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Abstract

This paper proposes a method for multiple-aircraft conflict avoid-
ance. We assume that aircraft cruise at constant altitude with varying
velocities and that conflicts are resolved in the horizontal plane using
heading change, velocity change, or a combination thereof. We assume
that each aircraft’s position, heading, and velocity are available to all
aircraft involved in the conflict, we constrain the maneuver to be two
straight paths of equal length, and we assume that all aircraft initiate
conflict resolution maneuvers at the same time and that once an air-
craft has initiated a maneuver, its velocity along the maneuver remains
constant. Our multiple-aircraft conflict resolution methodology is pre-
sented in two steps; first, we consider an unrealistic but geometrically
simple exact conflict, in which the original trajectories of all aircraft
collide at a point, in order to derive a closed-form analytic solution for
the required heading change, and then we consider a realistic inexact
conflict, in which conflict points of multiple aircraft do not coincide.
Heading change is a main control input for conflict resolution, yet ve-
locity change is also used for an inexact conflict. We then construct a
finite partition of the airspace around the conflict, and using our ana-
lytic solution, we derive a protocol for resolving the worst-case conflict
within each partition. The result is a multiple-aircraft conflict reso-
lution protocol, or a simple rule which is easily understandable and
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implementable by all aircraft involved in the conflict, and which pro-
vides guarantees of safety. We show that this solution is robust to
uncertainties in the aircraft’s position, heading, and velocity, as well
as to path smoothing, and asynchronous maneuvers. We present simu-
lation results for a dynamic aircraft model for various multiple aircraft
conflict scenarios.

Nomenclature

We list nomenclature used throughout this paper; locally used nomencla-
ture is explained in the corresponding section. We assume that the position
coordinates are taken with respect to an origin which is at one of the orig-
inal conflict points of the multiple aircraft conflict. In this paper, we use
parameters from the data of B747 which cruises with Mach 0.8 at 40, 000ft
altitude [5].

ri Radial position of aircraft i, nautical miles (nm)
θi Angular position of aircraft i, radians (rad)
(xi, yi) Horizontal position of aircraft i, (nm)
ψi Heading angle of aircraft i, (rad)
vi Velocity of aircraft i, (nm/sec)
u Heading change for conflict resolution, (rad)
rmin Minimum radius of the airspace partition, (nm)
rmax Maximum radius of the airspace partition, (nm)
� Destination point

1 Introduction

This work is motivated by recent advances in navigation and data com-
munication technologies which make it plausible for aircraft to fly their
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own trajectories instead of predefined paths in the National Airspace Sys-
tem [30, 14, 32, 22]. The idea of decentralizing some of the Air Traffic
Control functionality to individual aircraft is part of the Free Flight con-
cept, which has been studied by various research groups in the last several
years [26, 29, 31, 36, 37, 38, 12]. In free flight, each aircraft could optimally
choose its own trajectory to minimize fuel consumption and time delay.
However, with the decentralization of control comes the requirement for
providing clear and unambiguous methods for maintaining safe separation
between aircraft. Thus, conflict detection and resolution (CD&R) emerges
as a critical issue for free flight.

Several recent papers have focused on solving CD&R problems [4, 13,
20, 24, 31, 26, 33, 25, 27, 14, 21, 16, 10, 6, 29, 2, 34, 3, 7, 23, 18, 11, 39, 1,
12, 9, 15, 8, 36, 37]. In a recent comprehensive survey, Kuchar and Yang
[26] consider the problems of conflict detection and resolution separately;
we focus on conflict resolution in this paper. The studies of conflict resolu-
tion may be categorized into three different cases according to the methods
by which a solution is obtained. First, optimized conflict resolution pro-
duces a resolution maneuver which minimizes a given cost, a function of
deviation from the original trajectory, flight time, fuel consumption, or en-
ergy. [33, 25, 27, 13, 14, 21, 16, 10, 6, 20, 29, 2, 15, 1]. Menon et al.[29]
consider conflict resolution as a multi-participant optimal control problem,
which they solve using parameter optimization and state-constrained trajec-
tory optimization. They compute a conflict resolution trajectory with two
different costs: deviation from the original trajectory and a linear combi-
nation of total flight time and fuel consumption. Their method gives 3D
optimal multiple-aircraft conflict resolution, yet the optimization process is
in general computationally intensive. Bilimoria [4] proposes a method for
pairwise geometric optimization which minimizes trajectory deviation; since
it is a pairwise method, multiple-aircraft conflicts are resolved successively.
In this method, conflict resolution maneuvers are obtained from a closed-
form analytic solution, and thus the method may be applied in real-time
to two-aircraft conflicts; however, as we show in the next section, succes-
sive application of pairwise conflict resolution cannot guarantee safety for
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multiple-aircraft conflicts. Mao et al. [28] propose a decentralized con-
flict avoidance rule based on successive pairwise resolution and numerical
optimization. However, this method cannot guarantee safety for multiple-
aircraft conflicts and is computationally intensive. Frazzoli et al. [13] use
randomized searches to choose one from all possible cross patterns, and use
convex optimization on the chosen cross pattern to obtain a resolution ma-
neuver minimizing energy. Hu et al. [20] use braid theory to categorize
types of multiple-aircraft resolutions, use a randomized algorithm to choose
the type, and construct resolution maneuvers by solving a convex optimiza-
tion problem to minimize the total length of trajectories (or energy) for a
given type of maneuver. Due to the properties of convex optimization, the
conflict resolution algorithms are numerically efficient, however since they
are based on randomized algorithms, they could produce different solutions
to the same conflict problems. Durand et al.[10] propose that predefined
maneuvers be used to construct a multiple-aircraft conflict resolution ma-
neuver; their method uses genetic algorithms to generate each resolution
maneuver successively. Alliot et al. [1] solve multiple-aircraft conflicts by
generating resolution maneuvers for each aircraft sequentially with a token
allocation strategy; the A∗ algorithm is then used to select the optimal ma-
neuver (minimum length trajectory) from a set of predefined maneuvers.
Again, problems may occur when one attempts to apply successive pairwise
resolution to multiple aircraft conflicts, as we show in the next section and
as is indeed pointed at in Alliot et al.. In addition, the performance depends
highly on the quality of the ordering: it is extremely difficult to find the op-
timal ordering [10, 1]. Goodchild et al. [15] propose a cooperative optimal
conflict resolution algorithm based on distributed artificial intelligence.

A second class of conflict resolution problems may be referred to as
rule-based conflict resolution, in which a maneuver is resolved according to
predescribed rules [34, 3, 7, 8]. Duong et al.[8] propose Extended Flight
Rules, which extends the current Visual Flight Rules by assigning a priority
to each aircraft involved in a conflict. The rules may be simple to understand
and easily implementable, but they do not properly account for unexpected
events. For example, a conflict situation may fall into several predefined
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cases due to uncertainties in the aircraft’s position and heading; in these
cases, the ambiguity in which rule to choose may lead to an unsafe resolution.
The method may also require many rules to completely cover all possible
conflicts.

A third class of conflict resolution techniques uses force field methods
and assumes aircraft fly in the force field generated by a potential function;
the forces induced by the potential function form a resolution maneuver[23,
18, 11, 39, 9, 40]. Duong and Zeghal [9] present a technique in which a
force field “generated” by an intruding aircraft produces a conflict avoidance
action and a force from the flight plan generates an attracting action. Zeghal
and Ferber [40] propose a distributed conflict resolution algorithm based on
a symmetrical force field method. They give a resolution maneuver using
a relatively simple equation, yet the resolution maneuver may have several
discontinuities which aircraft cannot follow; most importantly, safety cannot
be proven about such multiple aircraft maneuvers.

