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ABSTRACT relation between between the Perona-Malik equation [5] and gra-
) o ] ) dient descent procedures for estimating random £elds modeled by
A nonlinear diffusion process known to be effective forimage seg- Gipps distributions. In [2], concepts from robust statistics are used
mentation is analyzed in 1-D. It is shown that it optimally solves modify the Perona-Malik equation.
certain edge detection problems. A fast implementation of the al- The goal of this paper is to move forward the discussion of
gorithm is introduced. question (*). We consider a very simple nonlinear diffusion (a
variant of those in [6]) which provides a multiscale sequence of
1. INTRODUCTION. _segmentatio_ns of its ini_tial _condition_._ We describe an effcient
implementation of the diffusion, requirin@(V log N) computa-

The recent years have seen a great number of exciting develop!ions in the worst case, where is the size of the input signal. We
ments in the £eld of nonlinear diffusion £ltering of images. Many @PPly our algorithm to 1-D signals, and describe detection prob-
theories have been proposed that result in edge-preserving scallems which are solved optimally by this diffusion. All results are
spaces possessing various interesting properties (see [1, 5, 4, 7, atate_d wnhout proof due to space constramts. T_he proofs will be
and many other references in [9]). One striking feature uniting Published in alonger paper, currently in preparation.

many of these frameworks—including our own [6]-is that they are

deterministic. Usually, one starts with a set of “common-sense” 2. BACKGROUND AND NOTATION.

principles which an image smoothing operation should satisfy. Ex-

amples of these are the axioms in [1] and the observation in [5] A family of systems of ordinary differential equations, called Sta-
that, in order to achieve edge preservation, very little smoothing bilized Inverse Diffusion Equations (SIDEs), was proposed in [6]
should be done at points with high gradient. From these principles, for restoration, enhancement, and segmentation of signals and im-
a nonlinear scale space is derived, and then it is analyzed—againages. The (discretized) image to be processed is taken to be the
deterministically. Note, however, that since the objective of these initial condition for the equation, and the evolution of the equation
techniques is usually restoration or segmentation of images in theprovides a £ne-to-coarse family of segmentations (i.e., piecewise-
presence of noise, a natural question to ask would be: constant approximations) of the image. This family is indexed by
the “scale” (or “time”) variablg, which assumes values frobrto

oo. Initially (¢ = 0), the £nest possible segmentation is assumed:
each pixel is a separate region. In the course of evolution, two
Affrmative answer would help us understand which technique is neighboring regions are merged whenever the difference between
suited best for a particular application, and aid in designing new their intensity values becomes equal to zero (as shown in [6], this
algorithms. It would also put the tools of the classical detection Will occur in £nite time for every pair of regions). The intensity
and estimation theory at our disposal for the analysis of these tech-valuew; inside thei-th region evolves according to

nigues. There has been a shortage of published attempts to address ] 1

these issues—most likely, because the complex nature of the non- Ui = — Z F(u; — ui)pij, @

m;
linear partial differential equations (PDESs) considered and of the JEA;

images of interest make this analysis prohibitivelly compliqatgd. wherei; is the time derivative ofi;; m; is the number of pixels in
Most notable exceptions are [8, 11] which establish a qualitative {he ;-tn region; 4; is the set of the indices of all the neighbors of
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Do the nonlinear diffusion techniques solve standard
estimation or detection problems? *)




The usefulness of SIDEs forimage segmentation was shown in

[6]; in particular, it was experimentally demonstrated that SIDEs
are robust to noise outliers and blurring. They are considerably

3. SIDE AS AN OPTIMIZER OF A STATISTIC.

The usefulness of the SIDE (2,3) in solving edge detection prob-

faster than other image processing algorithms based on evolutiolems comes from its ability to maximize certain statistics.
equations, since region merging reduces the dimensionality of the

system during evolution.

In this paper, we consider a special case of (1) in 1-D, which
results if one drops the “monotonically decreasing” requirement
on F', and takes'(v) = sgn(v) instead. Specifcally, we are in-
terested in the evolution of the following equation:

. ng'(u2 — ul) . SQI’(UNA — uN)
u = ——5 UN = ——————————————,
mi1 mn

mi(sgr(unﬂ — Up) — SOMUn — Un—1)), (2)

n

forn=2,...,N —1,

Un

with the initial condition

®)

where, as we explain below in Section, is either the signal
to be processed or a sequence of logarithms of likelihood ratios.
Both here and in the rest of the papat,stands for the number of

u(0) = uo,

samples in the signals under consideration. Boldface letters denote®

these signals, whose entries are always denoted by the same lett
with subscriptsl throughN: u = (u1,...uy)”. Just as in [6],
initially m,, = 1,forn = 1,..., N. As soon as; becomes equal

to ui+1, these values stay equal forever, and their equations are

replaced with

(sgn(wite — wir1) — SgMu; —

mi + Mit1

ui-1))

