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Abstract

Many analyses and transformations in a parallelizing compiler can bene�t from the ability to

compare arbitrary symbolic expressions. In this paper, we describe how one can compare expressions

by using symbolic ranges of variables. A range is a lower and upper bound on a variable. We

will also describe how these ranges can be e�ciently computed from the program text. Symbolic

range propagation has been implemented in Polaris, a parallelizing compiler being developed at

the University of Illinois, and is used for symbolic dependence testing, detection of zero-trip loops,

determining array sections possibly referenced by an access, and loop iteration-count estimation.

1 Introduction

To e�ectively parallelize real programs, parallelizing compilers need powerful symbolic analysis tech-
niques [11, 3]. One of most useful of these techniques is the ability to compare arbitrary symbolic
expressions, using constraint information derived from the program [3]. Many transformations in a par-
allelizing compiler can bene�t from such an ability. Examples are symbolic dependence testing, detection
of zero-trip loops, dead-code elimination, determination of array sections referenced by an array access,
and loop trip-count estimation. We will examine two of these examples, symbolic dependence testing
and detection of zero-trip loops, in detail.

The ability to compare symbolic expressions is probably most useful for symbolic data dependence
tests. In fact, two symbolic data dependence tests, the authors' Range Test [4] and the Symbolic
Banerjee's Inequalities Test as suggested by Haghighat and Polychronopoulos [11], are built upon this
ability.

The Range Test proves that two array accesses do not have a loop-carried dependence by proving
that the range of possible values referenced by one access does not overlap with the range of possible
values for the other access. It proves this by determining that the symbolic upper bound of one of these
ranges is less than the symbolic lower bound of the other range. This requires the ability to compare
symbolic expressions.

The real strength of the Range Test is that it can prove independence for non-a�ne (nonlinear) array
references, which most other dependence tests cannot do. For example, the Range Test can prove that
all the loops in Figure 1 are parallel but, to our knowledge, no other dependence test can do so. This
loop nest was taken from TRFD, a code in the Perfect Benchmarks, and accounts for 28% of the code's
serial execution time. For the Range Test to prove that there are no dependences for the writes to array
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DO i = 0; n� 1
DO j = 0; i
DO l = 0; i� j

S1 : x = ((i2 + i+ 2 � j) � (n2 + n+ 2))=4 + l + 1
A(x) = � � �

ENDDO

DO k = 0; n� i� 2
do l = 0; k+ i + 1

S2 : x = ((i2 + i + 2 � j) � (n2 + n+ 2))=4
+i � j + k � (i+ 1) + (k2 + k)=2 + l + 2

A(x) = � � �
ENDDO

ENDDO

ENDDO

ENDDO

Figure 1: A loop nest, extracted from TRFD, that contains non-a�ne array references. Loop peeling
and induction variable substitution were performed to place the loop nest into this form.

A, it needs to compare non-a�ne symbolic range bounds derived from statements S1 and S2, under
the constraints imposed by the enclosing loops, (e.g., 0 � i � n � 1, n � 1). For example, one of the
comparisons performed by the Range Test for this example was to compare ((i+1)�(n2+n))=2+i+k+2
to 0. We have seen several other important loop nests from real applications that needed the Range
Test with range propagation to e�ectively parallelize them.

The ability to compare symbolic expressions is also needed to prove that a loop is not a zero-trip
loop. By knowing that a loop is not a zero-trip loop, one can peel o� an iteration of a loop or generate
a last-value assignment for an induction variable eliminated by induction variable substitution without
enclosing this iteration or last-value assignment with a conditional statement that tests whether the
loop was a zero-trip loop. Eliminating this conditional is desirable because conditional statements often
weaken the results of global analyses, (e.g., constant propagation and induction variable substitution).
For example, both loop peeling and induction variable substitution was needed to get the loop nest
in Figure 1 into the form shown. Without the ability to detect zero-trip loops, these transformations
would have inserted conditional statements that would have prevented the outermost loops from being
parallelized.

In response to this need for comparing arbitrary symbolic expressions under constraints derived from
the program unit, we have designed the range propagation algorithm. Range propagation centers upon
the computation and manipulation of ranges. A range, denoted [a : b], consists of a symbolic lower
bound a and a symbolic upper bound b. In this paper, we will always assume that a � b and that x does
not occur in either a or b. Constraints are represented by a mapping from program variables to ranges.
For example, assigning the range [a : b] to a variable x denotes the constraint a � x � b. This mapping
from variables to ranges will be called a range dictionary.

Range propagation consists of two major parts: an expression comparison algorithm and a range
propagation algorithm. The expression comparison algorithm determines which inequality relationships
(e.g., <, =, �) hold between two expressions, given a set of constraints in a range dictionary. The range
propagation algorithm determines the constraints that hold at each point in a program. It does this by
computing the ranges that initially hold for each variable, then propagating these ranges through the
program unit. Since the range propagation algorithm needs to compare symbolic expressions to simplify
ranges, we will discuss the expression comparison algorithm �rst.

