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ABSTRACT

Dong, Xiaogang Ph.D., Purdue University, May, 2007. Document Page Classi�cation and
Nonlinear Diffusion Filtering for Image Segmentation and Noise Removal. Major Profes-
sor: Ilya Pollak.

We develop a real-time, strip-based, low-complexity document page classi�cation al-

gorithm, which can be used as a copy mode selector in the copy pipeline. It analyzes the

scan images and classi�es them into one of eight modes. Modesare the combinations

of mono/color and text/mix/picture/photo settings. Mode classi�cation is 29accurate with

misclassi�cations tending towards benign modes. The bene�ts of such a copy mode se-

lector include improving copy quality, simplifying user interaction, and increasing copy

rate.

We propose a novel family of nonlinear diffusions and apply it to the problem of seg-

mentation of multivalued images de�ned on arbitrary graphs. These equations generalize

previously proposed scalar-valued diffusion equations which have been used for segment-

ing grayscale images. We demonstrate the effectiveness of our new methods on a large

number of color, texture and natural image segmentation tasks. We in addition introduce

another extension of our diffusion equations which can process orientation images, i.e.,

images whose every pixel takes values on a circle.

We analyze a speci�c scalar-valued diffusion equation and show that it can be used as

an approximate method for solving the constrained total variation minimization problem

posed by Osher, Rudin, and Fatemi.
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1. MULTISCALE SEGMENTATION WITH VECTOR-VALUED

NONLINEAR DIFFUSIONS ON ARBITRARY GRAPHS.

1.1 Introduction.

The use of partial differential equations in image processing has been developed over

the last twenty years for various tasks such as restoration,reconstruction, and segmentation,

among others (see, for example, [1–4] and references therein). The input image is treated

as the initial data for a diffusion-like differential equation [5–8]. The unknown in this

equation is usually a function of three variables: two spatial variables (one for each image

dimension) andscale. This function of three variables is called thescale-space, and is

alternatively viewed as a collection of 2D images, one imagefor every value of the scale

parameter.

The scale is sometimes also calledtime because of the similarity of such equations

to evolution equations encountered in physics. In fact, oneof the starting points of this

line of investigation was the observation [5, 8] that smoothing an image with Gaussians

of varying width is equivalent to solving the linear heat diffusion equation with the im-

age as the initial condition. Speci�cally, the solution to the heat equation at timet is the

convolution of its initial condition with a Gaussian of variance2t. Gaussian �ltering has

been used both to remove noise and as a pre-processor for edgedetection procedures [9].

It has serious drawbacks, however: it displaces and removesimportant image features,

such as edges, corners, and T-junctions. The interpretation of Gaussian �ltering as a linear

diffusion led to the design of other, nonlinear, evolution equations, which better preserve

these features [1, 7, 10–12]. For example, one motivation for the work in [7] is achieving

both noise removal and edge enhancement through the use of anequation which in essence

acts as an unstable inverse diffusion near edges and as a stable linear-heat-equation-like

diffusion in homogeneous regions without edges.
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The anisotropic diffusions introduced in [7,13] were the point of departure for the devel-

opment of stabilized inverse diffusion equations (SIDEs) in [14]. It was shown in [14] that

SIDEs may be viewed as a conceptually limiting case of the Perona-Malik diffusions. As

shown in [14], the scale-space of such an equation is a familyof piecewise-constant approx-

imations of the original image, with larger values of the scale parametert corresponding

to approximations at coarser resolutions. Since the approximations are piecewise-constant,

the scale-space can also be viewed as a �ne-to-coarse familyof segmentations of the image,

and the process of evolution can be viewed as a region-merging procedure whereby pairs of

regions get recursively merged to result in progressively coarser segmentations. SIDEs are

therefore naturally suited to the problem of image segmentation. Their effectiveness for the

segmentation of grayscale images was shown in [14]. It was also experimentally demon-

strated in [14] that SIDEs are robust to noise outliers and blurring, and their optimality for

certain estimation problems was proved in [15,16]. In addition, SIDEs lend themselves to

faster algorithms than other evolution equations, since region merging reduces the dimen-

sionality of the system during evolution.