This paper presents a protocol-based conflict resolution method for mul-
tiple aircraft in air traffic control. Aircraft are assumed to cruise at the
same altitude with varying velocities. Each aircraft’s position, velocity, and
heading are assumed to be available to all aircraft which are involved in the
conflict; this assumption can be justified due to the proposed availability of
the Global Positioning System (GPS) [14] and a new datalink between air-
craft known as Automatic Dependent Surveillance-Broadcast (ADS-B) [35].
We assume synchronous maneuvers, in which all aircraft change their head-
ing for conflict resolution at the same time. Even though the synchronous
maneuver assumption is common to most recent multiple-aircraft conflict
resolution methods, we show in Section 7.3 that our protocol is robust with
respect to asynchronous maneuvers, in which all aircraft may not necessarily
change their heading at the same time. A conflict resolution maneuver is
composed of two straight paths which have the same length. During the
resolution maneuver, each aircraft involved in the conflict resolution is as-
sumed to keep its velocity constant. We derive the maneuver first for the
exact conflict case, which represents the (unrealistic) situation in which all
aircraft collide at a point in time and space; we then use these results to
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generalize to the inexact conflict case, in which conflict points of multiple
aircraft do not coincide in time and space. Heading change from the original
path is the primary control input and is used exclusively when the conflict is
exact, or close to exact, meaning that the points of all aircraft conflicts are
close to each other; velocity change is also used as a control input when an
exact conflict assumption fails. Kinematic aircraft models are used to de-
rive the protocol. Our use of heading change (instead of altitude change) is
motivated by current airspace structure, in which aircraft fly in a vertically
stratified airspace.

We derive for the exact case a closed form analytic solution for the re-
quired heading change of all aircraft to resolve the conflict. For the inexact
case, we derive an analytic solution to a conflict resolution according to the
conflict configuration. We then construct a finite partition of the airspace
around the conflict, and using our analytic solution, we derive a protocol for
resolving the worst-case conflict within each partition. The result is a simple
rule, easily understandable and implementable by all aircraft involved in the
conflict, and well defined for a wide range of initial aircraft configurations.
Since the protocol is obtained from a closed-form analytic solution, it can
be implemented in airborne systems for real-time conflict resolution, as well
as in ATC ground systems. If an aircraft lies within the airspace partition
around a conflict point, the aircraft must follow the protocol for safety even
if it is not involved in the conflict; because we treat the multiple-aircraft
case directly and all aircraft within the airspace partition take the resolu-
tion maneuvers, we avoid potential problems and the “domino” effect which
arises when pairwise collision avoidance is performed sequentially. Most im-
portantly, we provide guarantees of safety of this protocol. This is the main
difference between the method proposed in this paper and many other cur-
rently available multiple aircraft CD&R solutions. Our methods may not be
optimal in the sense that some conflicts can be resolved with smaller devia-
tions from the desired trajectory than our protocol produces. However, our
protocol is implementable in real time, and always guarantees safe conflict
resolution. In addition, we can reduce any conservatism in our protocol by
using a finer partition. We show that the solution is robust to uncertain-
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ties in the aircraft’s position, velocity, and heading, and that the method
remains safe when sharp corners on the resolution trajectories are replaced
by circular arcs. Though a kinematic model is used to design the protocol,
a dynamic model is used for validation and to simulate real situations.

This paper is organized as follows: our motivation for multiple aircraft
conflict resolution is presented in Section 2. Section 3 presents the model
and problem formulation. The safety conditions for conflict resolution and
the protocol for multiple-aircraft conflict resolution for an exact conflict are
derived in Section 4 and Section 5 respectively. The protocol for multiple-
aircraft conflict resolution for an inexact conflict is derived in Section 6.
In Section 7, we analyze the robustness of the protocols with respect to
uncertainties in parameters such as position, velocity, and heading, as well
as to smoothing corners by circular arcs, and to asynchronous maneuvers.
Conclusions are presented in Section 8. Appendix A gives a proof of the
safety condition for multiple-aircraft conflict resolution for an exact conflict,
and the validation of the protocols for multiple-aircraft conflict resolution
with a dynamic aircraft model and random simulations are presented in
Appendix B.

2 Motivation for multiple-aircraft conflict resolu-

tion

Multiple-aircraft conflict resolution is motivated by the fact that pairwise
conflict resolution is not guaranteed to resolve multiple-aircraft conflicts. In
this section, we illustrate by means of an example that optimal pairwise
resolution, when applied successively to multiple aircraft problems, may
result in unsafe or ambiguous situations.

For example, consider the three-aircraft conflict situation illustrated in
Figure 1-(a). We apply an optimal geometric pairwise conflict resolution [4]
to this scenario. This conflict resolution is assumed to be noncooperative:
only one aircraft involved in the conflict takes a resolution maneuver and the
other follows its original trajectory. An optimal solution is one which mini-
mizes the amount of deviation from the nominal trajectory for the deviating

8



ac�1�

ac�
2�

ac�3�

60�o�

60�o�

ζ

v�
1�

v�2�

v�
3�

30�o�

(a) Initial conflict configuration.

ac�1�

ac�2�

ac�3�

v�21�

v�
31�

u�
2�

u�
3�

new conflict point�
between �ac�2� and �ac�3�

R�

u'�2�

u'�3�

(b) Conflict resolution in the relative

coordinate attached to ac1.

ac�1�

ac�2�
v�

21� v�31�

u�
2�

u�3�

new conflict point�
between �ac�1� and �ac�2� ac�3�

v�23�

w�2�

30�o�

v�
31�

(c) Conflict resolution in the relative

coordinate attached to ac3.

ac�1�

ac�2�
v�21� v�31�

u�
2�

u�3�

ac�3�

v�23�

w�2�
30�o�

v�rel�

α
β

v�
31�
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Figure 1: Three-aircraft conflict resolution with optimal geometric pairwise
resolution; illustrating how successive application of pairwise collision avoid-
ance results in unsafe situation.
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aircraft. If the velocity vector is held constant after the resolution maneu-
ver commences, the minimum trajectory deviation is the one that minimizes
the magnitude of the velocity vector change. A conflict resolution maneu-
ver can be obtained by using heading change only, velocity change only, or
heading-velocity change.

A time horizon of [0, Tf ] is assumed, where 0 is an initial time at which
all aircraft involved in a conflict initiate their conflict resolution maneuver
and Tf is a maneuver completion time for all aircraft. A conflict is defined
to be the event in which the distance between any pair of aircraft, d(t),
is less than that of predefined safety distance, R, at some t ∈ [0, Tf ] ⇔
∃t ∈ [0, Tf ] such that d(t) < R (R is assumed to be 5 nautical miles (nm)
in this paper). Then, safety means there are no conflicts over [0, Tf ], i.e.
the minimum distance between any pair of aircraft is greater than or equal
to R. Each aircraft’s velocity is bounded by a minimum allowable velocity,
vmin, and a maximum allowable velocity, vmax: v ∈ [vmin, vmax]. First, we
consider heading change only as a control input for conflict resolution. We
assume all three aircraft velocities are the same and constant, and conflict
detection and heading change are assumed to be instantaneous. Then, an
optimal resolution which minimizes trajectory deviation is the one which
minimizes heading change. We consider the conflict situation in the relative
coordinate attached to aircraft 1 as shown in Figure 1-(b). Conflict detection
and resolution take place when aircraft reaches a point whose distance from
a conflict point is ζ. Aircraft 2 and aircraft 3 detect separate conflicts with
aircraft 1, simultaneously, and must change their headings at least by u2 (or
u′2, due to turn ambiguity) and u3 (or u′3) respectively to avoid a conflict.
Without loss of generality, we assume aircraft 2 and aircraft 3 change their
heading by u2 and u3 respectively. Immediately after changing their heading,
aircraft 2 and aircraft 3 detect a new conflict between themselves as shown
in Figure 1-(b), or in relative coordinates attached to aircraft 3 in Figure
1-(c). Since the relative velocity of aircraft 2, v23, goes through aircraft 3,
it is clear that there is a conflict between aircraft 2 and aircraft 3. Aircraft
2 changes its heading by w2 in order to resolve the conflict with aircraft
3, yet there is a new conflict between aircraft 1 and aircraft 2 as shown
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in Figure 1-(c). This phenomenon is called a domino effect. In order to
resolve the conflicts, the relative velocity of aircraft 2, vrel must eventually
lie within the shaded cone as shown in Figure 1-(d): if we define α as an
angle between vrel and v21 in the relative coordinate attached to aircraft 1,
then u2−α ≤ 0 for safety, and similarly, if β is defined as an angle between
vrel and v23 in the relative coordinate attached to aircraft 3, w2 − β ≤ 0 for
safety. Consider the following numerical examples, in which ζ is chosen as
60nm [4], 50nm, 40nm, 30nm, and 15nm. We assume all three aircraft fly
with v = 7.5nm/min (which comes from the data of a B747 cruising with
M = 0.8).

