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Abstract—The detectability and discriminability of virtual haptic gratings were analyzed in the frequency domain. Detection (Exp. 1)

and discrimination (Exp. 2) thresholds for virtual haptic gratings were estimated using a force-feedback device that simulated

sinusoidal and square-wave gratings with spatial periods from 0.2 to 38.4 mm. The detection threshold results indicated that for spatial

periods up to 6.4 mm (i.e., spatial frequencies >0.156 cycle/mm), the detectability of square-wave gratings could be predicted

quantitatively from the detection thresholds of their corresponding fundamental components. The discrimination experiment confirmed

that at higher spatial frequencies, the square-wave gratings were initially indistinguishable from the corresponding fundamental

components until the third harmonics were detectable. At lower spatial frequencies, the third harmonic components of square-wave

gratings had lower detection thresholds than the corresponding fundamental components. Therefore, the square-wave gratings were

detectable as soon as the third harmonic components were detectable. Results from a third experiment where gratings consisting of

two superimposed sinusoidal components were compared (Exp. 3) showed that people were insensitive to the relative phase between

the two components. Our results have important implications for engineering applications, where complex haptic signals are

transmitted at high update rates over networks with limited bandwidths.

Index Terms—Detection, discrimination, frequency-domain analysis, haptic gratings, complex-waveform discrimination.

Ç

1 INTRODUCTION

MANY studies of human texture perception, including
our own, have employed sinusoidal texture models

for the reason that any surface height function representing
texture can be decomposed into a series of sinusoidal
functions using Fourier analysis [1], [2], [3]. The implicit
hypotheses in these studies have been that

1. The human somatosensory system may be capable
of performing a spectrum analysis of the proximal
stimuli arising from interacting with a textured
surface.

2. The perception of individual spectral components
may be superimposed to form an overall percept.

That these hypotheses may have some validity for
perception has been suggested by studies in vision [4] and
touch [5], [6], [7]. Using gratings of sinusoidal, square,
rectangular, and sawtooth waveforms displayed on a CRT
monitor, Campbell and Robson [4] obtained evidence for a
linear system model of visual perception that operates within
a limited range of frequencies. Among the studies of the

somatosensory system, a four-channel model for touch
perception was proposed to account for the full range of
vibratory sensitivity based on neurophysiological and
psychophysical evidence [8], [9]. More recently, it was
suggested that the Pacinian system consists of a set of
“frequency-tuned minichannels” that conveys information
about the spectral components in a complex waveform,
despite the fact that all Pacinian afferents have a homo-
geneous spectral profile in terms of their response to stimuli
over a wide range of frequencies [7]. While these researchers
have been interested in the perception of vibrations and how
surface textures are conveyed through vibrations [10], we
have also been interested in the rendering of virtual textured
surfaces [3], [11], [12], [13], [14]. Instead of constructing
polyharmonic waveforms by adding sinusoidal components
of various frequencies, we have used triangular, square-
wave, and sinusoidal gratings (tactile analog of the visual
gratings used in the Campbell and Robson study [4]) to
represent virtual surface textures. The unique complexities of
square and triangular waveforms in terms of the funda-
mental and harmonic components and their relative ampli-
tudes allow us to make specific and quantitative predictions
about how they will be perceived based on a linear model of
the somatosensory system. (See [15], pp. 1263-1264, for an
excellent discussion on the use of Fourier analysis to study
the perception of complex patterns in touch).

In the present study, we used virtual haptic surfaces with
sinusoidal and square-wave gratings to analyze the detect-
ability and discriminability of the gratings in the frequency
domain. Three experiments were conducted. Exps. 1 and 2
measured the detection and discrimination thresholds for
the sinusoidal and square-wave gratings at a series of
spatial periods/frequencies. In the detection experiment
(Exp. 1), we compared the measured detection thresholds
for square-wave gratings to the thresholds predicted from
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the detectability of the corresponding fundamental and
harmonic sinusoidal components using the thresholds
measured for sinusoidal gratings. In the discrimination
experiment (Exp. 2), we measured the discrimination
thresholds for pairs of sinusoidal and square-wave gratings
with covarying amplitudes such that the amplitude of the
sinusoidal grating always matched that of the fundamental
component of the square-wave grating. Finally, we mea-
sured the discriminability of gratings consisting of two
superimposed sinusoidal components with different rela-
tive phases (Exp. 3).

We outline the main idea of the present study as follows:
Let us consider two gratings, one sinusoidal and one
square-wave, with the same amplitude (see Fig. 1). The
height map of the sinusoidal grating is defined by

hsinðxÞ ¼ Asin sinð2�x=�Þ ð1Þ

and that of the square-wave gratings is

hsqðxÞ ¼
Asq if sinð2�x=�Þ > 0;
�Asq if sinð2�x=�Þ < 0;

�
ð2Þ

where Asin and Asq denote the half peak-to-peak amplitude
of the sinusoidal and square waveforms, respectively, x
denotes the x-position along which surface height (h) varies,
and � denotes the spatial period of the virtual gratings.
These gratings are perceived as surface textures with the
parameter values chosen in the present study.

The Fourier expansion of the square-wave grating shown
in (2) is

hsqðxÞ ¼ Asq
4
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Therefore, given a sinusoidal grating and a square-wave
grating with the same overall amplitude (Asin ¼ Asq), the
amplitude of the fundamental component of the square-
wave grating is larger than that of the sinusoidal grating
by a factor of 4=�. The harmonic components of the
square-wave have smaller amplitudes than that of the

fundamental component, as indicated by the coefficients
4=ð3�), 4=ð5�Þ, etc.