Since they produce piecewise-constant approximations, however, the original SIDEs

are not well suited to the problem of texture segmentation. This dif�culty is common to

many texture analysis problems, and is typically overcome with a preprocessing step which

extracts features from a textured image [17–31]. The goal offeature extraction is to obtain

data which is closer to being piecewise-constant than the original textured image. We use

the output of a Gabor �lter bank as the feature image, following a large body of literature

(see, e.g., [17, 20–23, 26–29]) which has shown the effectiveness of Gabor features for

texture analysis. If there areK �lters in the Gabor �lter bank, then each pixel of the feature

image hasK values. (We note here that other features can be used, and also that there

exist many other situations which can give rise to vector-valued image data, such as color

images or outputs from multiple sensors [32].) In Section 1.2, we introduce vector-valued

diffusions which can segment such vector-valued images. Wepropose a novel, �exible

way of weighting the features during the evolution which allows us, for example, to weight



3

�ne-scale features more heavily at the beginning of the evolution—i.e., for small values of

t—and to weight coarse-scale features more heavily during the later stages of the evolution.

We in addition develop a novel general way of introducing into our diffusion equations

the information about the shapes of the image regions. This is done in Section 1.2 where

our diffusion is interpreted as a gradient descent procedure for a certain energy functional.

Both the structure of the underlying space where the gradientdescent occurs, and the energy

functional itself, are dependent on the image regions.

We illustrate our algorithm in Section 1.4 by applying it to segmenting noisy color

images. Section 1.5 provides a thorough experimental evaluation of our algorithm. We

show that it outperforms several existing methods in a variety of texture segmentation tasks.

We give several examples of segmentation of natural images in Section 1.6.

1.2 SIDEs for Vector-Valued Images De�ned on an Arbitrary Domain.

1.2.1 Scalar-Valued Diffusions on an Arbitrary Domain.

We de�ne a real-valued image on an arbitrary �nite setN of points as any function

which assigns a real number to every point inN . In our segmentation tasks, it is important

to de�ne adjacency relationships on the points inN , and therefore we assume thatN is

the set of nodes of an undirected graphG = ( N ; L ) where the setL of links consists of

unordered pairs of distinct nodes. Iff m; ng is a link, we say that the nodesm andn are

neighbors. For example,Gcould be a �nite 2D rectangular grid where each node has four

neighbors: east, west, north, and south, as in Fig. 1.1(a).

We letN be the total number of nodes and, without loss of generality,denote the nodes

by the integers1; 2; : : : ; N , i.e., we assume thatN = f 1; 2; : : : ; Ng. An imageu can

then be thought of as anN -dimensional vector:u = ( u1; : : : ; uN ) 2 RN . We moreover

useu(t) to denote a parametric family of images de�ned on the setN for all values of

a continuous-valued nonnegativescale parametert, and we call the collection of images

f u(t)g1
t=0 ascale-space.
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To describe the speci�c scale-space that we use in this paper, we need the following

further de�nitions. We say that a set of nodesR � N is a region if, for any two nodes

m; n 2 R, there exists apath betweenm and n—i.e., a sequence of links of the form

f m; m1g, f m1; m2g, : : :, f mk� 1; mkg, f mk ; ng. Two disjoint regionsR1, R2 are called

neighborsif there exist two nodesm 2 R1, n 2 R2 which are neighbors, i.e., such that

f m; ng 2 L . Given a partitionS = f R1; : : : ; RI g of the setN into I disjoint regions,

we let NBR-PRSbe the set of all pairs of neighbor regions inS, and we letNBRS(Ri ) be

the set of all regions inS that are neighbors of a regionRi 2 S. For example, a partition

S consisting of three regions is shown in Fig. 1.1(a). In this example, each region is a

neighbor of the other two.

For any partitionS = f R1; : : : ; RI g of N , we letUS be the set of all piecewise constant

images which are constant over each regionRi 2 S. One such image, for the partition in

Fig. 1.1(a), is shown in Fig. 1.1(b). We use� i (u) to denote the intensity of any such image

u within regionRi . Note thatUS is a vector space. To impose a metric on this space, we

de�ne the following inner product.

hu; v i
4
=

IX

i =1

a(Ri )� i (u)� i (v); (1.1)

wherea(Ri ) is a positive weight function which enables us to weight the contributions of

various regions differently. For example,a(Ri ) may encode some information about the

shape (or size, or location) ofRi .