Ui = Uit1 4)
We apply the SIDE (2,3) to binary classiEcation problems.
Given an observatiog, the goal is to label each sample as coming
from one of two classes, i.e. to produce a binary sidnathose
entries are zeros and ones. We call any such binary stgadily-
pothesis We denote the set of alV-dimensional hypotheses by
{0,1}N. If hy # hit1, We say that aredgeis hypothesized at
locationé, and we call sgfh;+1 — h;) thesign of the edge
A statisticis simply a functionp : R™ x {0,1} — R. The
optimal hypothesish* (u) for a signalu € IRY with respect tap
is
* def
h = ,h).
(u) arg  max ¢(u, h)
Sometimes it is necessary to choose the best hypothesis amon
those whose number of edges does not exceed some canmstant

def

hZ,(u) = arg max ¢(u, h).

h € {0,1}", h hasv or fewer edges

Note that a hypothesis is uniquely def£ned by the set of its
edges and the sign of one of the edges. Therefore, binary classi-
£cation problems can also be viewed as edge detection problems.
For the problems considered in this paper, the optimal edge loca-
tions will typically be level crossings of some signal. A signaé
said to have am-crossingat location: if (u; — a)(u; — ) <0,
wherej = min{n: n > i,u, # «}. We defne the hypothesis
generatedy a set ofx-crossingg g1, - . . , g» } of u as the hypoth-
esis whose edges are@t . .., g, and for which the sign of the
edge ay: is equal to sgfw — uyg, ).

Proposition 1 Fix the initial conditionu, of the SIDE (2), and
let u(t) be the corresponding solution. Suppose that a statistic
satisf£es two conditions:

1) 4 {é(u(t),h) —hTu(®) } = 0;
2) there existsx € IR such that¥t > 0, the optimal hypothesis
h*(u(t)) is generated by the set of allcrossings ofu(t).

Letv, (t) be the number ak-crossings ofa(¢). Then
hZ,, ) (u0) =h™(u(?)).

This proposition says that, if the SIDE is evolved umtil(t)
«a-crossings remain, then thesecrossings are the optimal edges,
where “optimality” means maximizing the statisti¢uo, h) sub-
ject to the constraint that the hypothesis hayét) or fewer edges.
It can be verifed that. (t) is a non-increasing function of time,
with v (c0) = 0. Unfortunately,v (¢) is not guaranteed to as-
sume every integer value between(0) and0. It can be shown,
however, that even if for some integer < v, (0) there is not
uch thawv, (t) = v, we can still Endh X, (uo) using the set ofi-
ossings of the solution to the SIDE.Uf> v, (uo), then, from
the de£nitions oh% , (uo) andh*(uo), we immediately have:

Proposition 2 Suppose thap is a statistic which satis£es the two
conditions of Proposition 1. if > v, (uo), then

h;,,(uO) = h*(uo). | ]

4. IMPLEMENTATION.

Our goalisto geh% , (uo) for a given number and a given statis-

tic ¢ satisfying the conditions of Proposition 1. Rather than com-
puting u(¢) for all ¢, we compute the evolution of the set of its
a-crossings, since, as explained in the previous section, this set
is all we need for determininb%, (uo). We do this by using a
different region merging method than that described in [6] and re-
viewed in Section 2. We re-de£neegion as the set of samples
between twon-crossings ofug. We now give a summary of the
algorithm without proof.

1. Initialize. Let A be the set of alki-crossings ofu, ordered

from left to right, and letv = v, (0). If o < v, stop: by

g Proposition 2hZ, (uo) is generated byl.
2. Compute the energiesDenote the elements of the sétby
g1,---, 95, and formv + 1 regions:(1, g1), (g1 + 1, 92), - - -

(9541, IN), where notatior{i, j) means a region consisting of
sampleg throughjy. Let p;; be defned byp,;; = 1ifi =1
orj = N, andp;; = 2 otherwise. De£ne thenergyof (i, )

aSEij = i ’Ei:i(uo,n — Oé)|

3. Remove the region with minimal energy.Let (i, jm) be

the region for whichE;; is the smallest (if there are several
regions with the smallest energy, choose any one). Re-defne
A andv via

A — A\ {im,jm}, v« the size of the new.

fo=v+1,letB=A.If v >v,gotostep 2.
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Figure 1: Edge detection for a binary signal in Gaussian noise.
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Figure 2: Detection of changes in variance of Gaussian noise.