If we hypothesize that the spectral components de-
scribed in (4) can be perceived individually and be
superimposed as would a linear system, then the detect-
ability of a square-wave grating should be determined by
the amplitude of its most detectable component, or
equivalently, the component with the lowest detection
threshold. The detectability of the components can be
determined by the detection thresholds for sinusoidal
gratings at the corresponding spatial period/frequency,
after taking into account the coefficients in (4) (e.g., 4=� for
the fundamental component, 4=ð3�) for the third harmonic,
etc.). It should now be clear that once the detection
thresholds for sinusoidal gratings have been measured,
the relative detectability of the spectral components in a
square-wave grating can be calculated according to (4). The
predicted relative detectability can then be compared with
the experimentally measured detection thresholds for
square-wave gratings. For example, suppose we have
determined that the fundamental component of a square-
wave at spatial period � has the lowest detection threshold
among all the spectral components. We can then predict
that the detection threshold for a square-wave grating at
spatial period � should be �=4 times the amplitude
threshold of the sinusoidal grating at the same spatial
period. Likewise, if the third harmonic component has a
lower detection threshold than that of the fundamental
component, then the detection threshold for a square-wave
grating should be 3�=4 times that of the sinusoidal grating,
as dictated by the coefficients in (4).

In the present study, we hypothesized that, as the
amplitude of a square-wave grating increased, its funda-
mental component was detected first, followed by the
detection of its third harmonic component, etc. We then
predicted that

Hypothesis 1: The detectability of the square-wave grating
could be quantitatively predicted from the detectability of
its fundamental component.

Hypothesis 2: The square-wave grating could not be
distinguished from its fundamental component until its
harmonic components were detectable.

Furthermore, if the somatosensory system processes
complex signals in the spectral domain instead of the
temporal or spatial domain, then the square-wave grating,
shown in Fig. 1, should not feel any different from a grating
that has the same spectral components as listed in (4) but
with different phase characteristics for the harmonics. This
led to one more prediction that

Hypothesis 3: The perception of a grating consisting of
two superimposed sinusoidal components does not depend
on the relative phase of the two components.

Three experiments were conducted to test the three
hypotheses, respectively. In Section 2, we describe the
experimental apparatus and discuss its performance. In
Sections 3, 4, and 5, we present the methods and findings of
Exps. 1-3, respectively. A general discussion in Section 6
concludes the paper.

2 THE MINISTICK

A custom-designed, high position-resolution, 3-DOF (de-
grees of freedom) force-feedback device, the “ministick”
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Fig. 1. The sinusoidal and square-wave gratings used in the present
study. Shown are one cycle of each waveform, respectively, where A
denotes the half peak-to-peak amplitude and � the spatial period of the
waveforms. (Modified from [29, Fig. 1 ], � 2007 IEEE)
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(see Fig. 2), was used in all the experiments. A user interacts
with virtual objects rendered by the ministick using a stylus
(see Fig. 2) that is magnetically connected to the end effector
of the ministick. Results from earlier studies have shown
that the discrimination thresholds using real texture
samples and virtual textures simulated on the ministick
were very similar, thereby indicating that the ministick
appears to be an appropriate device for studying haptic
texture perception [13], [14].

The ministick is a passively balanced haptic device
based on a multiloop parallel mechanism invented by
Adelstein [16] and custom-built by the University of
California Berkeley, with an embedded controller de-
signed and implemented by Traylor [17]. Detailed
documentation of the ministick, shown in Fig. 2, can be
found in Traylor’s Master’s thesis [17]. The ministick has a
usable, interference-free, bowl-shaped hemispherical
workspace measuring approximately 9 cm� 9 cm� 6 cm.
A key advantage of the ministick for the present study is
its position resolution, which is achieved through the use
of 409,600-count-per-revolution, sinusoidally interpolated
optical encoders (cf., [17, Section 4.5]). It is capable of an
update rate of 3.8 kHz and has a position resolution of
�1:5 �m and velocity resolution of �3 mm/sec at the
center of its workspace. Under the simplest form of
impedance control (i.e., proportional displacement feed-
back), the ministick produces a stable 8 N/mm stiffness at
its typical update rate of 2 kHz. The theoretical nominal
endpoint force resolution is 0.0021 N, which changes with
linkage pose and endpoint location.

The ministick’s position resolution was validated by a
calibrated stepper motor stage (model UT100 linear stage,
Klinger Micro-Controle S.A./Newport Corporation),
geared for 0:1 �m step size. The stage provided controlled,
known displacements against which the ministick encoder
values could be compared. The setup of the apparatus is
shown in Fig. 3.

The validation was carried out (roughly) along the x-axis
of the ministick coordinate system, the direction in which
participants stroked the virtual gratings in the present study.
The stepper motor stage was rigidly attached to the top end
of the stylus used in the study (see Fig. 2). The bottom end of
the stylus was connected, in turn, to the ministick linkage via
its standard spherical magnetic coupling (see Fig. 3). The
stepper motor was commanded to make ten 0.1-�m steps at a

time. The resultant x, y, z displacements of the ministick’
haptic interaction point (i.e., the center of the spherical
coupling at the bottom end of the stylus) were computed
from the ministick encoders and recorded at an update rate
of 2 kHz.

The validation results are shown in Fig. 4. The “þ”
symbols show the euclidean distance relative to the starting
point (the initial x; y; z reading), computed from the
ministick encoders, as a function of the stepper motor
displacement. The solid line shows a straight line with a
unity slope representing ideal, perfect measurement. The
data were fit to a straight line with a slope of 0.99 and an
intercept of �1:3 �m (R2 ¼ 0:9986). Therefore, over the
60 �m displacement range tested, the accuracy of the
ministick is 1:3 �m. With its theoretical 1:5 �m position
resolution, the actual resolution of the ministick in the
tested range is estimated to be 1:5=0:99 � 1:5 �m.

3 EXPERIMENT 1: DETECTION OF SINUSOIDAL AND

SQUARE-WAVE GRATINGS

The purpose of this experiment was to measure the
amplitude detection thresholds for sinusoidal and square-
wave gratings in order to test the hypothesis that the
detectability of a square-wave grating can be predicted
from the detectability of its fundamental components.
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Fig. 2. The ministick, a 3-DOF force-feedback device used to render

virtual gratings in the present study. (From [29, Fig. 2], � 2007 IEEE)

Fig. 3. (a) Hardware setup for the validation of the ministick position
resolution. (b) A close-up view of the mechanical connection between
the stepper motor stage and the ministick linkages.

