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Lecture 4:
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Density of Modes
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Datta-Landauer Approach

Key parameters :

1) Density-of-states (for carrier density)
2) Density of modes (for current)
3) Transmission (to describe scattering)
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k-space vs. energy-space

|
N(k)d’k = Fd3k =D(E)dE
N(k): independent of bandstructure

D(E): depends on E(k)

N(k) and D(E) are proportional to the volume, ! , but itis common to
express D(E) per unit energy and per unit volume. We will use the
same symbol in both cases, but the units will be clear from the
context.

3 Lundstrom ECE-656 FO9

outline

1) Density of states
2) Example: graphene
3) Density of modes
4) Example: graphene

5) Summary
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example: 1D DOS

e NlD(k)dk:%%" 2k

D’ (E)dE = Ny, (k)dk/L

D’ (E)dE = %dk

Lo _1dk_ 11
PO T T
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example: 1D DOS for parabolic bands

21
E DlD(E)_FT

independent of E(k)

parabolic E(k)

| 2k?
2m

1 |2m e
[DlD(E)zﬁ E J rdk . \m
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E(k) =




density of states in a nanowire

21,2 . 1 2 Y
£y + 1K ., (B)= 6,77 [y
2m ' (E" #)
E(k), Dy, (E) | D! (E) D (E)
12K
/, 2m
I
"1
Kk
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2D density of states
# A&
2! kdk LS
\ 2m D, (E)dE = N, (k) 2/ kdk/A
1
f N Do (E)IE = 2/ kdk
m
DZD(E)dE:”_sz
2,2 2 m’
Ek)=—F  gp=!KK [DZD(E): ”2]
2m m .

Lundstrom ECE-656 FO9




density of states in a film

E:!i+!zi(‘f— DLD(E):g\/,r?_z
m Il
E ’
(kﬂ) DZD(E) : :
!2 21,2 i |
] |
! 2m :
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effective mass vs. tight binding

D, (E)
! : 14
A \ x10
DL (B)=g,1 2
P 12 T =3nm ya
' ‘ ) N.—.10 Si T i
i i g 8 1st primed si'ubband
i 3 ’
: o 6
' w
i Q 4
2 1st unprimed subband

E N 2 D S

! I, E OFT 115 12 12 13 135

Energy [eV]

sp3s*d® tight binding calculation by
Yang Liu, Purdue University, 2007
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effective mass vs. tight binding

near subband edge

well above subband edge

12X 10 o 50
egime] g
10 : 540 »
g g 1st primed subband > “ el
= H < "
= 5 30 iy
2L, 6 i b
4 8 20 L
a 4 1st unprimed subband o
[a] [m]
N 2 - N 10
t..=3nm
N I [ Si
Y 1.1 1.15 1.2 1.25 1.3 1.35 0 12 1.4 16 1.8 2 22
Energy [eV] Energy[eV]
sp3s*d°® tight binding calculation by Yang Liu, Purdue University, 2007
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=1+ £(k)

IZ!EZ

2m Ny Ek(1+! Ek)+ -
dEQHIE)+ N 2m (0)
2m (0)
D2D =9

K
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alternative approach

D, (E)=7#(E" E)

k

Do (E)=5#(E" E.)

k

D5 (E) :Ii$ ”(E# Ek)

k
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. proof
in k-space, we know: can also work in energy-space:
n, =%!k fo(E) n, =1 f,(E)D,,(E)JE
n = $fO(E)%q’:f ! (E" E)dE
n, :%!k %, (E)" (E#E,)dE
n==1 1,(E)
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interpretation

!Zk* # of dates
E m E, E+dE
dE
__________ 1+
N 0
—
—_— — k Ek1 E
2! /L
E, +dE E, +dE E, +dE
| Dy(E)dE= | =$"(E#E)IE==$ | "(E#E/)dE
E, e Lo« L% g
counts the states between E and E +dE 15
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1) Density of states
2) Example: graphene
3) Density of modes
4) Example: graphene

5) Summary
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example: DOS for graphene

D(E):%ff /(e Ew):%(%j%Z;!(E" B, )2%k dk

' ek dEkﬂ =11 cdk k dk, = Ek"dEkﬂ/! 2] 'E

- E, ok
D(E):W&(E$ Ek")EkﬂdEkﬂ Ele e e = -
T Fo
K
2E

D(E):!!2112 E>O
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1) Density of states
2) Example: graphene
3) Density of modes
4) Example: graphene

5) Summary
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definitions

+

| :%Zhizj:ﬂ'(E)M (E)(! "fo/"E)dEI§V

Ro

(near-equilibrium)
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DOS vs. DOM

N =1D(E)f,(E)dE

G =M (E)(! "fo/"E)dE (T(€)

Density of states determines the carrier density and
density of modes determines the conductance.

