "f "f =
Hpdmp (P e (p)-=! (p)Of

X

"f
"Px

e

1 "1 "1 _ =
Ei;f!(px);Tpx-’(px)$xq+ﬁf°/ﬂfx!(px) = ﬁ!(px)@f
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moments of the BTE (1D)

1 "f1 "f o1 "f _1 s
TR s L# 1 ()8 T a8 (n )= (1 (p) O

X Px

1 "f

" 81 & "n(xt
E#pﬁ Hp)— =_t?gﬁ:§£ (p,) F(x, px,t)zg n, (x,t)

||t

t

n " %# !(p,) F(% pot)

Px
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moments of the BTE (1D)

1 fol fo1 Pl 5
CH(n)se e pH ()8 + TH# e (p) = # 1 (n) O

"
Px Px X L Px

1 Ff 01 _9F
250 2= 2 LS o0 () =0

Px

8 ()T (x Pt

Px
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moments of the BTE (1D)

_Z¢ px at Ip2¢ px X + 2 CE ¢ _zrpzx¢ px

ap,

1 #f % # 1
I%!qu"(px)#bf!quf(&E% ("(p)f)! E%

+- /

£ (9 ()85 (p.)1[, =0

# 01
=1 —
#p, qE( '—%
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81 (p)
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+

X

X

+>(-\=/

15

OgenerationO af,

1,,9%
G, "#Exé—o ¢ ”
- #Q §L50$?X( why~

#l dpr)
L Hp, o dt oy
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moments of the BTE (recap)

1 "o "o T )
- ! [ S, ! - 4 — ) ! = !
La:f-(px)..t+L4§f-(px)$x..X+L1i/mEx-(px)..px Lﬁf-(px)@f
L Y J U v J J J
n 'R G 2
X I'x
1
n¢(x,t)=rz¢(p)f(X,p,t)
P
1
F E$!(px)#xf(x,px,t)
Px
% .. # )
G ="CE, & fi
' '(L%#px 3
Lundstrom ECE-656 F09 17
Orecombination®

230(p.)6r =

Cpy=" {S(ptp) (P& 1) S(pph)f(p)g" 1(p)S

Pk

1" / ® =1n / " }S(pgpx)f(p#)%ﬁf(px)'( ¥
Lo, (px) f Lo, (pX)pz;j- $S(px,p#)f(px)%$f(p#)'(};

To see how to evaluate this expression, for non-degenerate
conditions ([1-f(p)] = 0),see the text, pp. 215-216.
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phenomenological approach

f L oE, I se w17 1,
i xa# ! R_@f RTA: ©f! 7

7. (p) is a OmicroscopicOO relaxation time

0
nq)—n

1 ) ; .n #n,
Z%‘p(px)@fz_ <T¢> R <$’>

(1.} is a OmacroscopicOO relaxation time
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the continuity equation for n,

I'n. !

generation recombination

in-flon . \ \‘ ,I I

out-flow

in-flow -out-flow = - divergence of flux
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putting it all together

I I I .
o g
It Ix & 'K,
In. !
1, Y% #!
m 0 =" 1) (5 6= E S )
P Py x +
1 . #n
n - ! , , R’
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5)! Summary

We will work this out in 1D. See Lundstrom, for 3D.
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Oth moment of the BTE (1D)

=" (PF(xpY)  1(p)=1

p

n, (x,t) =n_(xt) F =
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Oth moment of the BTE

I'(p)=1
In_dF, n (xt) _, d[1,/(#q)]
It dx !t dx

n (xt) _1dl,
't g dx

In steady-state, the current is constant because we have
assumed that there is no generation-recomination of electrons.
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5)! Summary

We will work this out in 1D. See Lundstrom, FCT, for 3D.
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1st moment of the BTE

n,(x,t)=%" HPxpt)  1(p)=p,

p

n,(x,t)=P(xt)=n_(p,)

1 1
L 1 (R (6pat) =1 pAT (p)” 2W

L Px Px

F! zzvvan<px"x>

%

" 1.
ﬁW =n(=m!?)
2 &
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1st moment of the BTE

I'(p)=p, n, (x,t) =P, F=2W=n/(p",)
n n! #n’o — Px#Pxo — Px

() (&) (%)
% . # )

G =", & f*=("q)nE,
'( L% #px + ( ) )
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1st moment of the BTE

/(p)=1

n(x0)=P  F=2W :nL<px"x> R = <..X> G, :(" q)nLEx

momentum balance equation

|
ﬂz#dF”X_i_G”#R' $ 'PX(X’t)z#d(ZW)#nLcEX#i
't dx I't dx (%)
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current equation

P, (xt) _, d(2w), . P
T (#.)
) !
P =n(p)=nm{’) L=Can (")) IX:%PX
!|X(x,t):§dw+nLq2E Wl
't mdx m * (#)
n 2 "
s e
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drift-diffusion equation

"1 (xt) dw
| +(! )= =n +2U, —
() oy LAHE + 21—
assume:
(T,) d Xé;(’t) <,
q<";n>:un i, ! 1000cm*/V-s, m =m," (# )=0.5ps
m

f<<i=2THz

(')
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drift-diffusion equation

"I Xt dw
Ix+<!m> Xu(t ):nLq:urEx-l-Zuna

assume:

"I, (xt) 1 e kT _
<!m>T<<|x W_nLEm <I§> nLBT T = condant

d(n_keT)

IX:nLq‘lLFEX+un dX

dn
= nLq:u'nEx + kBT‘un d_)l(_

dn ko T
l,=n +qD,—~ D,=—2-
X qu'lnEx q n dX n q l’ln
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DD equation with temperature gradients

assume:

"1, (x.t) L kT
<!m>T<<|x W=nom (12)" n, ; T ! congant

dw
| =n +2u, —
X LqJLLﬂEX ILLI'] dX

dw d! Kk;T$ d
2u —=2u —xzn —-—o%=u —(n k.T
l’ln dX l’ln dx# L 2 &b l’ln dX( LB )
n, =N Vel =N "o /7 2m*|kBT/# it T = (x,T)
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DD equation with temperature gradients (ii)

dw
|, =nqut +2u —
X Lq“n X :un dX

dw d "
2u,— =, —(n keT) = i, d
l’ln dX I’ln dX(nL B ) :un
J2mk,T /!
nL(X,T)—mI—/ (F\" #)/ksT
F" 4
2undw-kTun TN kTungz (F ))d—T
dx ! 0 KT (dX
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final current equation

l—nLqunEx+qD Ix S—

S = Lqun( )/3' k'T (

(Soret coefficient)
Note error in egn. (5.101), p. 236 of Lundstrom)
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Seebeck coefficient

assume dn,/dx = 0, and solve for E,:

dn dT
|, = £ +qD,—=!S —
X nLqun X q n dX SI' dX

go b, S dr

“"nay, nay, dx
T

recall: Lecture 8

Lt Sg o=t B
_k Y _ ;
S-(!—Z)[Z! ] 1(E)=1,(E/k,T)
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moments of the BTE

| | | ) ' . -u
Vow Yy® T g ™o ygir+G,#R,

't “lx 11k, It
on_(xt) dl , 0
= —nx | =1= th
p dx (px) p, O™ moment
ot ) o g oy, MY ()= q) B
X “m "t L X n dX . X m*
1st moment

Now we need an equation for W E.
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terminating the hierarchy

Zeroth moment brings in the first moment

First moment brings in the second moment

1 v
WZEPZX px2 . f(X, px’t)= N U U, ! kBZT

But what is T? Answer: Near equilibrium: T! T,
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