Fig. 4. Ministick position-resolution calibration results. The measured
versus controlled displacements (“þ” symbols) are shown, with the solid
straight line indicating perfect measurement.
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3.1 Participants

Five participants (3 males and 2 females, age range 22-
41 years old, average age 28.2 years old) took part in the
experiment. Four (P1, P2, P4, and P5) were right-handed
and one (P3) was left-handed by self-report.

Participants P1, P2, and P4 had previous experience with
haptic interfaces and perception experiments. Participants
P3 and P5 received compensation for their experimental
time. The participants gave their written consent to the
experimental protocol that had been approved by the
Institutional Review Board at Purdue University.

3.2 Stimuli

Virtual textures with sinusoidal and square-wave gratings
were generated on the ministick. The surface height profiles
of these gratings varied along the x-axis of the ministick
coordinate frame but remained constant along the z-axis.
Fig. 5 shows an example of the sinusoidal and square-wave
textured surfaces used in the present study in a coordinate
frame that is consistent with that shown in Fig. 2. The actual
amplitudes of the haptic virtual gratings were on the order
of microns or tens of microns. The drawings in Fig. 5 are,
therefore, scaled versions for illustrative purpose only.

The height map hðxÞ of the sinusoidal and square-
wave gratings was defined by (1) and (2) shown earlier.
The restoring force was then calculated for both grating
types as follows:

Fy ¼
K � hðxÞ � y½ �; if y < hðxÞ;
0; if y � hðxÞ;

�
ð5Þ

where y denotes the vertical position (along the y-axis) of the
ministick stylus tip (modeled as an infinitesimally small
point) andK denotes the stiffness coefficient (K ¼ 2:0 N/mm
in all conditions). It follows that the restoring force was
always pointing up, i.e., along the positive direction of the y-
axis of the ministick coordinate frame. No forces along the x
or z direction were rendered (hence, no frictional forces were
simulated either).

Eight spatial periods for both grating types were used in
Exp. 1: 25.6, 12.8, 6.4, 3.2, 1.6, 0.8, 0.4, and 0.2 mm. They
corresponded to the spatial frequencies of 0.039, 0.078,
0.156, 0.313, 0.625, 1.25, 2.5, and 5 c/mm (cycles per
millimeter), respectively. This range was selected to include
spatial periods that would provide a wide variety of spatial
and temporal frequencies within the constraints of the
resolution and workspace of the ministick.

3.3 Verification of Square-Wave Gratings

It is generally undesirable to render “sharp” force changes
by a force-feedback device as was required in the present
study by the rendering of square-wave gratings. However,
we observed no “buzzing” noise or device instability when
the gratings were presented at levels close to detection
thresholds (<10 �m for square-wave gratings). Further-
more, a spectral analysis of the recorded y versus x position
data verified that the relative amplitudes of the spectral
components of a square-wave grating followed the coeffi-
cients in (4) closely. Fig. 6 shows the normalized magnitude
of the Fourier transform of the yðxÞ position data recorded
while a user stroked a square-wave grating with a spatial
period of � ¼ 3:2 mm and a suprathreshold amplitude of
Asq ¼ 35 �m. It can be seen that the fundamental compo-
nent is at a spatial frequency of 0.313 c/mm, as expected.
The harmonic components appear near 0.938 (3rd), 1.563
(5th), 2.188 (7th), 2.813 c/mm (9th), etc. The amplitudes of
the harmonic components are about 1/3, 1/5, 1/7, 1/9, etc.,
of that of the fundamental component (normalized to 1).
Fig. 6 therefore provides evidence that the virtual gratings
rendered by the ministick could be perceived by the
participants through variations in the stylus’s y-position.

Similar analyses of the temporal data yðtÞ indicated a lack
of distinct spectral peaks in the Fourier transform, pre-
sumably due to the “smearing” caused by variable stroking
velocities. Fig. 7 compares the average FFT magnitudes of
the same sequence of recorded y-position data analyzed in
the spatial domain (top panel) and temporal domain
(bottom panel), respectively. While the spatial spectrum
shows distinctive peaks at expected locations, the temporal
spectrum does not. Recorded force-command data exhibited
similar patterns although the spatial spectral peaks were not
as pronounced, which was consistent with the results from
our earlier studies (e.g., [3], [11], [12]). In the rest of this
paper, we report all results in the spatial, not temporal,
domain (see also our earlier work demonstrating that the
detection of torque variations depends on the spatial, not
temporal, specification of the torque profiles [18]).

3.4 Procedure

A three-interval, forced-choice, one-up three-down adap-
tive procedure was employed [19], [20]. On each trial, the
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Fig. 5. Three-dimensional illustrations of the (a) sinusoidal and
(b) square-wave gratings used in the present study. The amplitudes
are exaggerated for illustrative purpose. Fig. 6. Normalized FFT magnitude of position data recorded during

stroking of a square-wave grating (� ¼ 3:2 mm, Asq ¼ 35 �m). Note that
the relative amplitudes of the spectral components at the fundamental
frequency and the harmonics follow the coefficients in (4) closely.
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participants received three presentations of stimuli (three
intervals). During two of the three intervals on each trial,
a nontextured flat surface (i.e., A ¼ 0) was presented. A
textured surface was presented in the remaining interval,
which was randomly selected to be the first, second, or
third interval with equal a priori probabilities. The
participants were instructed to report the interval (“1,”
“2,” or “3”) in which they felt a texture. Thus, we tested
the participants’ ability to detect the presence of a texture
grating on a flat surface.