0 10 20 30 40 50 60 70
−0.05

0

0.05

0.1

0.15

0.2

number of heading changes

u 2 −
 α

  (
w

2 −
 β

) 
 (

ra
d)

ζ = 60nm
ζ = 50nm
ζ = 40nm
ζ = 30nm
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Conflicts resolved after 68 heading changes for ζ=60 nm 

Conflicts resolved after 70 heading changes for ζ=50 nm 

Conflicts resolved after 76 heading changes for ζ=40 nm 

Conflicts not resolved for ζ=30 nm and ζ=15 nm 

Figure 2: Heading difference of aircraft 2 between vrel and u2 (or w2) in
unsafe situation.

As shown in Figure 2, for ζ = 60nm, resolution occurs after 68 itera-
tions of the above pairwise algorithm, which may not be practical in real
time applications. As ζ decreases, the number of heading changes required
increases until finally the three-aircraft conflict cannot be resolved safely
when ζ = 30nm since an infinite number of heading changes takes place in
finite time. Even though the unsafe conflict in the above example can be
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avoided by choosing the opposite direction of heading change, the heading
turn ambiguity itself may cause an unsafe conflict resolution.

If we assume speed change to be a control input for conflict resolution
instead of heading change, then a large class of conflicts (even two-aircraft)
cannot be resolved.

Finally, unsafe situations may arise when the resolutions are optimal
heading-velocity change, in which heading and velocity are changed simul-
taneously. If the resulting optimal velocity (vopt) is not in [vmin, vmax], a
new resulting optimal speed is vopt

new = vmin if vopt < vmin and vopt
new = vmax if

vopt > vmax. With this fixed optimal velocity, we may repeat the analysis of
heading change above to show that the domino effect, and unsafe situations,
may still arise.

Several recent papers have focused on the multiple-aircraft conflict reso-
lution case. However, their approaches are based on optimization procedures
and randomized algorithms[13, 20, 29], and thus could produce different so-
lutions to identical problems, which may cause confusion in real applications.
Since optimization procedures are computationally intensive, they are un-
desirable for real-time airborne applications.

Thus, in this paper we propose a protocol-based conflict resolution for
multiple-aircraft conflicts to overcome the above problems. Our algorithm
has the following properties. Since the multiple-aircraft case is treated di-
rectly, potential problems and the domino effect shown in the above example
can be avoided. Our algorithm is based on an analytic solution for the con-
trol input and we implement it via a partition around the conflict. Our
solution is simple to understand, deterministic, and provably safe. Since
it is based on a closed-form analytic solution, it can be implementable in
airborne systems for real-time conflict resolution. Our methods are not opti-
mal, in the sense that some conflicts can be resolved with smaller deviations
from the desired trajectory than our protocol produces, yet the conservatism
of our protocol is reduced as we form a finer partition of the airspace. How-
ever, since our method is based on the assumption that all aircraft involved
in a conflict have information about all other aircraft, it may not be robust
to information loss and partial information.
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Finally, we remark that while the majority of conflicts occurring in the
current airspace are two-aircraft conflicts, multiple aircraft methods are im-
portant for two reasons. First, a method that evolves gracefully from treat-
ment of two aircraft to treatment of multiple aircraft conflicts would be
efficient in resolving even today’s small number of multiple aircraft prob-
lems; second, as the airspace and air traffic system evolve to a stage in
which aircraft are more often flying user preferred routes, one would expect
more multiple aircraft conflicts.

3 Model and problem formulation
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Figure 3: An illustration of the exact conflict resolution maneuver for one
of N -aircraft and parameters involved.

We consider the problem of conflict resolution in the horizontal plane,
using only information about each aircraft’s current position, velocity, and
heading. As in the previous section, we define a conflict to be the event in
which, at any time during a given time horizon, the distance between any
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pair of aircraft is less than R, which we assume to be 5nm. We consider the
following two cases:

Definition 1 (Exact conflict) All aircraft involved in a conflict come into
conflict at a single point in space and time.

Definition 2 (Inexact conflict) At least one of the aircraft involved in a
conflict comes into conflict at a different point in space and time than the
others.

In this section, we present the model and formulate the collision avoidance
problem for the exact conflict case; the more general inexact conflict case will
be detailed in Section 6, using analysis and results from this and following
sections.

We assume that each aircraft has a desired, or nominal, trajectory, which
is a straight path of constant heading. Conflict detection occurs by simple
projection of this nominal trajectory ahead by a fixed time, which we assume
in this paper to be greater than 20 minutes, though our method is general
enough to work for any finite time horizon. When a conflict is detected,
all aircraft involved in the conflict prepare to initiate a conflict resolution
maneuver. The maneuver is assumed to start at (conflict-time− T ), where
conflict-time is the time at which the aircraft would have reached the conflict
point, and T is a fixed time, assumed in this paper to be 20 minutes. In our
notation, we thus initiate the time horizon [0, Tf ] so that (conflict-time −
T ) = 0. The aircraft involved in the conflict are assumed to be flying at
constant velocity during a resolution maneuver. The velocities are bounded
between known values vmin and vmax.

We initially partition the airspace around the conflict point into two
concentric circular discs of radii rmin and rmax, as shown in Figure 3. These
radii are designed so that rmin = vminT and rmax = vmaxT , which ensures
that the aircraft lie in the annulus between the two radii at the initiation of
the conflict resolution maneuver.

For aircraft i, we denote the starting position as (xi(0), yi(0)) such that[
xi(0)
yi(0)

]
=

[
ri cos θi

ri sin θi

]
, where i = 1, 2, · · · , N (1)
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where ri = viT as shown in Figure 3.
For aircraft i, the destination point is computed as the point at which

the aircraft must “rejoin” its original trajectory after completing the con-
flict resolution maneuver. This point is assumed to be an equal distance
along the desired trajectory from the conflict point, as the conflict point is
from (xi(0), yi(0)). We assume that the aircraft can change heading instan-
taneously, and that the control input is a piecewise constant heading change
(∆ψi) which we denote as ui. While we assume an instantaneous heading
change, we will show later in this paper that the protocol is still valid when a
sharp corner in the resulting (xi, yi) path is replaced with a smooth circular
arc. Also, we assume synchronous maneuvers, in which all aircraft change
their heading at the same time, yet we will show that our protocol is ro-
bust with respect to asynchronous maneuvers, in which all aircraft may not
necessarily change their heading at the same time. We assume ui to be the
same for all aircraft. The resolution maneuver for each aircraft is set to be
an isosceles triangular path composed of two straight segments of constant
heading and of constant velocity, the apex of which is the new waypoint, pi,
connecting the initial position (xi(0), yi(0)) with the destination point, as
shown in Figure 3. The position of the waypoint pi, and the vertical devi-
ation oi, is determined up to sign by the heading change ui. It can easily
be shown that under this maneuver, all aircraft arrive at their waypoints
pi, and their destination points, at the same time. Thus the problem of
maneuver protocol design reduces to computing the heading change ui to
ensure safety.

We use a kinematic model for each aircraft to design the protocol:[
ẋi

ẏi

]
=

[
vi cosψi

vi sinψi

]
, where i = 1, 2, · · · , N (2)

Finally, in this design, we are assuming that all aircraft share information
about the other aircraft’s position, velocity, and heading. This information
sharing can be achieved by communication through Automatic Dependent
Surveillance-Broadcast (ADS-B). In our current work, we are analyzing the
effect on the protocol of differing information horizons.
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4 Derivation of safety conditions for multiple-aircraft

conflict resolution for an exact conflict

In this section, we derive the safety conditions for multi-aircraft conflict
resolution for an exact conflict. First, a necessary and sufficient condition
for safety of multiple-aircraft conflict resolution is derived. Since the safety
condition for the proposed conflict resolution is based on the minimum dis-
tance between aircraft, the geometry of the conflict resolution maneuver is
symmetric, and all aircraft change their heading at the same time, the safety
condition can be derived over the first half and the second half of the con-
flict resolution path separately. Here, the safety condition is based on the
assumption of an exact collision; we show in Section 6 that the same safety
condition is also used for an inexact conflict resolution.

To ensure there is no conflict during the resolution maneuver, the mini-
mum distance between aircraft should be greater than or equal to the pre-
defined safety distance, R. For notational simplicity, we define for aircraft
i and j: φi := ψi + ui, a := vi cosφi − vj cosφj , b := ri cos θi − rj cos θj ,
c := vi sinφi − vj sinφj , e := ri sin θi − rj sin θj .