Section 2 will describe how one can compare two expressions, using constraints represented by a
range dictionary. Section 3 will then describe how these range dictionaries can be computed from a
program unit. Related work will then be discussed in Section 4. Section 5 will give our conclusions and
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plans for future work.

2 Comparing expressions using symbolic ranges

In this section, we will �rst give an overall sketch of our expression comparison algorithm, which de-
termines the relationship between two arbitrary symbolic expressions under the constraints given by
a range dictionary. We will then discuss how the two most important functions of the algorithm are
implemented. A cost analysis of this algorithm will then be performed.

2.1 Algorithm

This algorithm assumes that the compiler can manipulate and simplify arbitrary symbolic expressions.
E�cient symbolic analysis techniques for parallelizing compilers can be found in [11, 12, 14].

Roughly, we determine the inequality relationship between two symbolic expressions p and q, in
respect to a range dictionary R, by forming the di�erence d between p and q, then repeatedly replacing
(substituting) each variable x in d with the range of x, until we reach a point where the lower bound of
d is a non-negative integer or the upper bound of d is a non-positive integer. We can then determine the
relationship between p and q from the bounds of this �nal value of d. For example, p > q if the lower
bound of the �nal value of d is an integer greater than zero.

The expression comparison algorithm, which implements the intuitive description above, is shown in
Figure 2. Statement S1 determines the di�erence d between p and q. (It is assumed that d has been
simpli�ed down to its simplest form.) Statement S2 determines the best order to replace variables in d
with their ranges. This order is stored in an ordered list S. The ordered list S contains all variables that
may eventually need to be replaced in d, including variables that are not initially in d. Statement S3
is a while loop that repeatedly removes a variable x from the list S and replaces x in d with its range
R(x), until we run out of variables in S or d is comparable. (We say that a range d is comparable when
its lower bound is a positive integer or its upper bound is a negative integer.) Statement S4 handles
the case where the while loop ran out of variables to replace before it could make d be comparable.
This loop simply replaces all remaining variables in d with the unconstrained range [�1 : +1]. (We
do this rather than failing because there are cases where d would be comparable if the variables were
eliminated, (e.g., d = [max(1; x) : +1]).) Statement S5 returns the inequality relationship between p
and q by examining the lower and upper bounds of d. If it cannot determine any relationships, it returns
the unknown inequality relationship.

For example, suppose we wish to compare x � y + 1 with y, where x = [y : 10] and y = [1 : 1].
First, we calculate the di�erence, which is d = x � y � y + 1. Then, we replace x with [y : 10], getting
d = [y2� y+1 : 9 � y+1], (we'll describe how we computed this new value for d in the next subsection).
Since d is still not comparable, we replace y with [1 :1], getting d = [1 :1]. Since the lower bound of
d is greater than zero, we have the relationship x � y + 1 > y.

To implement the algorithm in Figure 2, one must implement twomajor functions: replacement order()

and replace var(). The function replacement order() attempts to determine the best order to re-
place variables with their ranges, while the function replace var() performs the actual replacements.
The next two subsections will describe these functions in detail.

2.2 Replacing a variable with its range

The most important and most complex part of the expression comparison algorithm is the replacement of
variables with their ranges, (i.e., replace var()). There are several methods that such a replacement can
be performed. In this section, we will describe two methods: a faster but less accurate algorithm, which
substitutes each occurrence of the variable with its range, and a slower but more accurate algorithm,
which determines the new range of the expression from its monotonicity.
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Input: Symbolic expressions p and q and range dictionary R,
which maps each variable x to a range R(x) = [a : b].

Output: Inequality relationship between p and q
(i.e, <, �, =, >, �, or ? (unknown)).

S1 : d [q � p : q � p]
S2 : S  replacement order(d, R)
S3 : while (d is not comparable and S is not empty) do

x S:head
S  S:tail
d replace var(d, x, R(x), R)

end while

if (d is not comparable) then
S4 : foreach variable x in d do

d replace var(d, x, [�1 : +1], R)
end foreach

endif

S5 : return inequality relationship for d

Figure 2: The symbolic expression comparison algorithm

Range substitution method

The most intuitive method to replace a variable with its range is to physically substitute each occurrence
of the variable in the given expression with the variable's range, then simplify the resulting expression.
This simpli�cation transforms the resulting expression into a range whose bounds do not contain ranges.
As an example, suppose we wish to replace the range [1 : y] for variable x in the di�erence range
d = [x2 � x : 1]. The resulting range can be computed by �rst substituting [1 : y] for x in d, getting
[[1 : y]2 � [1 : y] :1], then simplifying this range down to [1� y :1], (assuming that y � 1).

By far the most complicated part of this method is the simpli�cation of the substituted expression. We
perform this simpli�cation by working from the innermost to the outermost operations of the expression,
applying rewrite rules at each point. These rewrite rules transform a subexpression whose arguments
are range expressions into a range subexpression whose arguments do not contain ranges. The rewrite
rules are displayed in Table 1. All these rewrite rules assume that we are working with integer-valued
symbolic expressions and that all ranges' lower bounds are less than or equal to their upper bounds.
The rest of this paper will also make these assumptions.