The amplitude of the textured surfaces was adjusted
according to the correctness of the participant’s responses.
On the first trial of each session, the initial amplitude was
chosen to be approximately 20 dB above the expected
threshold level to ensure that the participants could clearly
perceive the stimulus. The amplitude level was decreased
after three consecutive correct responses and was increased
after one incorrect response. Initially, the amplitude level
increased or decreased by a factor of 4. The relatively large
step size allowed the participants to approach their thresh-
olds quickly, facilitating convergence. A reversal occurred
when the amplitude level changed from increasing to
decreasing or vice versa. After the first three reversals, the
amplitude level changed by a factor of 1.25. The smaller
step size improved the precision of the threshold estimates.
The experimental session was terminated after 12 reversals
at the smaller step size. The number of trials in each session
varied, but was typically within 60-80 trials (see Fig. 8 for a
typical session). Each session lasted 10-15 min. The
participant was asked to repeat a session if the data failed
to converge as judged by the experimenter.

The participants were comfortably seated before a
computer screen and a keyboard with the dominant arm
rested on a comfortable support. There was very little
perceptible sound when stroking the textures gratings.
Nevertheless, the participants wore sound attenuating ear-
muffs to eliminate any possible auditory cues. The partici-
pant grasped the probe of the ministick by the dominant
hand in the same way that s/he would normally hold a
pencil. Initial training was provided where a series of
representative stimuli was presented to familiarize the
participant with the virtual textured surfaces. The partici-
pants were instructed to explore within the center of the

ministick’s workspace to avoid the nonlinear device behavior
at the boundaries of the workspace. For each waveform and
spatial period, the participants were encouraged to experi-
ment with and then use the optimal stroking speed that
seemed to facilitate the detection or discrimination of the
virtual gratings.

The first interval in a trial was initiated by a keystroke on
the computer keyboard. The participants were then allowed
to move the stylus freely, from side to side, to stroke the
virtual surface. When the participant was ready to move on,
additional keystrokes initiated the second, then the third
intervals. The response was recorded by a final keystroke
on the number 1, 2, or 3 keys, which initiated the next trial.
As is typical with threshold studies, no feedback was
provided. The participants were allowed to take a brief
break between experimental sessions.

Two types of grating waveforms, sinusoidal and square-
wave, were used. Participants P1-P3 were tested with
sinusoidal gratings first. Because the thresholds for square-
wave gratings were found to be lower than those for
sinusoidal gratings, additional data on sinusoidal gratings
were collected for participants P1-P3 after the initial testing
to examine possible learning effects. The order of the spatial
frequencies was randomized per waveform for participants
P1-P3. Participants P4 and P5 were tested with a randomized
order of waveform and frequency. A total of 16 threshold
estimates (2 waveforms� 8 frequencies per waveform) were
collected per participant. In the cases where more than one
estimate were obtained for the purpose mentioned above or
because a participant’s performance failed to converge, the
lowest threshold for the waveform� frequency combination
was used in data analysis.

3.5 Data Analysis

For each spatial frequency, thresholds were calculated from
the peak and valley amplitude values over the last
12 reversals at the smaller step size. Specifically, six
threshold values were estimated by averaging the six pairs
of peak/valley amplitude values recorded during the last
12 reversals. The mean and the standard error for the
detection threshold were then calculated from the six
threshold estimates. According to Levitt [19], the resulting
thresholds converged on the psychometric function at the
79.4 percentile level.

For each pair of detection thresholds for sinusoidal and
square-wave gratings at the same spatial frequency, a ratio
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Fig. 7. Spatial (top) and temporal (bottom) FFT magnitudes for y-position
of the ministick stylus, recorded when a participant stroked a square-
wave grating with � ¼ 2:5 mm and Asq ¼ 50 �m.

Fig. 8. A typical session of the adaptive tracking procedure. The stimulus

amplitude (filled diamonds) as a function of trial number and the

estimated threshold (dashed line) are shown.
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of the former over the latter was calculated. The ratios were
then compared to 4=�, the coefficient shown in (4), to
investigate the extent to which the threshold for the
sinusoidal grating matched that for the fundamental
component of the corresponding square-wave grating.

3.6 Results

The average detection thresholds are shown in Fig. 9 as a
function of spatial frequency. It is apparent that the
thresholds for the square-wave gratings (filled squares)
were always lower than those for the sinusoidal gratings
(open circles) at all the spatial frequencies tested. For both
types of waveforms, thresholds decreased as spatial
frequency increased and then increased again. The thresh-
old values ranged from 1:1 �m (S3, at 5 c/mm) to 183:1 �m
(S2, at 0.039 c/mm) (average 14:5	 31:3 �m) for the
sinusoidal gratings, and from 0:9 �m (S5, at 5 c/mm) to
8:7 �m (S2, at 0.039 c/mm) (average 3:1	 2:1 �m) for the
square-wave gratings. It can be observed that the difference
between the thresholds for the sinusoidal and square-wave
gratings at the same spatial frequency decreased asympto-
tically as spatial frequency increased. A two-way ANOVA
with the factors Waveform (sinusoidal and square-wave)
and Frequency (8 values) confirmed that both factors were
significant (Waveform: Fð1;464Þ ¼ 71:064; p < 0:001; Fre-
quency: Fð7;464Þ ¼ 48:658; p < 0:001). The ANOVA also
indicated a highly significant interaction between Waveform
and Frequency (Fð7;464Þ ¼ 37:463; p < 0:001).

Fig. 10 shows the ratios of the thresholds for sinusoidal
gratings over those for square-wave gratings at the
corresponding spatial frequencies. The dashed line corre-
sponds to 4=� or 1.273, i.e., the predicted ratio if the
detectability of a square-wave grating was determined by
that of its fundamental component. It appears that the ratios
did not deviate significantly from the predicted value except
at the lowest spatial frequencies tested. A one-way ANOVA
with Frequency as the fixed factor confirmed that Frequency
was a significant factor (Fð7;32Þ ¼ 9:730; p < 0:001). One-
sample t-tests were performed to compare the ratios to 4=�.
The results showed that the ratios at the six highest spatial
frequencies (0:156� 5 c=mm) were not significantly different

from 4=� (ðt; pÞ ¼ ð1:532; 0:200Þ, (1.760, 0.153), (1.603, 0.184),
(1.178, 0.304), (0.944, 0.399), and (�0:091, 0.932), respec-
tively), and that only the ratios at the two lowest spatial
frequencies (0.039 and 0.078 c/mm) were significantly
different from 4=� (ðt; pÞ ¼ ð3:433; 0:026Þ, (4.880, 0.008),
respectively). In addition, one-sample t-tests were per-
formed to compare the ratios to 1. The results showed that
the ratios at five spatial frequencies (0.039, 0.078, 0.313, 0.625,
and 2.5 c/mm) were significantly different from 1
(ðt; pÞ ¼ ð3:530; 0:024Þ, (5.391, 0.006), (3.463, 0.026), (2.824,
0.048), and (2.971, 0.041), respectively), and those at the
remaining three frequencies (0.156, 1.25, and 5 c/mm) were
not significantly different from 1 (ðt; pÞ ¼ ð1:913; 0:128Þ,
(2.439, 0.071), and (1.397, 0.235), respectively).