Then, the distance squared between aircraft i and aircraft j on the first
half path is:

S1
ij(t) = (xi(t)− xj(t))2 + (yi(t)− yj(t))2

= [(vi cosφi − vj cosφj)t+ (ri cos θi − rj cos θj)]2

+[(vi sinφi − vj sinφj)t+ (ri sin θi − rj sin θj)]2

= (at+ b)2 + (ct+ e)2

(3)

where 0 ≤ t ≤ Tf

2 , and i, j = 1, 2, · · · , N , i �= j.
Similarly, we define: χi := ψi − ui, λ := vi cosχi − vj cosχj , µ :=

ri sinχi − rj sinχj , ξ := 1
2Tfa+ b, σ := 1

2Tfc+ e.
Then, the distance squared between aircraft i and aircraft j on the second
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half path is:

S2
ij(τ) = [(vi cosχi − vj cosχj)τ + (vi cosφi − vj cosφj)

Tf

2

+(ri cos θi − rj cos θj)]2 + [(vi sinχi − vj sinχj)τ
+(vi sinφi − vj sinφj)

Tf

2 + (ri sin θi − rj sin θj)]2

= (λτ + ξ)2 + (µτ + σ)2

(4)

where 0 < τ ≤ Tf

2 , and i, j = 1, 2, · · · , N , i �= j.
In our problem setting, the worst case occurs when the minimum distance

among aircraft is achieved. If the minimum distance between aircraft is
always greater than or equal to the predefined safety distance, then the
whole resolution maneuver is safe.

We define (Sk
ij)min(t) to be the minimum distance between aircraft i

and aircraft j over the first half path if k = 1 and over the second half
path if k = 2. In order to make multiple-aircraft conflict resolution safe, the
following inequality is satisfied:

(Sk
ij)min(t) ≥ R for t ∈

{
[0, Tf

2 ] if k = 1
(Tf

2 , Tf ] if k = 2
(5)

where ij ∈ {12, 23, 13, · · · , (N − 1)N}, which leads to N(N − 1) safety
conditions. For example, if we consider a three-aircraft conflict case (N =
3), then there are six conditions for safe resolution. Condition 1 (C1) is
(S1

12)min(t) ≥ R and Condition 2 (C2) is (S2
12)min(t) ≥ R. Condition 3

(C3) and Condition 4 (C4) for aircraft 2 and aircraft 3, and Condition 5
(C5) and Condition 6 (C6) for aircraft 1 and aircraft 3 can be obtained
in the same way. We claim that the inequality in equation (5) for ij ∈
{12, 23, 13, · · · , (N − 1)N} comprise necessary and sufficient conditions for
safety of multiple-aircraft conflict resolution for an exact conflict.

Lemma 1 There are no conflicts over t ∈ [0, Tf ] for an exact conflict case
if and only if (C1 ∧ C2) ∧ (C3 ∧ C4) ∧ · · · ∧ (CN(N−1)−1 ∧ CN(N−1)).

Proof: See Appendix A.

We compute the minimum distance over the first half path and over the
second half path sequentially. From the geometry of the conflict resolution
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maneuver, the distance between aircraft along each straight path is a differ-
entiable function of t, thus the derivative of the distance between aircraft
with respect to time is always well defined and finite in these regions. The
minimum distance can be obtained by setting the derivative of the distance
squared between aircraft with respect to time to zero:

dS1
ij(t)
dt

= 0⇒ tmin = −ab+ ce

a2 + c2
(6)

After algebraic manipulation, it may be shown that equation (6) reduces to
a very simple relation between heading change and the time at which the
minimum distance occurs: tmin = T cosui. Substituting tmin into equation
(3), the safety condition between aircraft i and aircraft j over the first half
path becomes

S1
ij(tmin) = (a2 + c2)(b2 + e2 −R2)− (ab+ ce)2 ≥ 0 (7)

Equation (7) can be rewritten as:

b2 + e2 − (ab+ ce)2

a2 + c2
≥ R2 (8)

where

b2 + e2 = (ri cos θi − rj cos θj)2 + (ri sin θi − rj sin θj)2

= r2i + r2j − 2rirj cos(θi − θj)

a2 + c2 = (vi cosφi − vj cosφj)2 + (vi sinφi − vj sinφj)2

=
1
T 2

[r2i + r2j − 2rirj cos(θi − θj)]

ab+ ce = (vi cosφi − vj cosφj)(ri cos θi − rj cos θj) + (vi sinφi − vj sinφj)(ri sin θi − rj sin θj)

= −cosu
T

[r2i + r2j − 2rirj cos(θi − θj)]

Since the heading changes of all aircraft are assumed to be the same u :=
ui = uj for all i, j = 1, 2, · · · , N , the safety condition in equation (8) can be
simplified as

sin2 u ≥ R2

r2i + r2j − 2rirj cos(θi − θj)
(9)

where i, j = 1, 2, · · · , N , i �= j.
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Now, we consider the second half path. Similar to the first half path,
the minimum distance occurs at

dS2
ij(t)
dt

= 0 (10)

The same procedure as previous is taken, and the safety condition between
aircraft i and aircraft j over the second half path is identical to the condition
in equation (9) for the first half path. This is expected from the geometry of
the resolution maneuvers into which the conflict resolution problem is cast
because heading changes of all aircraft are the same and aircraft change
their headings at the same time.

From equation (9), we see that the magnitude of the heading change
required for conflict resolution is inversely proportional to the aircraft’s dis-
tance to a conflict point and to the minimum relative angular distance among
aircraft. This result coincides with the intuition that if aircraft are far apart
from each other, then a small heading change is enough to resolve a conflict
but if aircraft are close, then a bigger heading change is needed for safe
separation. Equation (9) represents a closed-form analytic solution for the
heading change required of all aircraft to resolve the conflict. The minimum
heading change, umin, can be obtained from equation (9) for a given initial
configuration and known parameters. Since both ±u satisfy equation (9),
we resolve this turn ambiguity for exact conflicts by restricting the control
input to be such that 0o < u < 90o. Equation (9) (with turn ambiguity
resolved) is simple and deterministic; and can be used to design a protocol
for multiple-aircraft conflict resolution which can be implemented in both
airborne systems and ground ATM systems, and also easily implemented
for real-time applications because its computing time is negligible. No other
currently available multiple-aircraft conflict resolution algorithm has all of
these properties. The design of such a protocol for exact and inexact con-
flicts is the subject of the next two sections.
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5 Derivation of a protocol for multiple-aircraft con-

flict resolution for an exact conflict

In this section, we construct a finite partition of the airspace around the
conflict, and using our analytic solution in equation (9), we derive a protocol
for resolving the worst-case conflict within each partition, where we define
the worst-case conflict to be that configuration in which the required heading
change to resolve the conflict is maximized. Thus, for each partition, the
worst-case conflict is computed and the safe heading change which causes the
minimum deviation from the desired trajectories of each aircraft is computed
for this worst case. From equation (9), the minimum heading change which
resolves a conflict is achieved when the denominator in the right-hand side
is minimum, i.e. when ri = rj = rmin and |θi − θj | = δθmin:

umin = sin−1

(
R

rmin

√
2(1− cos δθmin)

)
(11)

In this paper, we use parameters from the data of a B747 which cruises with
Mach 0.8 at 40, 000ft altitude [5]. We set rmin = 130nm and rmax = 170nm,
though these are general and may be altered. All initial configurations are
assumed to be safe.

For clarity, we derive the protocol below for a three-aircraft conflict,
however, as we shall show, our method is general to N -aircraft conflicts.
For a three-aircraft conflict, there are two possible worst cases as shown
in Figure 4-(a). One is the case in which all three aircraft are initially at
rmin and separated by R. The other is the case in which all three aircraft
are initially located on a line and separated by R. However, these two
cases become unsafe instantaneously, and thus violate the assumption that
a conflict occurs at the origin. To remedy these pathological situations,
more restrictions must be imposed on the initial conditions: the restriction
we impose is that the initial minimum distance between aircraft is not less
than 3R. In fact, the initial minimum distance between aircraft can be any
value greater than R, the reason we choose 3R is to avoid large heading
changes (≥ 20o) while at the same time making the restriction not overly
conservative. Then, the two possible worst cases are:
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Figure 4: Airspace partition.