1D: D(E)! L M(E)!1
2D: D(E)! A M(E)! W
3D: D(E)! " M(E)! A
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modes (conducting channels) in 2D

o=y A

L

MZD(E) =" DZD(E)/2:7

I (xy)" €snky
We will assume that W is wide o 10
(small W, is a O1D@nowire). k=m/ /W m=12,..
21 tan! =Kk /K,

modes (conducting channels) in 2D

(cos#)  (cosl)=2 /=
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modes in 2D

M(E)=!/(E)"D

But how do we interpret
this result physically?

20 (E)/2

24

_trg2r _1J2(E* 4)/m g2
HE)= T8 - L 7 *
2m'(E! "))
m* MZD( ): #|
Dzo(E) = ”_2\NL .
| [2(E-¢g) 2 m
”DZD/Z_[E m EJ”(Zn!ZWL)
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physical interpretation
E(K)=1, +- K But how do we interpret
2m this result physically?
2m (E!
()= Y2m (EL ) *
- 2m' (E! )
21 Mo (E) = #1
k(E): - . .
s(E) W
M, (E) =
2m*(E| ”1) _ 1 IB(E)/2
#! (%:.(E)/2)
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waveguide modes

Assume that there is one subband associated with confinement in the z-
direction. Many subbands associated with confinement in the y-direction

I (xy)" é*sinky

lowest mode k,=m/ /W m=12,..

1.2 l
LA

M = # of electron half wavelengths that fit into W.
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DOS vs. modes in 2D

D, (E) M. (E) DZD(E):%”(E#‘ﬁ)
- ’
e M, () =2 LB L) E:! 1) $(E! ")
m —
B
| |
/| /) E
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DOS vs. modes

D2D (E) = In|]_2
MZD(E)szzm*[E! "(0)]

#1

Mo () _ . [E! (0]
DZD(E) - m*

M (E)=1WD,, (E)! (E)

M(E) is proportional to the DOS(E) times velocity.
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1) Density of states
2) Example: graphene
3) Density of modes
4) Example: graphene

5) Summary
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graphene

We have seen that M(E) depends on dimensionality, but we
assumed parabolic energy bands in both cases.

12K?
2m

E(k)=1,+

But what if our 2D resistor is a sheet of graphene - with linear
dispersion?

E
k| E(K)=+!7k
k= kjo+k
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M(E) for graphene
M (E) = (E)" D, (E)/2
p " 2E W
/ (E):!—$E' 2 M(E)=-——=2#
' L %2 L %Z I F $B/2
SE ¥ still proportional to W
D, (E) = T2nz ¥ proportional to E, not sqrt(E)
[
¥factor of two is for valley
) $1# 2 ,$ E : degeneracy
! = —
S T B T

M depends on dimensionality and on the E(K).
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1) Density of states
2) Example: graphene
3) Density of modes
4) Example: graphene

5) Summary
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——
D, () =! 2471 ° /

32

density of states

_ L 2m Dipg
Dm(E)—ﬁ (E" %) \

_ m J2m (E" E.) F

(E(k) = E. +1%2/2m)
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MlD
M, (E)=! (E" #) .
—> E
2mi (E! ") i
MZD(E):W#—Il
.
m Mao
MaD(E):AZ!!Z(E" E,)
E
(E(k) = E. +!2k*/2m)
33
summary

1) When computing the number of electrons, the important quantity
is the density of states, D(E).

2) When computing the current, the important quantity is the
number of modes M(E).

3) The number of modes is also the number of subbands at
energy, E.

4) The number of modes is the number of half wavelengths that fit
into the resistor width (2D) or cross section (3D).

5) The number of modes is proportional to D(E) times velocity.
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guestions

1) Density of states
2) Example: graphene
3) Density of modes
4) Example: graphene

5) Summary
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