We consider functionalsE de�ned for images inUS which have the following form:

E(u) =
X

f R i ;R j g2 NBR-PRS

b(Ri ; Rj ) E(j� i (u) � � j (u)j); (1.2)

whereb(Ri ; Rj ) is a positive weight function withb(Ri ; Rj ) = b(Rj ; Ri ), andE is such

thatE(0) = 0 and its derivative,E 0(x), is positive forx > 0. The functionb(Ri ; Rj ) allows

us to assign different weights to different pairs of regions, according to, for example, the

shape or length or the boundary betweenRi andRj .
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(a) (b)

(c) (d) (e)

Fig. 1.1.: (a) A graph and its partitionS into three regions. (b) An imageu 2 US whereUS is the space of

all images which are constant over each region ofS. (c,d,e) Three vectors which form an orthonormal basis

for US .

Given an imageu(0) 2 US, we generate a scale-spaceu(t) by solving the following

gradient descent procedure fort > 0:

_u(t) = �rE (u(t)) ; (1.3)
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where _u(t) is the derivative ofu(t) with respect to the scale parametert, andr stands for

the gradient in the spaceUS equipped with the inner product (1.1). We now show how to

implement this descent equation.

Lemma 1 For i = 1; : : : ; I , let the imageei 2 US be the indicator function of the region

Ri multiplied by1=
p

a(Ri ), i.e., let

� j (ei ) =

8
<

:

1p
a(R i )

if j = i

0 if j 6= i
for i; j = 1; : : : ; I: (1.4)

These images then constitute an orthonormal basis forUS.

Proof. Using Eq. (1.1), it is easily shown that theseI images are orthonormal. SinceUS is

anI -dimensional space, they form an orthonormal basis forUS.

The three indicator functions for the regions of Fig. 1.1(a)are shown in Figs. 1.1(c-e).

They form an orthogonal basis for the spaceUS de�ned by the partitionS of Fig. 1.1(a)

(and if a(Ri ) = 1 then this basis is orthonormal).

Proposition 1 The gradient descent procedure (1.3) can be equivalently written1 as fol-

lows:

_� i =
1

a(Ri )

X

R j 2 NBRS(R i )

b(Ri ; Rj )
� j � � i

j� j � � i j
E 0(j� j � � i j); for i = 1; : : : ; I; (1.5)

whereE 0 is the derivative ofE.

Proof. As shown in Lemma 1, the vectorse1; : : : ; eI illustrated in Figs. 1.1(c-e) form an

orthonormal basis for the spaceUS. This means that any imageu(t) which is an element

of the spaceUS, can be represented as a linear combination of these basis vectors,

u(t) =
IX

i =1

ci (t)ei ;

where thei -th coef�cient ci (t) is the inner product of the image with thei -th basis vector:

ci (t) = hu(t); ei i

1When there is no possibility of confusion, we abbreviate� i (u(t)) as� i .
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Eq. (1.1)
=

IX

j =1

a(Rj )� j (u(t)) � j (ei )

Eq. (1.4)
= a(Ri )� i (u(t))

1
p

a(Ri )

=
p

a(Ri )� i ; (1.6)

where in the last expression we have abbreviated� i = � i (u(t)) . Eq. (1.6) can be sub-

stituted into Eq. (1.2) to write the functionalE in terms ofci 's. This yields the following

gradient descent in theci coordinates:

_ci = �
@E
@ci

= �
@

@ci

8
<

:

X

f R i ;R j g2 NBR-PRS

b(Ri ; Rj ) E

 �
�
�
�
�

1
p

a(Ri )
ci �

1
p

a(Rj )
cj

�
�
�
�
�

! 9
=

;

= �
X

R j 2 NBRS(R i )

b(Ri ; Rj )p
a(Ri )

�
ci =

p
a(Ri ) � cj =

p
a(Rj )

jci =
p

a(Ri ) � cj =
p

a(Rj )j
E 0(jci =

p
a(Ri ) � cj =

q
a(Rj )j):

Using Eq. (1.6) again to rewrite this in terms of� i 's, we get:

p
a(Ri ) _� i =

X

R j 2 NBRS(R i )

b(Ri ; Rj )p
a(Ri )

�
� j � � i

j� j � � i j
E 0(j� j � � i j);

which is the same as Eq. (1.5).