• candidate worst case 1 : r1 = r2 = rmin and δθmin = 0.1154
⇒ rmin

√
2(1− cos δθmin) = 224.8104

• candidate worst case 2 : r1 = rmin, r2 = rmin + 3R, and δθmin = 0
⇒ r21 + r22 − 2r1r2 cos δθmin = 225

Since “candidate worst case 1” results in a smaller denominator in equation
(11) and thus in a maximum safe heading change, this gives the true worst
case. Therefore, a protocol for the worst case is:

u ≥ 0.3400 = 19.4798o (12)

This is an interesting result: it indicates that a triangular deviation ma-
neuver as shown in Figure 3, with u ≥ 19.5o for all aircraft, will resolve any
conflict for any number of aircraft, as long as at the start of the maneuver,
the radial positions of all aircraft are between 130nm and 170nm, and the
initial minimum distance between aircraft is not less than 3R. However, this
result is overly conservative as it was computed using the worst case data.
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Thus, consider the following partition: we divide the airspace in the angu-
lar direction around the conflict point in order to alleviate conservativeness.
Consider, for example, six different cases corresponding to the minimum
relative angle between any pair of aircraft:

• Case 1: 90o ≤ δθmin ≤ 120o

• Case 2: 60o ≤ δθmin < 90o

• Case 3: 45o ≤ δθmin < 60o

• Case 4: 30o ≤ δθmin < 45o

• Case 5: 10o ≤ δθmin < 30o

• Case 6: 0o ≤ δθmin < 10o

where the minimum relative angle between aircraft is defined: δθmin =
min{|θi − θj ||i, j = 1, 2, · · · , N, and i �= j} as shown in Figure 4-(b) for a
three-aircraft conflict. For each of these cases, we compute the worst-case
conflict and the safe heading change which causes the minimum deviation
from the desired trajectories of each aircraft.

Consider, for example, Case 1, in which without loss of generality, the
relative angle between aircraft 1 and aircraft 2 is assumed to be minimum.
Place aircraft 1 on the negative x-axis as shown in Figure 4-(b), such that
the conflict occurs at the origin. To satisfy the hypothesis of Case 1, aircraft
2 should be located inside the shaded region, 270o ≤ θ2 ≤ 300o (since δθmin

is 90o) and aircraft 3 could be located somewhere inside the shaded region,
0o ≤ θ3 ≤ 90o, as shown in Figure 4-(b). Here, the shaded region which
contains aircraft 3 is the largest possible one. Indeed, if aircraft 2 lies on
the negative y-axis, then aircraft 3 could lie on the positive x-axis, and the
hypothesis of Case 1 would still be satisfied. The minimum safe heading
change can be obtained by substituting rmin = 130nm and δθmin = 90o

into equation (11). This procedure can be similarly applied to the other five
cases (where the protocol for Case 6 is the same as equation (12) derived
earlier), leading to the following protocol:
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Multiple-aircraft protocol in the case of exact conflict

• Case 1: 90o ≤ δθmin ≤ 120o ⇒ u ≥ 0.0272 = 1.5584o

• Case 2: 60o ≤ δθmin < 90o ⇒ u ≥ 0.0385 = 2.2048o

• Case 3: 45o ≤ δθmin < 60o ⇒ u ≥ 0.0503 = 2.8805o

• Case 4: 30o ≤ δθmin < 45o ⇒ u ≥ 0.0744 = 4.2628o

• Case 5: 10o ≤ δθmin < 30o ⇒ u ≥ 0.2225 = 12.7471o

• Case 6: 0o ≤ δθmin < 10o ⇒ u ≥ 0.3400 = 19.4798o

If we consider an N -aircraft conflict in which the minimum relative an-
gular position among N aircraft is, for example, 50o, then heading change
u = 2.8805o guarantees safety of the N -aircraft conflict resolution. In gen-
eral, we consider the case in which each aircraft has the authority to choose
its own airspace partition. Since the finer the airspace partition, the smaller
the deviation, it is reasonable that each aircraft may select its own airspace
partition according to its on-board computing ability and aerodynamic per-
formance. Then, the resolution procedure is as follows:

Algorithm 1 (Conflict resolution procedure in the case of exact
conflict)
We assume that each aircraft has access to the other aircraft’s position,
velocity, and heading, and thus detects a conflict:

1. Each aircraft chooses a partition, computes its own heading change
according to this partition, and broadcasts this heading change ui to
all other aircraft;

2. Among all heading changes broadcast including its own each aircraft
chooses the smallest (i.e. u = mini |ui| , for i= 1, 2, · · · ,N.), and
follows this protocol.

Since each aircraft has the authority to choose its own airspace partition
and to compute its own resolution maneuver from Algorithm 1, our method
is a decentralized conflict resolution method.
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Proposition 1 Algorithm 1 guarantees safety for a multiple-aircraft exact
conflict.

Proof: Since each aircraft’s heading change ui satisfies equation (9), from
Lemma 1, Step 1 of Algorithm 1 is safe. Since all heading changes ui chosen
in Step 2 of Algorithm 1 are safe, the smallest u guarantees safety. Algorithm
1 guarantees safety of N -aircraft conflicts because Lemma 1 and the safety
condition in equation (9) do not depend on the number of aircraft involved
in the conflict.

Simulation results

Simulation and validation are performed with a dynamic aircraft model un-
der linear control using the data from Bryson [5] of a B747 which cruises
with Mach 0.8 at 40, 000ft altitude, presented in Appendix B. If the resolu-
tion procedure designed above is applied to an arbitrary initial configuration
(which has a conflict point at the origin), the conflict-free resolution maneu-
vers are obtained as shown in Figure 5 for a three-aircraft conflict (for all
six cases in the example above) and Figure 6 for a ten-aircraft conflict. The
ten-aircraft scenario converging to a conflict point is motivated from Bil-
imoria [4], Frazzoli et al.[13], and Hoekstra et al[17]. Since the computing
time for Algorithm 1 is negligible because the protocol is based on a simple
geometric inequality in equation (9), it can be used for real-time airborne
applications.

6 Derivation of a protocol for multiple-aircraft con-

flict resolution for an inexact conflict

The exact conflict case is unrealistic and rarely occurs, yet the methodology
of the previous sections may be extended to the inexact case. In this section,
we relax the exact assumption to consider the case in which the conflict
points of a multiple aircraft conflict do not coincide. For N -aircraft conflicts,
there are at most N(N−1)

2 original conflict points. We consider two cases:
one is a perturbation of an exact conflict in which all conflict points occur
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Figure 5: Protocol-based conflict resolution for three aircraft (nm).
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within a circle whose diameter is R, the required separation distance between
aircraft. The other case we call a general inexact conflict, in which conflict
points lie arbitrarily, not necessary in circle of radius R.

6.1 Perturbation of an exact conflict

θ i�

(x�i�(0)� �,y�i�(0)�)�
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(a) Perturbation case; conflict
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rated by distance greater than R.

Figure 7: Inexact conflict.

Consider first an inexact conflict which is a perturbation of an exact
conflict, as shown in Figure 7-(a). The origin of the conflict resolution
is chosen as the center of a circle of minimum radius which includes all
conflict points. The nominal trajectory of aircraft i can be described as
the perturbation of a nominal trajectory which passes through the origin
by a perturbation vector hi whose magnitude hi =‖ hi ‖ is assumed to
be less than or equal to R

2 . The initial position of aircraft i is denoted as
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(xi(0), yi(0)) such that[
xi(0)
yi(0)

]
=

[
ri cos θi

ri sin θi

]
+ hi

=

[
ri cos θi + hi cos(θi + 90o)
ri sin θi + hi sin(θi + 90o)

] (13)

where i = 1, 2, · · · , N .
The safety condition for this case can be obtained by following the same

procedure in Section 4. For notational simplicity, we define for aircraft i and
aircraft j:
H := r2i + r2j −2rirj cos(θi− θj), L := h2

i +h2
j −2hihj cos(θi− θj)−2(rihj−

rjhi) sin(θi − θj)
M := −H + (rihj − rjhi) sin(θi − θj), F := −(rihi + rjhj) + (rjhj +
rjhi) cos(θi − θj)
Then, the safety condition for aircraft i and aircraft j is:

H + L− 1
H

(M cosu+ F sinu)2 ≥ R2 (14)

where i, j = 1, 2, · · · , N . Equation (14) must be solved numerically. If we
use the same six partitions as in Section 5 and hi ∈ [0, R

2 ], the protocol for
an inexact perturbation case is as follows:

Multiple-aircraft protocol in the case of inexact conflict (Per-

turbation case)

• Case 1: 90o ≤ δθmin ≤ 120o ⇒ u ≥ 0.0552 = 3.1627o

• Case 2: 60o ≤ δθmin < 90o ⇒ u ≥ 0.0608 = 3.4836o

• Case 3: 45o ≤ δθmin < 60o ⇒ u ≥ 0.0711 = 4.0737o

• Case 4: 30o ≤ δθmin < 45o ⇒ u ≥ 0.0943 = 5.4030o

• Case 5: 10o ≤ δθmin < 30o ⇒ u ≥ 0.2867 = 16.4267o

• Case 6: 0o ≤ δθmin < 10o ⇒ u ≥ 0.5235 = 29.9943o

The algorithm for conflict resolution in this case is the same as that for
an exact conflict (Algorithm 1), with slightly larger heading changes which
may be computed offline (and stored) for given partitions.