As an example, consider the simpli�cation of [[1 : y]2� [1 : y] :1], taken from the previous example.
The steps to simplify this expression are:

[[1 : y]2 � [1 : y] :1] ) [[12 : y2]� [1 : y] :1] by rule (6)
) [[12 : y2] + [�y : �1] :1] by rule (4)
) [[12 � y : y2 � 1] :1] by rule (3)
) [12 � y :1] by rule (1)
) [1� y :1]

Note that some of the rewrite rules in Table 1, particularly those for multiplication, division, and
exponentiation, require the comparison of symbolic expressions to zero. For example, to simplify ex-
pression x � [1 : 10], one must determine the sign of x. This can be easily done by recursively calling
the expression comparison algorithm in Figure 2. The costs of performing these recursive expression
comparisons can be greatly decreased by caching the signs of variables and using these cached signs
whenever possible.
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[[a : b] : c] ) [a : c] (1)

[a : [b : c]] ) [a : c] (2)

[a : b] + c ) [a+ c : b+ c] (3)

[a : b] � c )

8<
:

[a � c : b � c] if c � 0
[b � c : a � c] if c � 0
[�1 :1] otherwise

(4)

[a : b]=c )

8<
:

[a=c : b=c] if c > 0
[b=c : a=c] if c < 0
[�1 :1] otherwise

(5)

[a : b]i )

8>><
>>:

[ai : bi] if i is even and a � 0
[bi : ai] if i is even and b � 0
[ai : bi] if i is odd
[�1 :1] otherwise

(6)

min([a : b]; c) ) [min(a; c) : min(b; c)] (7)

max([a : b]; c) ) [max(a; c) : max(b; c)] (8)

Table 1: Rewrite rules for simplifying expressions containing ranges. Variables a, b, and c are assumed
to be arbitrary symbolic integer-valued expressions. The variable i is an integer.

Because this method may make recursive calls to the expression comparison algorithm, it could
conceivably go into an in�nite loop. For example, in the course of determining whether x � 0, the
algorithmmay need to prove that x � 0. To guarantee termination, we do not allow the range for variable
x to be substituted in any recursive calls to the expression comparison algorithm while the expression
comparison algorithm is trying to replace x in some expression. Instead, we substitute the unconstrained
range [�1 : 1] for x. This e�ectively prevents any more recursive expression comparisons, since the
simpli�cation of ranges containing [�1 : 1] does not require them. (We did not include the rewrite
rules for expressions containing [�1 : 1], since they are easy to determine.) Since there are only a
�nite number of variables, there can only be a �nite number of invocations of the expression comparison
algorithm on the stack at one time.

It is often desirable to have MIN and MAX expressions in the range expressions for variables. To
uncover more opportunities for simpli�cation, these MIN and MAX subexpressions should be moved
outward so that they enclose the entire expression, (although they shouldn't be pulled out of ranges).
Thus, when we substitute a range containing MINs and MAXs into an expression, we must pull these
MINs and MAXs outward to the top levels of the expression. This can be done by using rewrite rules
similar to those given earlier for simplifying range expressions. These rules are displayed in Table 2.

In addition to the range, MIN, or MAX speci�c simpli�cations given earlier, we apply conventional
symbolic simpli�cation techniques to the expression. These techniques include constant folding, distribu-
tion of products-of-sums, and the combination and cancellation of common symbolic terms [6, 11, 12, 14].
We also use advanced techniques to simplify expressions containing integer divisions, which were devel-
oped by Haghighat [12]. In addition to Haghighat's exact techniques, we use an approximate technique
that handles divisions by multiplying them out from the di�erence range d from Figure 2. For example,
we convert the expression d = a=b + c to the range d0 = [a � b + 1 + b � c : a + b � c], assuming that
a > 0 and b > 0. (One can see that this range is correct, since b � (a=b) = b � ((a � a mod b))=b) =
a� a mod b = a � [0 : b� 1] = [a� b+ 1 : a].)
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min(min(a; b); c) ) min(a; b; c) (9)

min(a; b) + c ) min(a+ c; b+ c) (10)

min(a; b) � c )

�
min(a � c; b � c) if c � 0
max(a � c; b � c) if c � 0

(11)

min(a; b)=c )

�
min(a=c; b=c) if c > 0
max(a=c; b=c) if c < 0

(12)

min(a; b)i )

8<
:

min(ai; bi) if i is even and min(a; b) � 0
max(ai; bi) if i is even and min(a; b) � 0
min(ai; bi) if i is odd

(13)

Table 2: Rewrite rules for simplifying min expressions. The rewrite rules for max expressions is similar.
Variables a, b, and c are assumed to be arbitrary symbolic integer expressions. Variable i is an integer.