Note that the general paradigm of de�ning scale-spaces through various gradient de-

scent procedures is standard [1,7,8,11,14], and is typically implemented on a four-neighbor

grid (see Fig. 1.1(a)) using an energy functional of the form

X

f k;n g2 NBR-PRS

E(juk � un j):

In this case, the gradient is taken in the whole spaceRN equipped with the standard inner

product. Note that this is a special case of our framework, with each region consisting of a

single pixel, witha � 1 in Eq. (1.1), andb � 1 in Eq. (1.2). A key novelty of our method

consists of generalizing this pixel-based approach to arbitrary regions. Our generalization

of the energy functional is Eq. (1.2), the standard inner product is generalized by the inner

product (1.1), and the gradient descent occurs in the spaceUS equipped with this new inner

product.
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1.2.2 Vector-Valued SIDEs on an Arbitrary Domain.

We have assumed so far that the image intensities are scalars. We now generalize our

evolution equations (1.3,1.5) to the case when each image intensity is aK -dimensional

vector. In this case, an imageu can be thought of as anN � K -dimensional vector:

u = ( ~u1; : : : ; ~uN ) 2 RN � K , where eachintensity vector~un = ( un;1; : : : ; un;K ) is in RK .

An intensity vector can, for example, be the vector of red, green, and blue intensities for a

color image, or correspond toK features extracted from a texture image. Each entry of an

intensity vector is called acomponent.

To de�ne a metric on the spaceRK of all intensity vectors, we use the following inner

product between two intensity vectors~um and~un :

h~um ; ~un i w
4
=

KX

k=1

um;k wkun;k ; (1.7)

where the positive weightsw = ( w1; : : : ; wK ) allow us to assign different relative impor-

tance to different components of an image. We denote the normcorresponding to this inner

product byk � kw .

As previously, we �x a partitionS = f R1; : : : ; RI g of the setN of nodes, and letUS

be the set of all piecewise constant images which are constant over each regionRi in the

partition. We now use~� i (u) to denote the vector intensity of any such imageu within

regionRi . We de�ne an inner product on the spaceUS by generalizing our de�nition (1.1)

as follows:

hu; v i
4
=

IX

i =1

a(Ri ) h~� i (u); ~� i (v)i w ; (1.8)

whereh�iw is the inner product for the intensity vectors de�ned in Eq. (1.7).

We again generate a scale-space of images inUS, starting with a given imageu(0) 2 US

and using the descent procedure (1.3) where the functionalE is the following generalization

of Eq. (1.2):

E(u) =
X

f R i ;R j g2 NBR-PRS

b(Ri ; Rj ) E(k~� i (u) � ~� j (u)kw): (1.9)
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Fig. 1.2.: (a) A SIDE energy functionE . (b) Its derivativeE 0.

Proposition 2 The gradient descent procedure (1.3) for vector-valued images can be equiv-

alently written as follows:

_~� i =
1

a(Ri )

X

R j 2 NBRS(R i )

b(Ri ; Rj )
~� j � ~� i

k~� j � ~� i kw
E 0(k~� j � ~� i kw); for i = 1; : : : ; I: (1.10)

Proof. Similar to the proof of Proposition 1.

We use a SIDE energy functionE [14,33,34]—i.e., a functionE such that

E 00(x) < 0 for x > 0; (1.11)

as illustrated in Fig. 1.2(a). In addition, we impose that

lim
x! 0

E 0(x) = + 1 ; (1.12)

as shown in Fig. 1.2(b). For example,E(x) =
p

x has the desired shape. With this choice

of the functionE, Eq. (1.10) is well suited for segmentation since it encourages the merging

of pairs of neighbor regions. Speci�cally, as we presently show, the two properties (1.11)

and (1.12) ensure that the solution of Eq. (1.10) is attracted to subspaces ofUS which have

the formUi;j = f v : ~� i (v) = ~� j (v)g wheref Ri ; Rj g 2 NBR-PRS. To see this, note that, if

the solutionu(t) is very close to one such spaceUi;j and is away from all other spacesU�i; �j

then Eq. (1.12) implies thatE 0(k~� j � ~� i kw) >> E 0(k~� �j � ~� �i kw), and therefore the dynamics

for both ~� i and~� j will in this case be dominated by the term involvingE 0(k~� j � ~� i kw).