28



6.2 General inexact conflict

We now generalize to the case of a true inexact conflict; that is, that the
set of aircraft comes into conflict at points separated by a distance greater
than R. We generalize our protocol so that only the first segment of a
resolution maneuver contributes to safe separation (the case in which k = 1
in equation (5)). The second segment of the resolution maneuver is used
in order to return to the nominal trajectory. For example, if we consider
the three-aircraft conflict, Condition 1 (C1) is (S1

12)min(t) ≥ R, Condition
2 (C2) is (S1

23)min(t) ≥ R and Condition 3 (C3) is (S1
13)min(t) ≥ R where

t ∈ [0, Tf

2 ]. For N -aircraft conflicts, there are at most N(N−1)
2 conflict points.

If the point at which the last conflict among all conflicts occurs is chosen
as the origin of our reference frame, and thus the midpoint of each aircraft’s
nominal trajectory segment for resolution purposes, then the other possible
conflict points are on the first segments of each aircraft’s nominal trajectory.
In this case, only the first segment has to be considered in order to derive a
safety condition [13, 1]. The three-aircraft example is illustrated in Figure
7-(b).

Our strategy for solving this general conflict will be to first transform
the problem to that of an exact conflict, and then to use the solution derived
in Section 5 for an exact conflict to resolve the transformed problem. We
then map the resolution maneuver back to the coordinates of the general
conflict, and the general resolution results. The proof of safety follows from
the fact that the exact resolution solves the transformed problem, and that
the mapping between the original and transformed problem is unique.

Thus, we introduce new variables wi, defined as the heading difference
between the true heading of aircraft i and the origin of our reference frame,
as shown in Figure 7-(b) for aircraft 3. Here, we define the counter-clockwise
direction as positive, thus sign(w3) = −1, where the sign function is defined
as:

sign(x) =

{
1 if x ≥ 0
−1 if x < 0

Now suppose that aircraft i were not involved in the conflict at the origin;
if we adjust the velocity of aircraft i such that vi = ri

T and we change its
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heading by wi, then it would be involved in a conflict at the origin. If we
performed this transformation for all aircraft not involved in conflict at the
origin (at most N − 2 aircraft), then the inexact conflict would become an
exact conflict, and the required heading change u for safe resolution of this
exact conflict can be obtained from Algorithm 1. For clarity, we denote this
u as uexact in this section.

Now, define for aircraft i and aircraft j: φi := ψi − u, ā := vi cosφi −
vj cosψj , b̄ := ri cos θi − rj cos θj , c̄ := vi sinφi − vj sinψj , ē := ri sin θi −
rj sin θj , where i, j = 1, 2, · · · , N . Then, the distance squared between air-
craft i and aircraft j is:

S1
ij(t) = (xi(t)− xj(t))2 + (yi(t)− yj(t))2

= [(vi cosφi − vj cosψj)t+ (ri cos θi − rj cos θj)]2

+[(vi sinφi − vj sinψj)t+ (ri sin θi − rj sin θj)]2

= (āt+ b̄)2 + (c̄t+ ē)2

(15)

The safety condition between aircraft i and aircraft j becomes

b̄2 + ē2 − (āb̄+ c̄ē)2

ā2 + c̄2
≥ R2 (16)

We define wmax = maxi |wi| · sign(wi), i = 1, 2, · · · , N : thus wmax has
the maximum magnitude among wi and preserves sign. For example, in
the case of Figure 7-(b), w1 = 0, w2 = 0, and w3 = |w3|sign(w3), thus
wmax = −w3. If we assumed that uexact = wmax and follow the same
procedure as in Section 4, the safety condition for a general inexact conflict
would be:

sin2 uexact ≥ R2

r21 + r23 − 2r1r3 cos(θ1 − θ3) (17)

which is identical to the safety condition for an exact conflict in equation
(9). However, the assumption that uexact = wmax may not necessarily be
true. Thus, we consider the two cases uexact > |wmax| and uexact ≤ |wmax|:
if uexact > |wmax|, a safe heading change for a general inexact conflict must
be uexact because |wmax| would not satisfy the safety condition in equation
(17); if uexact ≤ |wmax|, then both uexact and wmax satisfy equation (17).
However, since the sign of the heading change of all aircraft should be the
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same according to our protocol, then u must be set to wmax. Therefore, a
protocol u for a general inexact conflict is:

u =

{
uexact sign(wmax) if uexact > |wmax|
wmax if uexact ≤ |wmax|

Since this protocol u is computed in the transformed frame, aircraft i must
actually change its heading by u− wi (i = 1, 2, · · · , N). The protocol for a
general inexact conflict is as follows:

Algorithm 2 (Multiple-aircraft protocol in the case of inexact con-
flict (general case))
New Protocol (heading change + velocity change)
For i = 1, 2, · · · , N :

1. Select the last conflict point among possible conflict points as the center
of conflict resolution;

2. If aircraft i is not involved in the conflict at the origin, adjust its
velocity such that vi = ri

T (← new velocity.);

3. Aircraft i computes its own heading change uexact from Algorithm 1,
and computes wi, wmax, and u;

4. Aircraft i changes its heading by u− wi.

Algorithm 2 may be implemented in a decentralized manner, since each
aircraft recognizes a conflict situation and computes its own resolution ma-
neuver autonomously.

Proposition 2 Algorithm 2 guarantees safety for the multiple-aircraft in-
exact conflict (general case).

Proof: Step 1 ∼ Step 3 transform a general inexact conflict situation into
an exact conflict, and the heading changes in Steps 3 and 4 satisfy the safety
condition in equation (9). Therefore, from Lemma 1, the multiple-aircraft
protocol in the case of a general inexact conflict guarantees safety.
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6.3 Simulation results

If the two protocols for an inexact conflict are applied to an arbitrary initial
configuration which satisfies the given assumptions that are the same as
those of an exact conflict, the conflict-free resolution maneuvers are obtained
as shown in Figure 8 for the perturbation case, and Figure 9 for the general
case. A symmetric encounter pattern for four-aircraft conflicts [17] and a
scenario of two converging aircraft streams in Figure 8 and random encounter
patterns for ten-aircraft conflicts in Figure 8 and Figure 9 are motivated from
Frazzoli et al.[13].

Figure 9-(e) shows that if an aircraft lies within the airspace partition
around the center of the conflict resolution, the aircraft must follow the
protocol for safety even though the aircraft is not involved in any conflicts
within the airspace partition. This fact that all aircraft take resolution
maneuvers at the same time coincides with other multiple-aircraft resolution
methodologies [13, 20, 2]. As in Section 3, rmin and rmax are the radii
of two concentric circular discs around the conflict. From the data of a
B747 with Mach 8 at 40, 000ft, we used rmin = 130nm and rmax = 170nm
throughout this paper. However, the simulation result with rmin = 30nm
and rmax = 50nm in the airspace partition in Figure 9-(f) shows that our
protocol is valid with respect to various airspace partitions with different
rmin and rmax, which is detailed in random simulation results in Appendix
B. Appendix B presents the detail of validation with the dynamic aircraft
model and random simulation results with different parameters such as look-
ahead time, initial minimum distance between aircraft, and the number of
airspace partitions. Simulation results show that the computing time for
Algorithm 2 is negligible. The reason is the protocol is based on a simple
geometric inequality in equation (9) instead of computationally intensive
algorithms such as randomized searches and numerical optimization.