Monotonicity replacement method

One problem with the range substitution method from the previous subsection is that it can generate
overly conservative lower or upper bounds when it replaces a variable in an expression that has multiple
occurrences of that variable. This occurs because both bounds of the range of the variable to be replaced
are used to compute the lower or upper bound of the resulting range expression, although it is impossible
for a variable to be equal to both its lower and upper bounds, (assuming that its lower bound does not
equal its upper bound). For example, when [1 : y] was substituted for x in x2 � x in the example from
the previous subsection, the �nal lower bound of the resulting expression (1� y) was formed by taking
the lower bound of [1 : y] for the x2 term while taking the upper bound of [1 : y] for the �x term. Since
there is no legal value of x in the range [1 : y] where x2� x would take on the value 1� y, this bound is
overly conservative.

In this subsection, we will present a variable replacement method that can determine the exact lower
and upper bounds for an expression, if it succeeds. (If it fails, we can still use the variable substitution
method.) We will assume that we are replacing variable x in expression f(x) with range [a : b].

The exact lower and bounds for f(x) after replacing x are the minimum and maximum values that
f(x) can take for any value of x in the range [a : b]. Determining these minimum and maximum values
are simple if we can prove that f(x) is monotonic for x. The expression f ismonotonically non-decreasing

for x within range [a : b], if f(x) � f(x0) whenever x � x0 for x; x0 2 [a : b]. Similarly, f is monotonically

non-increasing for x within range [a : b], if f(x) � f(x0) whenever x � x0 for x; x0 2 [a : b]. Now, if f(x)
is monotonically non-decreasing for x, then the range of values taken by f(x) is [f(a) : f(b)]. Similarly,
if f(x) is monotonically non-increasing for x, then the range of values taken by f(x) is [f(b) : f(a)].

Determining whether f(x) is monotonically non-decreasing or monotonically non-increasing is not
di�cult. One can prove that f(x) is monotonically non-decreasing for x by proving that f(x+1)�f (x) �
0. This inequality can be easily proven by recursively calling the expression comparison algorithm in
Figure 2. Similarly, one can prove that f(x) is monotonically non-increasing for x by proving that
f(x + 1) � f(x) � 0.

The monotonicity replacement method, when used by itself, can be very expensive. (A back-of-
the-envelope calculation estimated it to be at least O(v!), where v is the number of variables in the
program.) Because of this, we do not use the monotonicity replacement method to determine the sign of
the forward di�erence expression f(x+ 1)� f(x). Instead, we use the range substitution method given
in the previous subsection. This greatly improves the worst case performance of this technique while
preserving much of its accuracy. This also guarantees that this method will eventually halt, since the
range substitution method eventually halts. Detailed analysis of its time complexity will be done later
in this section.
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As an example, suppose we wish to replace the range [1 : y] for variable x in the di�erence range
d = [x2�x :1]. To calculate the new lower bound of d, we must �rst determine whether the lower bound
is monotonically non-increasing or monotonically non-decreasing for x. This is done by calculating the
forward di�erence (x+ 1)2 � (x+ 1)� (x2 � x) = 2 � x, then determining whether 2 � x is greater-equal
or less-equal to zero by a recursive call to the expression comparison algorithm. Now, 2 � x is greater
than zero, since 2 � x ) 2 � [1 : y] ) [2 : 2 � y] has a positive lower bound. Hence, x2 � x must be
monotonically non-decreasing and the range of x2 � x is [12 � 1 : y2 � y] = [0 : y2 � y]. After doing a
similar computation for the upper bound of d, we determine the new range of d to be [0 :1]. Note that
this lower bound is better than the lower bound 1� y computed from the range substitution method in
the previous subsection

One complication in using monotonicity for replacing ranges for variables is that either the range we
are replacing with or the given expression may contain MIN or MAX expressions. Replacing a variable
in a MIN or MAX expression causes problems because the monotonicity of the arguments of the MIN or
MAX may di�er. Having MINs or MAXs in the range we are replacing for a variable causes problems
because we wish to have all MINs and MAXs in the resulting expression to be the outermost terms so
to aid simpli�cation.

With a few additional rules, these MIN or MAX expressions can be easily handled. To replace a range
for variable x in min(f(x); g(x)), one simply performs the monotonicity replacement method for x on
f(x) to get f(a), the same method for x on g(x) to get g(b), then return the expression min(f(a); g(b)).
Pulling MIN and MAX expressions out of an resulting expression is also simple. If f(x) is monotonically
non-decreasing, then f(min(a; b)) is transformed into min(f(a); f(b)). Similarly, if f(x) is monotonically
non-increasing, then f(min(a; b)) is transformed into max(f(a); f(b)). The rules for handling expressions
with MAXs are similar.

As an example, suppose we wish to replace x with [1 : min(10; y)] in d = [max(x2�x;�x);1]. Since
the previous example has shown that x2�x is monotonically non-decreasing, its lower bound is 12�1 =
0. Similarly, since �x is monotonically non-increasing, its lower bound is �min(10; y), which can be
rewritten to max(�10;�y). Thus, the new value of d is [max(0;max(�10;�y)) :1] = [max(0;�y) :1].