Denoting~� ij = ~� j � ~� i , we then have, from Eq. (1.10):

_~� ij = �
�

1
a(Ri )

+
1

a(Rj )

�
b(Ri ; Rj )

~� ij

k~� ij kw
E 0(k~� ij kw): (1.13)
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Let x = k~� ij kw . Then Eq. (1.13) can be shown to imply

_x = � CE0(x);

whereC =
�

1
a(Ri )

+
1

a(Rj )

�
b(Ri ; Rj ) > 0. SinceE 0(x) > 0, we have that_x < 0, and

sinceE 00< 0 we have that

•x = � CE00(x) _x = C2E 00(x)E 0(x) < 0;

which means thatx will reach zero in �nite time. When this happens,� i = � j , and

we effectively have a partition which is coarser than the partition S since nowRi [ Rj

can be viewed as a single region. This motivates the following multiscale region-merging

segmentation algorithm.

1. Sett init  0.

2. Given a partitionS of N and an imageu(t init ) 2 US, evolve Eq. (1.10) fort >

t init until the timetmerge when~� i (u(tmerge)) = ~� j (u(tmerge)) (numerically, when

k~� i (u(tmerge)) � ~� j (u(tmerge))kw < " where" is a small parameter) for some pair

of neighbor regionsf Ri ; Rj g.

3. Remove regionsRi andRj from S and add regionRi [ Rj :

S  Snf Ri ; Rj g [ f Ri [ Rj g:

4. If the desired number of regions is reached, stop. Else, de�ne the values of the

functionsa andb for the newly formed region, adjust the weightswk (if desired),

assignt init  tmerge , and go to Step 2.

We point out that, while Eq. (1.10) is the gradient descent for the functionalE of Eq. (1.9),

the solution of interest is not a minimum ofE, because of the stopping rule in Step 4 of the

above algorithm. Indeed, minimizingE is trivial and is achieved by any constant image,

i.e., by setting~� i (u) = ~� j (u) for all i andj , to result inE = 0. Such a constant image will

eventually be reached by the above algorithm if no stopping rule is used.



11

1.3 Characterizing the Performance of a Segmentation Algorithm.

We now describe the methodology for evaluating the performance of our algorithm in

the color and texture segmentation experiments of Sections1.4 and 1.5. If the true region is

Ri whereas the region extracted by our algorithm isR̂i , we de�ne the mismatchM (Ri ; R̂i )

between the true and estimated regions as the set of all nodeswhich are in one of these

regions but not in their intersection:

M (Ri ; R̂i )
4
= ( Ri nR̂i ) [ (R̂i nRi ):

We assume in all our experiments that the target number of regions I is given. The

mismatch between the ground truth partitionS = f R1; : : : ; RI g and the partitionŜ =

f R̂1; : : : ; R̂I g extracted by our algorithm is de�ned for any permutation� of the indexes

1; : : : ; I as follows:

MISMATCH(S; Ŝ; � )
4
=

I[

i =1

M (Ri ; R̂� ( i )):

To characterize the performance of our segmentation algorithm, we choose the best match

as follows:

� � 4
= arg min

�

�
�
�MISMATCH(S; Ŝ; � )

�
�
� :

Then we de�ne

ERROR-SET(S; Ŝ)
4
= MISMATCH(S; Ŝ; � � )

ERROR-PERCENTAGE(S; Ŝ)
4
=

jERROR-SET(S; Ŝ)j
jN j

� 100%;

i.e., the error percentage is de�ned as the ratio (in percent) of the number of mismatched

pixels to the total number of pixels.

1.4 Segmentation of Color Images.

We �rst illustrate our segmentation algorithm by applying it to color images which are

viewed asR3-valued images with red, green, and blue components. In these experiments,

we useE(x) =
p

x, seta(Ri ) to be the areajRi j of regionRi (i.e., the number of nodes in
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(a) (b) (c)

Fig. 1.3.: (a) A test image; (b) its noisy version (normalized); (c) detected boundary, superimposed onto the

noise-free image.

Ri ), initialize each pixel to be a separate region, and use an eight-neighbor model where the

neighbors of pixeln are the eight pixels surroundingn. We setb(Ri ; Rj ) to be the length

of the boundary betweenRi andRj —i.e., the number of such linksf m; ng thatm 2 R1

andn 2 R2.