7 Robustness Analysis

Demonstrating robustness of the protocol for multiple-aircraft conflict reso-
lution is important; the protocol must guarantee safety against uncertainty
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Figure 8: Inexact conflict (Perturbation case) (nm).
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in the position, velocity, and heading of the aircraft. In the following, we
show the protocol is robust with respect to uncertainty in sector bound-
ary, to maneuver shape, and to asynchronous maneuvers for both exact and
perturbed maneuvers.

7.1 Robustness analysis with respect to sector boundaries

Consider Figure 10-(a). We express sectors of allowable initial conditions for
aircraft as (rmin ≤ r ≤ rmax)∧ (θmin ≤ θ ≤ θmax), shown as a shaded region
in Figure 10-(a). The uncertainties that are important for the protocol are
those in rmin and δθmin, as seen from equation (11). Uncertainty in rmin

is considered first. If rmin has ±5% error, a new heading change ui can
be obtained from equation (11) for both the exact conflict case and the
general inexact conflict case, and from equation (14) for an inexact conflict
perturbation case. For an exact conflict, ui should be:

ui ≥ sin−1

(
R

0.95rmin

√
2(1− cos δθmin)

)
(18)

If Case 1 is considered, ui ≥ 0.02864 which differs from the original
heading change by 5.29%. But since the heading change itself is small,
the difference is only 0.0825o. For Case 5, ui ≥ 0.2344 which differs from
the original heading change by 5.35% and by 0.6818o. Similarly, for an
inexact conflict perturbation case, ui ≥ 0.0620 for Case 1 which differs from
the original heading change by 0.3896o and for Case 5, u ≥ 0.3070 which
differs from the original heading change by 1.1631o. From this analysis, we
know that the protocols for multiple-aircraft conflict resolution are robust
to uncertainty in rmin. To make conflict resolution in both Algorithm 1 and
Algorithm 2 safe with respect to uncertainty in rmin, a new rmin which takes
into account this uncertainty should be used when each aircraft computes
its own heading change ui.

Now, consider uncertainty in δθmin. Since the protocol is derived from
the worst case in each category, the control input, ui, is the minimum head-
ing change which can resolve conflicts for a given category. If the aircraft
position is uncertain due to sensor errors, it can be represented by a region,

35



usually a circle or an ellipse. If this region crosses the sector boundary as
shown in Figure 10-(a), the larger ui must be chosen for safety. For example,
in Figure 10-(a), if there is no uncertainty in the position of aircraft 2, then
this configuration corresponds to Case 1. Thus, the protocol for an inexact
conflict perturbation case is ui = 0.0552. However, if there is uncertainty in
the position of aircraft 2, then the protocol for an inexact conflict perturba-
tion case must be that for Case 2, i.e. ui = 0.0608 rather than ui = 0.0552.
Similarly, the larger ui must be chosen for safety for an exact conflict case.
Then, the protocols for multiple-aircraft conflict resolution are robust to
uncertainty in δθmin.

7.2 Robustness analysis with respect to circular arc turns

We assumed instantaneous heading changes when deriving the protocol for
multiple-aircraft conflict resolution, impossible in a real situation. Thus, we
consider robustness with respect to replacing corners by circular arc turns.
Again, without loss of generality, we consider three-aircraft conflicts. In
Figure 10-(b), all three aircraft follow the conflict resolution paths: consider
aircraft 1 and aircraft 2. Aircraft 1 and aircraft 2 reach q1 and q2 respectively
at the same time. On the circular arcs, the two aircraft move with the same
angular velocity, ω. This can be easily shown. The distance l1 in Figure
10-(b) is

l1 = v1T cosu1 (19)

Thus, the angular velocity of aircraft 1 is:

ω1 =
v1

l1
=

v1

v1T sinu1
=

1
T sinu1

=: ω (20)

From equation (20), the angular velocity of aircraft 1 depends on T and u1

only. Since u1 = u2 = u3, the angular velocities of all three aircraft are the
same.

To show robustness of the protocol, we need only to show now that
the maneuvers are safe when the aircraft are on the circular arc paths. Of
course, the worst case occurs when the distance between aircraft on the
circular paths is minimum. From the geometry and the fact that all three
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aircraft have the same angular velocity during the resolution maneuver, the
worst case is achieved between a point q1 and a point q2 when aircraft 1 and
aircraft 2 are both on rmin and the relative angle between aircraft 1 and
aircraft 2 is δθmin. The minimum distance between aircraft on the circular
arcs from Figure 10-(b) is:

η2
min = 2r2min(1− cos γ) (21)

where γ is δθmin. Therefore, the minimum distance on the circular arcs is:

ηmin = rmin

√
2(1− cos δθmin) (22)

If ηmin ≥ R for all possible conflict cases over the circular arcs, the resolution
maneuvers are safe, i.e. the protocol for three-aircraft conflict resolution is
robust to smoothing corners. If equation (22) is applied to all six cases, the
results are:

• Case 1: 90o ≤ δθmin ≤ 120o ⇒ ηmin = 5.0004 > R⇒ safe
• Case 2: 60o ≤ δθmin < 90o ⇒ ηmin = 5.0038 > R⇒ safe
• Case 3: 45o ≤ δθmin < 60o ⇒ ηmin = 5.0026 > R⇒ safe
• Case 4: 30o ≤ δθmin < 45o ⇒ ηmin = 5.0032 > R⇒ safe
• Case 5: 10o ≤ δθmin < 30o ⇒ ηmin = 5.0005 > R⇒ safe
• Case 6: 0o ≤ δθmin < 10o ⇒ ηmin = 5.0002 > R⇒ safe

This shows that the protocol for an exact conflict is robust to replacing
corners by circular arc turns. Since the protocol for a general inexact conflict
is based on the protocol for an exact conflict, robustness of the protocol for
a general inexact conflict to replacing corners by circular arc turns can be
easily shown by following the same procedure for an exact conflict. Since
angular velocities of all aircraft are the same, the minimum distance between
aircraft remains same after replacing corners by circular arcs. Thus, the
protocol for an inexact conflict perturbation case is also robust to replacing
corners by circular arcs.
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7.3 Robustness analysis with respect to asynchronous ma-

neuvers.

We assumed synchronous maneuvers, in which all aircraft change their head-
ing at the same time, when deriving the protocol for multiple-aircraft con-
flict resolution. Here, we show that our protocol is robust with respect to
asynchronous maneuvers.

First, consider the case in which aircraft initiate their resolution ma-
neuver earlier or later than the exact resolution starting time, as shown in
Figure 10-(c). In Figure 10-(c), c represents an exact resolution starting
point. If an aircraft initiates its resolution maneuver earlier or later than
the exact resolution starting point, c1 and c2 represent a real resolution
starting point respectively and a1 is the distance between c and c1 (or c2).
If the aircraft’s velocity is v, then the time discrepancy τ1 between the exact
resolution starting time and a real resolution starting time at the resolu-
tion starting point is defined as τ1 = a1

v . From equation (6), the minimum
distance among aircraft occurs at z1 on the first segment and at z2 on the
second segment. Due to asynchronous maneuvers, the minimum distance
can be changed by a1 at z1 and z2. We use an uncertainty disk with radius
a1 at the z1 and z2 to accommodate this change in the minimum distance
[19]. Then, for safety, a new predefined safety distance Rsafe should be

Rsafe = R+ vτ1 (23)

We consider the case in which aircraft change their heading before or
after reaching a new waypoint c as shown Figure 10-(d). In Figure 10-(d),
a2 is the distance between c and c1 (or c2) and the time discrepancy τ2 at
the new waypoint is defined as τ2 = a2

v . If the same procedure as previous
is taken, a new predefined distance should be

Rsafe = R+ vτ2 (24)

Therefore, in order to make our protocol safe against asynchronous ma-
neuvers both at a resolution starting point and at a new waypoint, from
equation (23) and (24), a new predefined safety distance should be

Rsafe = R+ v(τ1 + τ2) (25)
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Then, a new protocol for exact and inexact conflicts can be obtained from
equation (9) with the new safety distance in equation (25). For example, if
we consider a B747 cruising with M=8 at 40, 000ft altitude and the maxi-
mum allowable time discrepancy both at a resolution starting point and at
a new waypoint is τ1 = 10sec and τ2 = 10sec respectively, then a new safety
distance is Rsafe = 7.53nm.