2.3 Determining a replacement order

The order in which one replaces ranges for variables is very important. A poorly chosen replacement
order may require more replacements and result in less accurate ranges than a well chosen replacement
order. For example, suppose we wish to compute the relationship between x and y, where x = [1 : y]
and y = [1 :1]. If we replace x then replace y in d = x� y, we get:

d = x� y

= [1 : y] � y

= [1� y : 0]

and we can determine that x � y, since the upper bound of d is zero. On the other hand, if we replace
y �rst, we get:

d = x� y

= x� [1 :1]

= [�1 : x� 1]

= [�1 : [1 : y] � 1]

= [�1 : y � 1]

= [�1 : [1 :1]� 1]

= [�1 :1]

In this case, we would not be able to determine any relationship between x and y.
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D

X

Y

D = X - Y
X = [1:Y]
Y = [1:∞]

Figure 3: An example of a Range Dependence Graph (RDG).

To determine a good order to replace variables, we create a Range Dependence Graph (RDG), then
determine an ordering for its vertices. Each vertex in the RDG represents a variable that may need be
replaced at some point to convert the di�erence range d into a range that is comparable by our de�nition.
The RDG also contains a vertex for the initial value of d. An edge exists between vertices x and y if and
only if the range for variable x contains the variable y. An example of an RDG is shown in Figure 3.
Note that RDGs may contain cycles.

We determine a good replacement order by determining the strongly-connected components1 (SCCs)
in the RDG, then topologically sorting2 these SCCs3. This topological ordering of the SCCs gives an
good overall replacement order of the variables between SCCs in the RDG, but does not specify any
replacement order for variables within a SCC in respect to each other. To �nd a replacement order for
variables within a SCC, we perform a topological sort of each SCC ignoring back-edges.4 We use an
arbitrary vertex with an edge originating from outside the SCC as the root (start) node for this internal
topological sort. E�cient algorithms for �nding SCCs and back-edges, and performing topological sorts
can be found in [7].

As an example, we will compute the replacement order for the RDG graph shown in Figure 4. The
algorithm �rst computes the strongly connected components of the graph, then topologically sorts them
into the order (SCC1, SCC2, SCC3, SCC4). The algorithm then topologically sorts the vertices in each
SCC, ignoring back-edges. The orders for SCC1 and SCC4 are trivial, ((t) and (z) respectively). The
order for SCC2 is computed by choosing an arbitrary vertex with an incoming edge, in this case the
vertex u, then topologically sorting SCC2 ignoring the back edge w ! u, getting the order (u; v; w). The

1A strongly-connected component of a graph is a maximal subgraph of that graph where each vertex in the subgraph
can reach all other vertices in the subgraph.

2A topological ordering of a directed acyclic graph is an ordering such that if there is a path from vertex u to vertex v

then u occurs before v in this ordering.
3By de�nition of SCCs, one can always topologically sort the SCCs of a graph in respect to each other.
4Back-edges are edges in a graph, which if deleted would result in an acyclic graph.

8



D

T

UV

X

Y

Z

W

SCC1

SCC2
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Figure 4: An example of a cyclic Range Dependence Graph.

ordering for SCC3, which is (x; y), is computed similarly. The �nal replacement order is then formed
by concatenating these individual orderings in the order of the SCC ordering. This results in the order
(t; u; v; w; x; y; z).

For acyclic RDGs, it can be seen that the computed replacement order is optimal in the number
of replacements. However, it may not be optimal for cyclic RDGs. This may be because we chose the
wrong root node to start the topological sort in the SSC, or may be that the optimal replacement order
may require a variable to be visited more than once. To partially overcome this problem, we repeat the
replacement order of each multiple vertex SCC in the �nal replacement order. The SCC's variable order
and its duplicate variable order are adjacent to each other in the �nal replacement order. For example,
the replacement order for Figure 4 would be (t; u; v; w; u; v; w; x; y; x; y; z). We have found this heuristic
to be e�ective for many of the cyclic RDGs we have seen in practice.

2.4 Time complexity

In our experience, nearly all the time spent by the expression comparison algorithm in Figure 2 is
in performing variable replacements. Thus we feel justi�ed to characterize the performance of the
algorithm by the number of variable replacements (i.e., calls to replace var()) it performs. Computing
this number of replacements is a bit more complicated than it looks, since each variable replacement
may make a recursive call to the expression comparison algorithm, which can perform several variable
replacements itself.

To ease the computation of the number of variable replacements performed by the expression compar-
ison algorithm, we will assume that the only recursive comparisons performed by the range substitution
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method will be those to determine the uncached signs of variables. We feel justi�ed to make such an
assumption because it (nearly) holds for all expressions that are polynomials in a fully simpli�ed, sums-
of-products form possibly divided by an integer and enclosed by one or more MINs or MAXs;5 nearly
all expressions derived from real programs are of this form. Alternately, one may modify the algorithm
to guarantee that the assumption holds.