1.4.1 Experiment 1: A Simple Shape.

We start by applying our vector-valued SIDE to the color image in Fig. 1.3. The image

in Fig. 1.3(a) consists of two regions: two of its three colorcomponents undergo an abrupt

change at the boundary between the regions. More precisely,thef red, green, blueg compo-

nent values aref 0:1; 0:6; 0:9g for the background andf 0:6; 0:6; 0:5g for the square. Each

component is corrupted with independent white Gaussian noise whose standard deviation

is 0:4. The resulting image (normalized in order to make every pixel of every component be

between0 and1) is shown in Fig. 1.3(b). We evolve our vector-valued SIDE onthe noisy

image, until exactly two regions remain. The �nal boundary,superimposed onto the initial

image, is depicted in Fig. 1.3(c). The algorithm is very accurate in locating the boundary:

the error set occupies less than0:5%of the pixels for this100� 100image. This is a typical

result, as con�rmed by Table 1.1 which shows segmentation results for 100 different white
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Table 1.1: Statistics of the errors (in percentages of the total numberof pixels) in the color image segmenta-

tion experiments.

Min Max Avg Std

Color Experiment 1 0.4% 1.3% 0.7% 0.2%

Color Experiment 2 0.5% 1.4% 0.8% 0.2%

(a) (b) (c)

Fig. 1.4.: (a) A test image; (b) its noisy version (normalized); (c) detected boundary, superimposed onto the

noise-free image.

Gaussian noise realizations with standard deviation0:4 added to the noise-free image of

Fig. 1.3(a). The average error in these experiments is0:7%.

1.4.2 Experiment 2: A Complicated Shape.

A similar experiment, with the same level of noise, is conducted for a more complicated

shape, whose image is in Fig. 1.4(a). The result of processing the noisy image of Fig. 1.4(b)

is shown in Fig. 1.4(c). In this100� 100image,0:7%of the pixels are errors. The results of

a Monte-Carlo experiment with 100 different noise realizations are recorded in the bottom

row of Table 1.1, showing that the average error is0:8%.
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1.5 Texture Segmentation.

1.5.1 Feature Extraction.

The use of Gabor features [35, 36] is a well established strategy in the texture analysis

literature [17, 20–23, 26–29]. We adopt Gabor energy features from [23, 27, 29]. These

features depend on three parameters: orientation� , scale� , and frequency! 0, which we

abbreviate as�
4
= ( �; �; ! 0). Given an imagef (x; y), the Gabor energy featureu(x; y; � )

at orientation� , scale� , and frequency! 0 is calculated by �ltering the image with a

pair of Gabor �ltershc(x; y; � ) andhs(x; y; � ) to obtain the �ltered imagesgc(x; y; � ) and

gs(x; y; � ), respectively. These �ltered images are then combined via:

u(x; y; � ) =
p

gc(x; y; � )2 + gs(x; y; � )2: (1.14)

In our experiments, the Gabor �lter pair is the following pair of �lters with quadrature

phase relation [23,27,29]:

hc(x; y; � ) = e� 0:5� � 2 (�x2+�y2 ) cos (! 0 �x) ;

hs(x; y; � ) = e� 0:5� � 2 (�x2+�y2 ) sin (! 0 �x) ;

where

�x = x cos� + y sin�;

�y = � x sin� + y cos�:

The frequency responses of these two �lters are:

Hc(! x ; ! y; � ) = �� 2
n

e� 0:5� 2 [(�! x + ! 0 )2+�! 2
y ] + e� 0:5� 2 [(�! x � ! 0 )2+�! 2

y ]
o

;

Hs(! x ; ! y; � ) = �� 2
p

� 1
n

e� 0:5� 2 [(�! x + ! 0 )2+�! 2
y ] � e� 0:5� 2 [(�! x � ! 0 )2+�! 2

y ]
o

;

where

�! x = ! x cos� + ! y sin�;

�! y = � ! x sin� + ! y cos�:
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(a) (b) (c) (d)

Fig. 1.5.: A pair of Gabor functions with quadrature phase relation. (a) even impulse response; (b) corre-

sponding frequency response

; (c) odd impulse response; (d) corresponding frequency response

Note thatHc(! x ; ! y; � ) is a real-valued, even function andHs(! x ; ! y; � ) is a purely imaginary-

valued, odd function. Both these �lters are bandpass �lters centered at(! 0 cos�; ! 0 sin� )

in the frequency domain.