4. Post-processing.If 7 = v, stop: h%,(uo) is generated by
A. Otherwise, leb; andb, ;1 be the Erst and last elements of
the setB, respectively. Leh', h?, andh?® be the hypotheses
generated byd, B\ {b:}, andB\ {b, 1}, respectively. Then

max
he{h!,h? h3}

(]5(110, h)

hZ, (u) = arg

Using fast sorting algorithms [3], it is possible to make this imple-
mentation run inO(>_"* " log 7 + N) time, which isO(N)

in the best case an@ (N log N) in the worst case. By contrast,
the brute-force method of testing every hypothesis with . | v

edges has polynomial complexigy( NN =)y,

5. EDGE DETECTION PROBLEMS OPTIMALLY
SOLVED BY THE SIDE.

In this section, we exhibit detection problems whose solution is
equivalent to maximizing a statistic satisfying the conditions of
Proposition 1, for any initial condition of the SIDE. These prob-
lems can therefore be solved by the SIDE.

5.1. Two Distributions with Known Parameters.

Let y be an observation of a sequenceMdfindependent random
variables. Suppose that each random variable has probability den-
sity function (pdf) eitherf (y, 6o) or f(y, 61), wheref, andd, are
known. It is also known that the number of changes between the
two pdf’s does not exceed however, it is not known where these
changes occur.

To obtain the maximum likelihood hypothesis [10], we have
to maximize the log likelihood function

Z log f(y:,01) + Z log f(yi,00),

ith; =1 ith; =0

where the hypothesis is such that the samplg is hypothesized
to be from the pdff (v, 65, ). Note that by making the de£nitions

uo,i = log f(y:,01) — log f(yi, 00), (5)

we see that the log likelihood is equal to

N
hTuo + Z log f(yi, 6o).

=1

The second term is independentlof and therefore maximizing
this function is equivalent to maximizing

$(uo,h) < )
which obviously satisEes the £rst condition of Proposition 1, for
anyu(t). It can also be easily verifed that, for any € IR, the
hypothesish* (uo), optimal with respect t@, is generated by the
zero-crossings ofip. Thus, the SIDE can be employed for £nding
the maximum likelihood hypothesis ,, (uo), whereu, is related
to the observatioy through (5).

T
h uo,

Example 1 Changes in mean in a Gaussian random vector.

In this example,f(y, 0;) is the Gaussian density with medn

and variancd. We tookf, = 0 andf, = 1. We assumed that
the right number of jumpsd,0, is known, and so the stopping rule
for SIDE wasv, (t) < 10. Figure 1, from top down, depicts the
pure mean sequence with ten changes in mean, a corresponding
observationy, and the edges detected by the SIDE (the bottom
plot will be explained in the next subsection). Note that the result
is extremely accurate, despite the fact that the data is very noisy.
The computations toolt.6 seconds on Sparc 10, thanks to the fast
implementation described in Section 4. |

Example 2 Changes in variance in a Gaussian random vector.
Now f(y, ;) is a zero-mean Gaussian density with standard devi-
ationd;; 6p = 1 andf; = 1.5. The changes between the two are

at the same locations as the jumps in the previous example (see the
top plot of Figure 1). The top plot of Figure 2 shows an observa-
tion y. Again, we assume that the number of changes is known.
The bottom plot of Figure 2 shows the changes detected by the
SIDE, depicted as a binary sequencég$ andd;’s. In addition

to being very accurate, the computations took just 0.6 secomds.

5.2. Two Gaussian Distributions with Unknown Means.

Suppose thaf (y, 0;) is the Gaussian density with meén and
variances?. Let h be a hypothesis, and 1& be a sequence of
N random variables which are conditionally independent glven



with the-th random variabl&’; having conditional pdf (y, 6, ).
Let v be an upper bound on the number of edgeh.inet K be
the number of zeros ih, and defner; = ;—%;-v/N. Let the
prior knowledge be as follows:

6o andh are unknown;

o, 01, andv are known;

K is a random variable with the following discrete Gaussian
probability mass function:

1(k—%\?
pr(K = k) = Cexp —§< 2) ,k=1,...,N—1,
o1 Figure 3: Edge detection in 2-D.
whereC' is a normalization constant.
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