3.7 Discussion

In this experiment, we estimated the detection thresholds for
sinusoidal and square-wave gratings superimposed on a flat
surface. The thresholds were compared by taking the ratio of
the threshold for a sinusoidal grating over the threshold for a
square-wave grating at the same spatial frequency. Since the
fundamental component of a square waveform has an
amplitude that is 4=� times that of the square-wave (see
(4)), we reasoned that the detection threshold for a purely
sinusoidal waveform would be 4=� times that for a square-
wave if the square-wave was detected by sensing its
fundamental component alone. Results from the five parti-
cipants showed that the detection thresholds for sinusoidal
gratings were indeed greater than those for square-wave
gratings. Furthermore, the threshold ratios were indeed
around 4=� at the higher spatial frequencies tested.

We then asked why the threshold ratios were higher
than 4=� at the lower spatial frequencies tested. Our
hypothesis was that at the lower frequencies, the higher
harmonics of the square-wave gratings were detectable at
an amplitude (of the square-wave) where the fundamental
component could not be detected yet. Therefore, the
amplitude of the square-wave upon its detection was
below that predicted by the detection of its fundamental
component, hence the >4=� ratio. This led to the prediction
that at higher spatial frequencies, when the waveform
amplitudes are small, a square-wave grating should be
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Fig. 9. Detection thresholds for sinusoidal and square-wave gratings in

Exp. 1. The averages and standard errors are shown. (Modified from

[29, Fig. 3], � 2007 IEEE)

Fig. 10. Ratios (open diamonds) of the detection thresholds for
sinusoidal gratings over the thresholds for square-wave gratings at the
corresponding spatial frequencies. The averages and standard devia-
tions are shown. (Modified from [29, Fig. 4], � 2007 IEEE)
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indistinguishable from a sinusoidal grating at its funda-
mental frequency because the square-wave’s harmonics are
undetectable yet. In fact, the amplitude at which a square-
wave grating feels different from a sinusoidal grating
should be predictable from the detection threshold of the
square-wave’s third harmonic component. This led to the
second experiment, where the participants were asked to
distinguish a square-wave grating from a sinusoidal grating
at the same fundamental frequency.

4 EXPERIMENT 2: DISCRIMINATION OF SINUSOIDAL

AND SQUARE-WAVE GRATINGS

The purpose of the second experiment was to measure the
discrimination thresholds for sinusoidal and square-wave
gratings covarying in amplitude. We wanted to test the
hypothesis that as the amplitude increased, discrimination
of the two waveforms was not possible until the harmonic
components of the square-wave gratings were above
human detection thresholds.

4.1 Methods

The methods for Exp. 2 were very similar to those used in
Exp. 1: the same five participants took part in Exp. 2 and the
same three-interval, forced-choice, one-up three-down
adaptive procedure was used. The main differences
between Exps. 1 and 2 are outlined below.

As in Exp. 1, the participants received three presenta-
tions of stimuli on each trial. Unlike in Exp. 1, however, a
sinusoidal grating was presented during two of the
intervals, and a square-wave grating was presented in the
remaining intervals. The interval containing the square-
wave grating was chosen randomly to be the first, second,
or third interval. Participants were told to report the
interval (“1,” “2,” or “3”) that felt different from the other
two (i.e., the interval containing the square-wave grating).

Seven spatial periods for both grating types were used:
38.4, 19.2, 9.6, 4.8, 2.4, 1.2, and 0.6 mm. They corresponded
to the spatial frequencies of 0.026, 0.052, 0.104, 0.208, 0.417,
0.833, and 1.667 c/mm, respectively. The seven spatial
periods were chosen to be three times those tested in Exp. 1,
except that the longest spatial period of 76.8 mm
(3� 25:6 mm) was not used because it required stroking
displacements that were much larger than those typically
utilized by the participants and multiple cycles of the
grating would have exceeded the ministick’s usable work-
space. Consequently, the spatial frequencies tested in Exp. 2
were a third of those tested in Exp. 1. This made it possible
for us to use the thresholds obtained from Exp. 1 to predict
the detectability of the third harmonic of the square-wave
gratings tested in Exp. 2.

For each pair of sinusoidal and square-wave gratings
presented during the three intervals of a trial, the amplitude
of the square-wave surface was reduced by a factor of �=4 to
equalize the amplitude of the fundamental component of
the square-wave grating to that of the sinusoidal grating.
With this adjustment in amplitude, a square-wave grating
would feel the same as a sinusoidal grating of the same
spatial frequency as long as the amplitudes of the square-
wave harmonic components were smaller than their
respective detection thresholds. When the waveform

amplitudes were increased or decreased according to the
one-up three-down adaptive rules, the ratio between the
amplitudes of the square-wave and the sinusoidal gratings
was always kept constant at �=4 to ensure that the
amplitude of the sinusoidal grating was always the same
as that of the fundamental component of the square-wave
grating on any particular trial. Each participant completed a
total of 7 sessions, providing one discrimination threshold
for each spatial frequency. Each estimated threshold was
the amplitude of the sinusoidal grating at which the
participant could feel the difference between the pair of
sinusoidal and square-wave gratings. We then calculated
the corresponding amplitude of the third harmonic compo-
nent of the square-wave and compared it to the detection
thresholds obtained from Exp. 1 at the same spatial
frequency as the third harmonic. To the extent that the
third harmonic was indeed at its detection threshold level
when the pair of sinusoidal and square-wave gratings
became discriminable, we could then conclude that a
square-wave grating felt different from a sinusoidal grating
only when its third and higher harmonic components were
above human detection thresholds.