Fig. 1.5 shows the intensity map of a pair of Gabor �lters in the space and frequency

domains. The even Gabor �lterhc(x; y; � ) is presented in Fig. 1.5(a), and the corresponding

odd Gabor �lterhs(x; y; � ) is in Fig. 1.5(c). Fig. 1.5(b) shows the real part ofHc(! x ; ! y; � )

since it is a real function in the frequency domain. Similarly, Fig. 1.5(d) shows the imagi-

nary part ofHs(! x ; ! y; � ).

Feature selection for texture analysis is an active research area. For example, features

based on wavelets [18, 19, 26, 30, 37–39] and wavelet packets[24, 40, 41] have been pro-

posed. We emphasize that while we use the Gabor energy features in the texture seg-

mentation experiments presented in this paper, our vector-valued diffusion algorithm of

Section 1.2 can be used in conjunction with any set of features.

1.5.2 Parameter Settings.

In order to accurately analyze a repetitive structure such as a texture patch, data points

are needed which cover at least a few periods. We therefore assume that in our texture

segmentation tasks, the areas of the regions cannot be very small, and design the evolution
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(1.10) to encourage the formation of large regions. In all the experiments, the initial seg-

mentation takes every pixel to be a separate region. We assume that the correct number

of regions is known, and stop the evolution when this number of regions is reached. At

the beginning of the evolution, when most regions are small,we use �ne-scale Gabor fea-

tures. We use coarse-scale Gabor features towards the end ofthe evolution since, as small

regions aggregate into larger ones, coarse-scale featuresbecome more informative. In addi-

tion, the existence of only large regions towards the end of the evolution allows us to build

histograms of Gabor �lter outputs within each region as suggested in, for example, [21].

These design considerations motivate the following choices for the parameters.

� To encourage relatively rapid evolution of small regions, we usea(Ri ) = jRi j +

(jRi j=100)3 where the areajRi j of Ri is the number of nodes inRi . For small regions,

a(Ri ) � j Ri j; however, for largejRi j the cubic term dominates and slows down the

evolution of~� i .

� We evolve Eq. (1.10) in two stages. Each stage uses a different set of features. In

stage 1, we use eight-dimensional feature vectors consisting of Gabor features at a

�ne scale� = 1:5 and eight orientations. (When selecting the scales and frequencies,

we use a procedure similar to [22] in order to obtain a good coverage of the frequency

plane.) In stage 2, we use 325-dimensional feature vectors constructed as follows.

For every region, we take 25-bin histograms of 12 Gabor features (three scales� =

1:5; 3; 6, four orientations per scale), and in addition we take a 25-bin histogram of

the original grayscale image.2 We stop stage 1 and start stage 2 as soon as the area

of every region is at least 500 pixels.

� As in the previous section, we setE(x) =
p

x and letb(Ri ; Rj ) be the length of the

boundary betweenRi andRj .

2Note that this two-stage procedure is equivalent to runningboth stages with all 333 features, but setting the
weightswk to zero during each stage for the features that are not used during that stage.
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(a) Test images. (b) Our segmentation results. (c) The ground truth. (d) Error pixels (in black).

Fig. 1.6.: Segmentation results for two two-texture images with straight boundaries (top two rows) and two

two-texture images with random boundaries (bottom two rows).

Table 1.2: Statistics of the errors (in percentages of the total numberof pixels) in the two-texture segmenta-

tion experiments.

Min Max Avg Std

Experiment 1 (straight boundary)0.2% 3.6% 0.6% 0.4%

Experiment 2 (random boundary)0.4% 4.4% 1.2% 0.6%

We have tried many different parameter settings and found that our segmentation results are

not very sensitive to changes of the parameters. The resultsof such experimental sensitivity

analysis for one of our experiments are reported in Section 1.5.5.
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1.5.3 Experiment 1: Two Textures, Straight Boundary.

We form 90 two-texture test images using all pairs of ten Brodatz textures [42].3 Each

test image is obtained by concatenating two256 � 256 texture images. Our nonlinear

diffusion is evolved until two regions remain. The results in Table 1.2 and in the top two

rows of Fig. 1.6 show that our segmentations are very accurate, with only 0.6% average

error.

1.5.4 Experiment 2: Two Textures, Random Boundary.

In the second experiment, 100 test images are generated using two Brodatz textures,

D4 and D84, separated by random boundaries which are 100 independent realizations of a

correlated Gaussian random process. Examples of such boundaries are shown in the two

bottom panels of Fig. 1.6(c), and the corresponding test images are shown in Fig. 1.6(a).