If we use the range substitution method to replacing variables with ranges, no recursive calls to the
expression comparison algorithm would be needed if the the signs of all variables in a program is known
and stored in the sign cache. In this case, only O(v) replacements would need to be made, where v is
the number of integer variables in the program, or more accurately, the number of variables in the RDG.
However, if none of the variable signs are cached, then the algorithm may perform up to O(v) recursive
calls to the expression comparison algorithm, (each performing O(v) replacements), to determine the
signs of the O(v) variables. Thus, the expression comparison algorithm may perform at most O(v2)
variable replacements.

For the monotonicity replacement method, as many as O(v) recursive calls to the expression com-
parison algorithm would be performed to determine the monotonicity of the O(v) variables. By design
of this method, each of these recursive calls can only invoke the range substitution method. Thus, this
method will perform at most O(v2) variable replacements if all the sign caches were already �lled. If
none of the sign caches were �lled, it would still make at most O(v2) replacements, since the �lling of
the sign caches only add O(v2) additional replacements.

In practice, the average number of variable replacements required by the expression comparison algo-
rithm is very small. In our experience with the Range Test, which performs many symbolic comparisons,
about one-third to one-half of the invocations of the expression comparison algorithm do not perform
any substitutions. Ignoring these cases, the average number of variable replacements performed varied
from 2 to 5, depending upon the program being tested.

Determining the cost of a single variable replacement is a bit more di�cult. Its cost equals the cost
of performing the physical substitution of the variable's range into the original expression plus the cost
of simplifying the resulting expression down. The costs of both of these transformations are functions
of the sizes of the expression and ranges involved. Unfortunately, each transformation can cause a
multiplicative growth in the size of the �nal expression. This makes the worst-case time complexity of
the expression comparison algorithm to be exponential on the sizes of of the expressions being compared
and the ranges in the range dictionary. In practice, however, little growth occurs in expression size, with
one major exception. This little growth occurs because constant folding or the cancellation of common
terms. The one exception mentioned are expressions that contain MINs and MAXs. We will discuss
heuristics in the next section that prevent many of these MINs and MAXs from occurring in the ranges
in the range dictionary, hence limiting the growth in expression size. We have found these heuristics to
be e�ective at preventing exponential expression growth in practice.

3 Propagating ranges

The range propagation algorithm centers on the collection and propagation of ranges through a program
unit. Abstract interpretation [8] is used to compute the ranges for variables at each point of a program
unit. That is, the algorithm \executes" the program by following its control 
ow paths, updating the
current ranges to re
ect the side e�ects of the statements encountered along these paths, until a �xed
point is reached. This section will describe how to compute ranges for FORTRAN 77 programs. Similar
algorithms can be designed for other languages.

5This assumptionmay not hold for exponentiation terms. (See rewrite rules (6) and (13) from Tables 1 and 2.) However
it does hold for most of the cases we've seen.
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[a : b] [ [c : d] ) [min(a; c) : max(b; d)] (14)

[a : b] \ [c : d] ) [max(a; c) : min(b; d)] (15)

[a : b]5 [c : d] ) [if a = c then a else �1 :

if b = d then b else 1] (16)

[a : b]4 [c : d] ) [if a 6= �1 then a else c :

if b 6=1 then b else d] (17)

Table 3: Basic operations used by the range propagation algorithm.

3.1 Basic operations

To compute the ranges for each statement in the program unit, some basic operations to merge or join
ranges is required. These basic operations, which are displayed in Table 3, are the union ([), intersection
(\), widening (5), and narrowing (4) operations. The union operator is used to merge ranges coming
from multiple points in the control 
ow of the program. The intersection operator is used to add new
constraint information to a range. This new constraint information typically originates from conditional
tests or loop bounds. The widening operator, which is essentially an overly conservative union operator,
is used at selected points of the program unit to guarantee termination. The narrowing operator is used
to regain some of the information lost by the widening operator. Our de�nitions of the narrowing and
widening operators were in
uenced by the operators given by Bourdoncle [5].

The range propagation algorithm uses a special range, denoted as >, which represents an unde�ned
value. The union operator, when applied upon > and a range x, has the following identity.

x [> = >[ x = x

The application of the other operators on > and x have the same identity.
As mentioned in Section 2, the expression comparison algorithm can be very expensive when the

variables' ranges contain MINs and MAXs. Because of this, we attempt to eliminate the new MINs and
MAXs introduced by the union and intersection operators in Table 3 by using the expression comparison
algorithm to determine the MIN (or MAX) argument with the smallest (or greatest) value. Also, in
response to an observation that expression comparison is often slowest for range bounds that contain both
MINs and MAXs, we disallow MIN expressions to occur in range lower bounds and MAX expressions
to occur in range upper bounds. More speci�cally, if the union operator is unable to eliminate the MIN
(or MAX) from its lower (or upper) bound, it replaces the bound with �1 (or +1).