The total experimental time for each participant to

complete all spatial frequencies for both Exps. 1 and 2

ranged from 6 to 9 hours.

4.2 Results

Fig. 11 shows the average discrimination thresholds as a

function of spatial frequency. The thresholds generally

followed a U-shaped trend. The thresholds averaged 6:0	
2:8 �m for the five participants, with the lowest threshold

being 1:8 �m (S5, at 0.417 c/mm) and the highest threshold

15:6 �m (S4, at 0.208 c/mm). A one-way ANOVA with

Frequency (7 values) as the fixed factor confirmed that

Frequency was a significant factor (Fð6;203Þ ¼ 19:240;

p < 0:001). The elevated average at 0.208 c/mm was due

to the relatively higher thresholds of P3 and P4 (9.4 and

10:7 �m, respectively). The average threshold for P1, P2,

CHOLEWIAK ET AL.: A FREQUENCY-DOMAIN ANALYSIS OF HAPTIC GRATINGS 9

Fig. 11. Amplitude discrimination thresholds from Exp. 2 for the

sinusoidal gratings. The minimum sinusoidal grating amplitudes at which

participants could feel the difference between a pair of sinusoidal and

square-wave gratings at the same spatial frequency are shown. Also, the

standard errors are shown. The corresponding square-wave grating

amplitudes would be the thresholds shown here multiplied by �=4.
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and P5 was 4:3 �m, which was more consistent with the
general trend of the data.

The discrimination thresholds were then compared to the
detection thresholds obtained from Exp. 1. To clarify how the
discrimination and detection thresholds were compared, let
us consider the average discrimination threshold at the
spatial frequency of 1.667 c/mm (spatial period 0.6 mm),
which was 6:1 �m for the sinusoidal grating (see Fig. 11). The
corresponding amplitude threshold for the square-wave
grating at 1.667 c/mm would be 6:1� �=4 ¼ 4:8 �m, taking
into account the coefficient in (4). It follows that, when the
participants were barely able to discriminate the sinusoidal
and square-wave gratings at 1.667 c/mm, the amplitude of
the third harmonic component (at 1.667 c/mm�3 ¼ 5 c/mm)
of the square-wave grating was (6:1 � �=4Þ � 4=ð3�), or
equivalently, 6:1=3 � 2:0 �m (see (4)). The question then was
whether a sinusoidal grating at 5 c/mm was detectable at an
amplitude of 2.0 mm. The answer could be found from the
results of Exp. 1. In Fig. 9, the detection threshold for a
sinusoidal grating at 5 c/mm was 2:2 �m. It thus appeared
that in Exp. 2, the sinusoidal and square-wave gratings at
1.667 c/mm became discriminable when the third harmonic
component of the square-wave became strong enough to
be detectable.

To visualize the comparison described above, we took
the discrimination thresholds obtained from Exp. 2,
shifted them up in frequency by a factor of 3, and scaled
them down in amplitude by a factor 3, to obtain the
amplitudes of the third harmonics of the square-wave
gratings at the discrimination threshold (filled triangles in
Fig. 12). These data points were then compared to the
detection thresholds obtained from Exp. 1 (open circles in
Fig. 12, replotted from Fig. 9). To the extent that the filled
triangles were at or above the corresponding open circles
in Fig. 12, we would conclude that the third harmonics
were detectable. A visual inspection indicates that the
data points at the higher spatial frequencies were quite
similar. It appears quite plausible that as the amplitude of
a square-wave grating increased, only the fundamental
component was perceivable initially, and therefore, the

square-wave grating was indistinguishable from a sinu-
soidal grating. As the square-wave amplitude increased
further, the amplitude of the third harmonic component
reached its own detection threshold, thereby making it
possible to discriminate the sinusoidal and square-wave
gratings.

4.3 Discussion

In this experiment, we estimated the discrimination thresh-
olds for sinusoidal versus square-wave gratings. The
discrimination thresholds were compared to the detection
thresholds obtained from Exp. 1, to test the hypothesis that
the third harmonic components of the square-wave gratings
became detectable at the discrimination thresholds. We
found that our hypothesis was supported by the data
obtained at the higher spatial frequencies. Consistent with
the results obtained from Exp. 1, the data at the lower
spatial frequencies did not conform to our hypothesis. The
reasons are discussed in Section 6 when we consider the
results from both Exps. 1 and 2 together.

The results obtained from Exps. 1 and 2 so far strongly
suggest that the detection of square-wave gratings depends
on the detection of its spectral components. An interesting
question then is whether the perception of a grating
consisting of multiple sinusoidal components (such as the
square-wave grating used in the present study) depends on
its spatial shape or the amplitudes of its spectral compo-
nents only. Specifically, does the relative phase of the
components making up the complex waveform matter?
This led to the third experiment, where the participants
compared gratings consisting of two superimposed sinu-
soidal components with different relative phases.

5 EXPERIMENT 3: DISCRIMINATION OF

COMPLEX-WAVEFORM GRATINGS

The purpose of this experiment was to measure the
discrimination performance with grating pairs consisting
of superimposed sinusoidal components with different
phases in order to ascertain whether complex-waveform
gratings are discriminated based on waveform shapes or
magnitudes of the spectral components.

5.1 Participants

Four participants (2 males and 2 females, age range 24-
43 years old, average age 33 years old) took part in the
experiment. One of the participants (P2) had participated in
Exps. 1 and 2 earlier. All participants gave their written
consent to the protocol approved by the Institutional
Review Board at Purdue University.