8 Conclusions

Protocol-based N -aircraft conflict resolution for air traffic control has been
proposed in this paper. This work is motivated by the free flight concept
which allows aircraft to fly user-preferred trajectories; in such a situation,
automatic conflict detection and resolution is crucial. We assume that air-
craft have nominal trajectories which are at constant altitude and heading,
with possibly varying velocities, and we assume that all resolution takes
place in the horizontal plane. All aircraft are assumed to share information
about their position, velocity, and heading.

We define an exact conflict to be the case in which all aircraft trajectories
collide at a point in space and time. While the assumption of an exact con-
flict is unrealistic for more than two aircraft, its solution provides valuable
insight and motivation into the solution for the general case. Considering
resolution maneuvers which are triangular deviations from the nominal tra-
jectories parametrically defined by the magnitude of the heading change, we
compute an analytic solution to the minimum heading change for all aircraft
involved in an exact conflict, to safely resolve the conflict.

We define an inexact conflict to be one in which the aircraft trajectories
collide at multiple points in space and time, and we consider two classes of
inexact conflict. The first class is a perturbation of the exact conflict, in
which all conflict points lie within a circle whose diameter is equal to the
required separation distance between aircraft: our solution to this case is
a perturbation of the solution to the exact conflict. In the general inexact
conflict, we generalize our resolution maneuver and consider heading and/or
velocity change to resolve the conflict.
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We analyze the robustness of the protocols with respect to uncertainties
in aircraft’s position, velocity, and heading. For example, we show that the
protocols are still safe even when a sharp corner is replaced by a circular
arc corresponding to a constant bank angle turn. Finally, we validate our
resolutions through simulation using a dynamic aircraft model.

The benefits of this protocol-based method over previously designed
methods are that it applies to N aircraft conflicts with very few restric-
tions, that as it is based on an analytic solution, it requires little numerical
computation and thus can be used in real-time, and that it is simple to un-
derstand (for pilots) and to design embedded software implementations (for
autopilots). Even though we propose the protocol-based conflict resolution
methodology for airborne conflict avoidance under the free flight environ-
ment, our protocol could be implemented for an immediate use in today’s air
traffic control systems. For example, it could be used as a backup conflict
resolution algorithm for current air traffic control systems.

Finally, the protocol may be simply extended to three dimensional airspace
by projecting the nominal trajectories onto the horizontal plane, applying
our protocol, and then back projecting with constant flight path angle. Since
all conflicts in three dimensional airspace is included in the conflicts in the
projected horizontal plane, the projected two dimensional resolution guar-
antees safety. The result is conservative, yet we are currently studying less
conservative implementations of our protocol in three dimensions. In addi-
tion, our current research involves analyzing the effects of finite and varying
information horizons on our protocol.

9 Appendix A: Proof of Lemma 1

Proof: Denote by S1 the statement: there are no conflicts over t ∈ [0, Tf ];
and by S2 the statement (C1∧C2)∧(C3∧C4)∧· · ·∧(CN(N−1)−1∧CN(N−1)).

(1) Show (if) is true first i.e., S2 ⇒ S1.
Assume S2 is not true. This means at least, one of Ci (i = 1, · · · , N(N−1)) is
false. Without loss of generality, we suppose C3 is false, i.e., (d1

23)min(t) < R.
Then, there exists t ∈ [0, Tf

2 ] such that (d1
23)min(t) = d(t) < R at some
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t ∈ [0, Tf

2 ]. From the definition of a conflict, there is a conflict over [0, Tf

2 ],
thus, over [0, Tf ]. This is a contradiction to S1. Hence, S2 ⇒ S1 is true.

(2) Show (only if) is true, i.e., S1 ⇒ S2.
Assume there is at least one conflict over [0, Tf ]. Without loss of generality,
we suppose a conflict occurs between aircraft 1 and aircraft 3. This means
that d13(t) < R at some t ∈ [0, Tf ]. We consider two cases. First, we assume
a conflict occurs at some t ∈ [0, Tf

2 ]. Then, d13(t) < R is true at some
t ∈ [0, Tf

2 ]. Since (d1
13)min(t) ≤ d13(t) at all t ∈ [0, Tf

2 ], (d1
13)min(t) < R is

true at all t ∈ [0, Tf

2 ]. This is a contradiction to S2. Hence, S1 ⇒ S2. Second,
we suppose a conflict occurs at t ∈ (Tf

2 , Tf ]. Then, d13(t) < R occurs at some
t ∈ (Tf

2 , Tf ]. Since (d2
13)min(t) ≤ d13(t) over (Tf

2 , Tf ], (d2
13)min(t) < R is true

at all t ∈ [0, Tf

2 ]. This is a contradiction to S2. Hence, S1 ⇒ S2.
Therefore, S1 ⇔ S2.

10 Appendix B: Validation with dynamic aircraft

model

The protocols for multiple-aircraft conflict resolution have been derived us-
ing a kinematic aircraft model. However, validation with a dynamic aircraft
model is necessary to show applicability of the protocols to real air traf-
fic control problems. The lateral motion of an aircraft is controlled by the
aileron δa (rad), and the rudder δr (rad). The important variables of an
aircraft’s lateral motion are sideslip velocity v (ft/sec), yaw rate r (rad/sec),
roll rate p (rad/sec), roll angle φ (rad), and heading angle ψ (rad).

A linear lateral dynamic model of a B747 which cruises with M = 0.8
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at 40, 000ft altitude is used for validation[5]:⎡
⎢⎢⎢⎢⎢⎢⎣

v̇

ṙ

ṗ

φ̇

ψ̇

⎤
⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎣

−0.0558 −7.74 0 0.322 0
0.0773 −0.115 −0.0318 0 0
−0.394 0.388 −0.465 0 0

0 0 1 0 0
0 1 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎣

v

r

p

φ

ψ

⎤
⎥⎥⎥⎥⎥⎥⎦

+

⎡
⎢⎢⎢⎢⎢⎢⎣

0 0.0564
0.00775 −0.475
0.143 0.153

0 0
0 0

⎤
⎥⎥⎥⎥⎥⎥⎦
[
δa

δr

]

y =

[
1 0 0 0 0
0 0 0 0 1

]
⎡
⎢⎢⎢⎢⎢⎢⎣

v

r

p

φ

ψ

⎤
⎥⎥⎥⎥⎥⎥⎦

(26)
If we define x := [v r p φ ψ]T , δ := [δa δr]T and y := [v ψ], equation (26) can
be written in the standard linear state-space equation such as:

ẋ = Ax+Bδ

y = Cx
(27)

where A, B and C correspond to matrices in equation (26) accordingly.
In Figure 11-(a), the trajectory generator produces a conflict resolution

trajectory according to the corresponding protocol for multiple-aircraft con-
flict resolution and the controller keeps the aircraft on the conflict resolution
trajectory. The control law is:

δ = −Kx+ (Nu +KNx)yr (28)

where,

[
Nx

Nu

]
=

[
A B

C 0

]−1 [
0
1

]

The feedforward control in equation (28) makes the aircraft follow the
conflict resolution trajectory and the feedback control K regulates the error
dynamics. The feedback control gain K is designed using linear optimal
control (LQR). All validation results in Section 4 and Section 5 have been
obtained with the closed-loop dynamic model in Figure 11-(a).

We validate our protocol for randomly generated five-aircraft conflict
situations with different parameters and a dynamic aircraft model. For each
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parameter, simulation has been done for 200 different conflict configurations.
Figure 11-(b:(I)) shows random simulation results with different initial min-
imum distance such as 2R, 3R, and 4R, and Figure 11-(b:(II)) shows ran-
dom simulation results with different look-ahead time such as 5min, 10min,
15min, and 20min. Figure 11-(b:(III)) shows random simulation results
with different minimum radius of airspace partition (rmin) such as 30nm,
60nm, 100nm, and 130nm and Figure 11-(b:(IV)) shows random simulation
results with different number of airspace partitions such as 6, 12, and 24
partitions. All random simulation results show that our protocol resolves
all conflicts safely.
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