3.2 Algorithm

The ranges for a program unit are computed in two very-similar phases: a widening phase then a
narrowing phase. For each of these phases, mappings of variables to their ranges, (i.e., range dictionaries),
are associated with each statement and each control-
ow edge of the program unit. In the widening
phase, iterative data-
ow analysis [1] is used to compute the ranges for each statement and control

ow-edge of the program. The ranges for all variables for all program entry points is initially de�ned
to be [�1 : 1]. All other statements and control 
ow-edges are initially assigned a range dictionary
whose ranges are unde�ned (>). The range dictionary for a statement is the union of the ranges of all
the entering control-
ow edges for that statement. The range dictionaries for the exiting control-
ow
edges of a statement are computed by modifying a copy of the statement's range dictionary with the side
e�ects of the statement. The modi�cations made for each kind of statement is as follows: An assignment
statement sets the range for the left-hand-side variable to the range computed from the right-hand-side
expression. A conditional statement intersects the entering range dictionary with ranges derived from
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the conditional's test. A similar intersection operation is done for the bounds of DO loops. To guarantee
that the algorithm eventually reaches a �xed point and halts, a widening operator is also applied on the
statement's range dictionary at all loop headers. The arguments to the widening operator is ranges from
statement's new and old range dictionaries. This widening operator is only applied for such nodes when
the ranges for all entering control-
ow edges were de�ned for both the new and old range dictionaries
for the statement when they computed. (This causes the algorithm to visit the loop-header node twice
before it applies the widening operator.) The narrowing phase is identical to the widening phase, except
that its initial ranges are the ranges computed from the widening phase, and the narrowing operator is
applied at loop-header nodes instead of the widening operator.

Variable modi�cations by a statement must also be taken into account when computing the ranges
for the statement's exiting control-
ow edges. We take such variable modi�cations into account by elim-
inating all occurrences of modi�ed variables in the exiting control-
ow edges' range dictionaries. (We do
this because the ranges are in terms of these variables before they are modi�ed, and will thus be incorrect
after this statement.) A simple way to perform this is to replace all occurrences of that variable with
the variable's range. However, a more accurate result can be achieved for variable modi�cations caused
by a special class of assignment statement called an invertible assignment [9]. Invertible assignments are
assignment statements where the variable on the left-hand-side also occurs on the right-hand-side, and
where this assignment can be rewritten so that the old value of this variable equals some function of the
new value of this variable; that is, if xnew = f(xold ) then one can determine some inverse f 0 of f such
that xold = f 0(xnew). For example, x = x + 1 is an invertible assignment, where the inverse of x + 1
equals x�1. For variable modi�cations caused by invertible assignments, one can replace all occurrences
of the variable with the inverse of the assignment's right-hand-side. For example, if y = [1 : x] before
the invertible assignment x = x+ 1, then the new range for y is [1 : x� 1].

3.3 Example

An example of the ranges generated by the range propagation algorithm for a small code fragment
is shown in Figure 5. Only the ranges for variable x are shown. We will discuss how the ranges for
x were computed for only a few statements in the code fragment: The range after statement S5 is
determined by simply computing the range of x + 1, which is [1 : n] + 1 = [2 : n + 1]. (Remember
that the range of x is not allowed to contain x.) The range inside the THEN part of the IF statement
at S3 was calculated by intersecting the old range [1 : 2 � n] with the range [�1 : n], resulting in
[max(1;�1) : min(2 � n; n)] = [1 : n]. The range after the ENDIF statement at S8 was calculated by
calculating the union of the two ranges ([2 : n + 1] and [2 : 2 � n]) entering the statement, forming
[min(2; 2) : max(n+ 1; 2 � n)] = [2 : 2 � n]. Finally, the range at the top of the loop at S2 was computed
with the help of the widening and narrowing operators. Without a widening operator, the values of
the range after S2 would take on the successive values: [1 : 1], [1 : 2], [1 : 4], : : : , preventing the
algorithm from terminating. The widening operator prevents this by assigning x to the conservative
value [1 : 2]5 [1 : 4] = [1 : 1]. However, one can see that the upper bound of this range is overly
conservative, since the upper bound from S1 (1) and the upper bound from S9 (2 � n) are both less
than 1. This overly conservative value is corrected in the narrowing phase, where the old value of the
range after S2 is narrowed with the range formed by the union of the ranges from S1 and S9, getting
[1 :1]4 ([1 : 1] [ [2 : 2 � n]) = [1 : 2 � n]. (Remember that the narrowing operator replaces all in�nite
bounds of the old range with the bounds of the new range, but otherwise leaves the range alone.)

3.4 Time Complexity

The time taken to perform a union or intersection of ranges for a particular statement would be the time
taken to perform a symbolic expression comparison (O(v2) replacements) times the number of variables in
the range dictionary O(v), or O(rv3), where r is the average cost to perform a single variable replacement
and v is the number of variables. Similarly, the cost for handling variable modi�cations is also O(rv3).
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S1 : x = 1
x = [�1 :1]

S2 : CONTINUE
x = [1 : 1]

S3 : IF (x � n) THEN
x = [1 : 2 � n]

S4 : IF (A(x) � 1:0) THEN
x = [1 : n]

S5 : x = x+ 1
x = [1 : n]

S6 : ELSE
x = [2 : n + 1]

S7 : x = 2 � x
x = [1 : n]

S8 : ENDIF
x = [2 : 2 � n]

S9 : GOTO S2
x = [2 : 2 � n]

S10 : ENDIF
x = >
x = [1 :1]

Figure 5: Computation of ranges for an small code segment

Widening and narrowing operators only cost O(v) time. Thus the time spent to compute the range for
a particular statement or control 
ow edge is O(rv3).