5.2 Stimuli

Virtual texture gratings with two superimposed sinusoidal
components were generated on the ministick. The surface
height map h(x) of the gratings was defined by (6) below

hðxÞ ¼ A sin
2�x

�

� �
þA

3
sin

6�x

�
þ �

� �
; ð6Þ

where the additional parameter � denotes the relative phase
between the two sinusoidal components. The feedback force
was calculated according to (5) as in Exps. 1 and 2. Note the
similarity between (4) and (6): the stimuli in Exp. 3 were
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Fig. 12. Comparison of the detection thresholds obtained from Exp. 1

(open circles, replotted from Fig. 9) and the discrimination thresholds

obtained from Exp. 2 (filled triangles). The latter was shifted by 3 in

frequency and by 1/3 in amplitude. The standard errors are shown.
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designed to be consisted of the fundamental and the third
harmonic components of a square-wave grating.

Two spatial periods, 0.8 and 12.8 mm, were chosen from
the high and low spatial frequency regions, where our data
were consistent and inconsistent with the hypotheses
tested, respectively (see Figs. 10 and 12). The amplitudes
were set to be 30 dB SL (sensation level); i.e., 30 dB above
the detection threshold for the square-wave grating at the
same spatial frequency. For example, the detection thresh-
old for a square-wave grating at 1.25 c/mm was 1:3 �m
(Fig. 9). At 30 dB SL, the amplitude of the square-wave
grating would be 41:1 �m. The amplitude in (6) was,
therefore, set to A ¼ 41:1� 4=� ¼ 52:3 �m. Fig. 13 shows
four spatial waveforms calculated according to (6) with A ¼
52:3 mm, � ¼ 0:8 mm, and � ¼ 0; �=2; �, and 3�=2, respec-
tively. The two waveforms with � ¼ 0 and � look the most
different, hence, were chosen for direct comparison. The
two waveforms with � ¼ �=2 and 3�=2 were also chosen for
comparison because they were found to be most discrimin-
able among a similar set of waveforms (see [21, Figs. 1 and
2]). Table 1 lists the parameter values for the four
experimental conditions.

5.3 Procedure and Data Analysis

A one-interval two-alternative forced-choice signal detec-
tion paradigm with trial by trial correct-answer feedback
was used [22]. On each trial, the participants received either

the reference or the test stimulus. They were instructed to
respond “1” to the reference stimulus and “2” to the test
stimulus. Initial training was provided before each run.
Each participant completed four 100-trial runs correspond-
ing to the four experimental conditions. The order of the
conditions was randomized for each participant. The
participants wore sound attenuating earmuffs to eliminate
any possible auditory cues.

Data from each condition formed a 2� 2 stimulus-
response matrix consisting of 100 trials. Instead of calculat-
ing the percent-correct scores that are often confounded by
participants’ response biases, we estimated the sensitivity
index d0 that provided a bias-free measure of the discrimin-
ability between the reference and the test gratings [22]. In
this method of data processing, it is assumed that the
underlying density functions associated with the two
stimuli are normal and of equal variances (means M1 and
M2, and variance �2). The sensitivity index d0 is then defined
as the normalized difference between the means: d0 ¼
(M1 �M2Þ=�. For each experimental condition, the average
and standard deviations of the d0 values for the four
participants were calculated. A d0 value of 0.0, 1.0, or 2.0
corresponds to a percent-correct score of 50, 69, or
84 percent, respectively, assuming no response biases. For
one-interval stimulus presentation, d0 ¼ 1 is usually used as
a performance criterion for defining discrimination thresh-
old. Therefore, a d0 value below 1.0 would be interpreted as
the participants being unable to discriminate the reference
and test stimuli [21].

5.4 Results and Discussion

Fig. 14 shows the d0 values for the four conditions averaged
across the four participants. It is clear that none of the
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Fig. 13. Two-period samples of complex-waveform gratings used in
Exp. 3 with A ¼ 52:3 mm and � ¼ 0:8 mm (see (6)). The values of � are
shown in each panel.

TABLE 1
Experimental Conditions in Exp. 3

Fig. 14. Average d0 values with standard deviations, for the four
experimental conditions listed in Table 1.
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participants could discriminate the complex waveform
pairs listed in Table 1.

These results indicate that surface gratings consisting of
two sinusoidal components with different relative phases
cannot be easily discriminated, thereby discounting the
possibility that haptic gratings were discriminated based on
the 3D height profiles. Note that the sinusoidal components
making up the waveforms in Exp. 3 were all above human
detection thresholds, therefore, the low d0 values could not be
attributed to the imperceptibility of the higher frequency
(i.e., the third harmonic) components. The results obtained
from Exp. 3 lend support to our assertion that the detection of
a grating consisting of multiple sinusoidal components, such
as a square-wave grating, is determined by the detection of
its individual components. Furthermore, our data suggest
that the relative phase between the sinusoidal components of
a complex-waveform grating does not affect the perception
of the gratings. Therefore, perception depends on the
magnitudes of the spatial spectral components only, not
the phases.

6 GENERAL DISCUSSION

The present study investigated the perception of virtual
texture gratings containing multiple spectral components as
represented by a Fourier series. We hypothesized that as the
amplitude of a square-wave grating increased, the partici-
pants first perceived its fundamental component, then its
third, fifth, etc., harmonic components. In Exp. 1, we
measured the detection thresholds for virtual sinusoidal
and square-wave texture gratings generated by a 3-DOF high
position-precision force-feedback device. The results indi-
cated that for spatial periods up to 6.4 mm, or equivalently,
for spatial frequencies greater than 0.156 c/mm, the detect-
ability of square-wave gratings could be predicted quantita-
tively from the detection thresholds of their corresponding
fundamental components.