Because of the widening operators, each range in the program unit can only be modi�ed a constant
number of times. Thus the time taken by the range propagation algorithm is O((s + e)rv3), where s
is the number of statements in the program and e is the number of control-
ow edges in the program.
Since e � s, we can simplify this down to O(erv3).

4 Related work

The idea for representing program constraints as ranges was �rst proposed by Harrison [13] for array
bounds checking and program veri�cation. In his paper, Harrison describes how one can compute the
range of integer values that variables can take in a program unit, using data-
ow analysis. Although he
does propose simple techniques to handle symbolic ranges, our symbolic analysis techniques are superior.
(He restricts the bounds of his symbolic ranges to the form < variable > + < constant >.)

Bourdoncle [5] greatly improves the accuracy of the integer range propagation algorithm by Harrison,
through the use of abstract interpretation [8]. Our use of the narrowing operator was in
uenced by his
algorithm. Bourdoncle's algorithm is unable to generate symbolic ranges. The accuracy of the ranges
generated by his (and Harrison's) technique can be improved with our monotonicity replacement method
in Section 2.

Cousot and Halbwachs [9] presents a di�erent method to compute and propagate constraints through
a program. In their technique, sets of constraints between variables are represented as a convex poly-
hedron in the n-space of variable values. Because of this representation, all constraints are restricted to
be in the form of a�ne inequality relationships, (e.g., 5 � x+ 2 � y � 2). Abstract interpretation is used
to compute the convex polyhedron of variable constraints for each statement and each control 
ow edge
of the program. Two a�ne symbolic expressions can be compared, in respect to constraints given as a
convex polyhedron, by determining what side the convex polyhedron falls on the hyperplane formed by
the di�erence of the two expressions.

Although our range propagation algorithm was heavily in
uenced by their abstract interpretation
algorithm, our representation of variable constraints is quite di�erent. They are more accurate in the
computation and propagation of a�ne variable constraints. However, they cannot handle non-a�ne
variable constraints, such as a < b � c. Another strength in our representation is that our technique
can use a sparse data-
ow form, such as de�nition-use chains [1] or Static Single Assignment [10], while
theirs cannot. Performing range propagation on such a sparse form should greatly increase its e�ciency.

Tu and Padua [15] also present a symbolic expression comparison and constraint propagation tech-
nique, based on an extension of Static Single Assignment form [10]. Their technique compares expressions
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by repeatedly substituting variables with their constant symbolic values until the two expressions di�er
by only an integer constant. The values to substitute are determined by a demand-driven analysis of
the program. Phi (�) expressions, which are allowed to be substituted in these expressions, are used to
represent ranges of values. Rewrite rules similar to ours are used to simplify expressions containing phi
expressions.

Our variable replacement and simpli�cation techniques are more powerful than theirs. However,
their constraint propagation methods are more e�cient since they are demand-driven and use Static
Single Assignment form. Because of this, we plan on incorporating their demand-driven techniques into
the range propagation algorithm. Additionally, their constraint propagation algorithm is capable of
performing 
ow-sensitive analyses.

5 Conclusions

We have presented a powerful, but e�cient, technique to compute the symbolic ranges for a program
unit, and to use these ranges to compare arbitrary, possibly non-a�ne, symbolic expressions. We have
also shown that this technique can bene�t several passes in a parallelizing compiler.

We have implemented range propagation in Polaris, a parallelizing compiler being developed at the
University of Illinois [2]. Range propagation is currently being used for symbolic data dependence
testing by the Range Test [4], detection of zero-trip loops, computation of symbolic range of values
that may possibly be referenced by an array access, and estimation of iteration counts of loops. Range
propagation has enabled the Range Test to e�ectively parallelize two codes in the Perfect Benchmarks,
TRFD and OCEAN, with the aid of other restructuring techniques. Because of this, we were able to
achieve speedups close to the hand-parallelized versions, which were 43 for TRFD and 16 for OCEAN on
Cedar, a machine with 32 vector processors, where commercial parallelizing compilers could only achieve
a speedup of at most 2. Thus, we feel safe to conclude that ability to compare symbolic expressions, as
provided by range propagation, can signi�cantly improve the e�ectiveness of parallelizing compilers.

Our future work will be in improving the e�ciency of the range propagation algorithm from Section 3.
We plan on converting the algorithm so that it uses Static Single Assignment form. By using such a
form, we should be able to improve its time complexity to O(erv2), as well as eliminate the practical
costs of handling side e�ects and duplicating ranges. We will also look into demand-driven analysis [15],
which should be greatly bene�cial for range propagation since several of the compiler transformations
which call it need only a few ranges.
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