As far as we are aware, the detection thresholds measured
in Exp. 1 are the first results ever reported for virtual
sinusoidal and square-wave gratings. Louw et al. [23]
reported haptic detection thresholds of Gaussian profiles
using active touch of real samples. The thresholds were then
converted to equivalent amplitudes of sinusoidal gratings
with matched maximum slope (see details in the Appendix of
[15]). The threshold amplitudes for sinusoidal gratings with
spatial periods of 2.5, 5.0, and 10.0 mm were estimated to be
approximately 0.64, 1.79, and 4:99 �m, respectively ([15,
pp. 1266-1267]). If we were to plot these three estimated
thresholds on Fig. 9 at the corresponding spatial frequencies
of 0.4, 0.2, and 0.1 c/mm, respectively, they would be much
smaller than the detection thresholds measured at similar
spatial frequencies in Exp. 1. The differences in our results
and those of [23], [15] could be due to at least four significant
differences in the two studies. First, Louw et al.’s study [23]
used real samples that the participants could touch with the
fingerpads of their index and middle fingers, whereas our
present study simulated virtual gratings explored with a
point-contact stylus. One can, therefore, argue that more
information was available to the participants who touched
real samples. Second, the thresholds obtained from Louw
et al.’s study [23] corresponded to the 75 percent point on the
psychometric function whereas ours corresponded to

the 79.4 percent point. This may potentially contribute to
the higher thresholds in the present study due to the higher
performance level required. Third, we explicitly modeled
surfaces with multiple cycles of sinusoidal and square
waveforms whereas Louw et al. [23] used samples with one
cycle of Gaussian profile. It is possible that there was a
masking effect with multiple cycles of waveforms. Finally, the
amplitude thresholds estimated by Nefs et al. [15] were based
on a conversion from the thresholds for Gaussian profiles to
those for sinusoidal profiles by matching the maximum slope
of the two profiles. Other conversion methods could con-
ceivably lead to different threshold estimates.

In Exp. 2, we measured the discrimination threshold for
pairs of virtual sinusoidal and square-wave gratings
covarying in amplitude such that the amplitude of the
square-wave’s fundamental component always matched
that of the sinusoidal grating. We found that at higher
spatial frequencies, the square-wave gratings were initially
indistinguishable from sinusoidal gratings at the same
frequency until the square-wave’s third harmonics were
detectable. Furthermore, at lower spatial frequencies, the
results from Exp. 1 also showed that the third (and possibly
higher order) harmonic component of a square-wave
grating was detectable before the fundamental component.
Therefore, the square-wave grating was detectable as soon
as the third harmonic was detectable, at an amplitude level
that was lower than the detection threshold for the
fundamental component. It also follows that the square-
wave grating, once detectable, was never confused with a
sinusoidal grating.

In both Exps. 1 and 2, the data at the lower spatial
frequencies deviated from the expected values. This was
actually to be expected, given the detection threshold
versus spatial frequency curve measured in Exp. 1 (open
circles in Fig. 9). Note that at low frequencies, the detection
thresholds for sinusoidal gratings decreased rapidly as the
spatial frequency increased, indicating better sensitivities at
higher spatial frequencies. It was, thus, quite possible that
given a square-wave grating at low spatial frequency, the
participants were more sensitive to the third harmonic
component than to the fundamental component even
though the amplitude of the third harmonic was 1/3 of
that of the fundamental. For example, the detection thresh-
old for a sinusoidal grating at the lowest spatial frequency
of 0.039 c/mm was 74:6 �m (Fig. 9). The threshold at three
times that frequency (0.119 c/mm) was about 14:0 �m
(interpolated linearly from the thresholds of 20:6 �m at
0.078 and 7:8 �m at 0.156 c/mm), which was less than 1/3
of 74:6 �m. Therefore, we expect the third harmonic
component of a square-wave grating at 0.039 c/mm to be
detectable before the fundamental component reached its
detection threshold.

Similar calculations can be performed on the fifth,
seventh, etc., harmonic components. The point, however,
is that at the lower spatial frequencies, a square-wave
grating was never perceived as a sinusoidal grating at the
same spatial frequency. The square-wave grating was
detected initially by the detectability of its harmonics, before
its fundamental component was detectable. This explains
why, at lower spatial frequencies, the square-wave detec-
tion thresholds (filled squares in Fig. 9) were lower than the
corresponding sinusoidal grating thresholds (open circles in
Fig. 9), and the ratios in Fig. 10 were much bigger than 4=�.
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This also explains why, at lower spatial frequencies, the
participants were able to discriminate sinusoidal and
square-wave gratings at amplitude levels (filled triangles
in Fig. 12) that were smaller than those predicted by our
model, stipulating that the participants sensed the funda-
mental component of a square-wave grating first, then the
harmonics (open circles in Fig. 12).

In Exp. 3, we further tested whether perception of a
complex-waveform grating was determined by the magni-
tudes of its spatial spectral components alone, or was
affected by the relative phase between the components as
well. We restricted our stimuli to gratings consisting of two
sinusoidal components similar to the fundamental and
third harmonic components of a square-wave grating. Our
results indicated that the participants could not distinguish
gratings with the same component amplitudes but different
relative phases.

Despite a large body of literature on the properties of
mechanoreceptors in the skin, covering a range of topics
from detection thresholds [8], [24] to functional mechanisms
[25] to the perception of gratings [26], [27], [28], our present
study is one of the first to explicitly investigate the super-
position property of the somatosensory system using Fourier
analysis (see also [8], [7]). The results of our study have
implications for not only the mechanism of haptic perception
but also engineering applications. If the human somatosen-
sory system indeed performs a spectrum analysis of
proximal stimuli, as our data seem to suggest, then the
thresholds for complex signals could be predicted from the
thresholds for the sinusoidal harmonic components. From an
application point of view, it may not be necessary to transmit
the higher frequency components of a haptic signal if their
amplitudes are below human detection thresholds. It also
appears that the relative phase of spectral components does
not need to be preserved at threshold level. This perception-
based approach can greatly ease the requirements on data
transmission bandwidth without sacrificing the perceived
quality of haptic signals at the receiver’s end. A limitation of
this approach is the range of spatial frequencies over which
the method can be applied. Different waveforms (triangle,
sawtooth, etc.) have different coefficients for the harmonic
components, which dictate the relative detectability of the
fundamental versus harmonic components. It is the goal of
our future research to expand what we have learned in the
present study by using additional types of waveforms for
surface texture gratings and by rendering additional proper-
ties of virtual haptic surfaces.
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