The results are summarized in Table 1.2 and show that, again,our algorithm produces

consistently reliable segmentations, with only 1.2% average error. In this experiment, it

is not easy to visually discern the boundary; the boundariesextracted by our algorithm

(Fig. 1.6(b)), however, are very close to the actual ones. The mismatches between the

extracted boundary and the actual one are shown in Fig. 1.6(d).

1.5.5 Experiment 3: Comparison to [21].

In [21], a segmentation algorithm was developed which optimizes an objective func-

tional obtained from a statistical model of Gabor coef�cients. The database used in [21]4

contains100 512� 512 �ve-texture images two of which are shown in the left column

of Fig. 1.7(a). The corresponding segmentations produced by our algorithm are shown in

Fig. 1.7(b), and the mismatch between the edges found by our algorithm and the actual

edges is in Fig. 1.7(d). The median error percentage on this database reported in [21] is

3The Brodatz texture images were obtained fromwww.ux.his.no/ � tranden/brodatz.html .
4www-dbv.cs.uni-bonn.de/image/mixture.tar.gz
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(a) Test images. (b) Our segmentation results. (c) The ground truth. (d) Error pixels (in black).

Fig. 1.7.: Segmentation of two �ve-texture images from [21].

2:65%; our median error percentage is1:48%. The mean error percentage, estimated from

the histogram given in [21], is about5%; our mean error percentage is2:23%. The his-

togram of the error percentage in Fig. 1.8(a) shows that, formost images, our algorithm's

error percentage is below5%; very few images result in large errors.5

We note that the algorithm of [21] operates on8� 8 image blocks rather than on pixels.

If we convert our segmentation results to8 � 8 blocks by assigning every block to a single

region according to the majority of the pixels in the block, our median and mean error

percentages go up to2:21%and2:79%, respectively.

We in addition use the top image from Fig. 1.7(a) to illustrate the robustness of our

algorithm to parameter changes. We leta(Ri ) = jRi j + ( jRi j=PARAMETER1)3, and run the

segmentation algorithm withPARAMETER1 = 50; 75; 100; 125; 150and with all the other

parameter values as described in Section 1.5.2. The resultsshown in Table 1.3 demonstrate

very similar performance of the algorithm for all �ve settings of PARAMETER1. We let

PARAMETER2 be the number of bins in the Gabor histograms for Stage 2 of the algorithm,

5A large error typically results when a signi�cant segment ofan edge is completely missed by the algorithm,
as in the top row of Fig. 1.9.
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Fig. 1.8.: (a) The empirical distribution of the percentage of error pixels for the 100 test images from [21];

(b) Comparison of the percentage of error blocks for our algorithm and the algorithm from [21].

and run the algorithm withPARAMETER2 = 15; 20; 25; 30; 35and with all the other param-

eter values as described in Section 1.5.2. As shown in Table 1.4, the results are identical for

these �ve parameter settings. Similarly, starting stage 2 as soon as the area of every region

is at leastPARAMETER3 pixels, and settingPARAMETER3 to 400; 450; 500; 550; 600, also

yields identical results, as shown in Table 1.5.

Finally, we use this experiment to evaluate the running timeof our region-merging

algorithm. Excluding the feature extraction stage which iscommon to most typical texture

segmentation algorithms, the average running time of the region merging itself for these

100512� 512images is 120 seconds, with standard deviation 25 seconds, on a Pentium

4 3.0 GHz machine. The average number of iterations performed is 884, with standard

deviation 48.

Table 1.3: Dependence of the errors onPARAMETER1 for the top image in Fig. 1.7(a).

PARAMETER1 50 75 100 125 150

Number of error pixels 2669 2485 2483 2444 2558

Error percentage 1.02% 0.95% 0.95% 0.93% 0.98%
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Table 1.4: Dependence of the errors onPARAMETER2 for the top image in Fig. 1.7(a).

PARAMETER2 15 20 25 30 35

Number of error pixels 2483 2483 2483 2483 2483

Error percentage 0.95% 0.95% 0.95% 0.95% 0.95%

Table 1.5: Dependence of the errors onPARAMETER3 for the top image in Fig. 1.7(a).

PARAMETER3 400 450 500 550 600

Number of error pixels 2483 2483 2483 2483 2483

Error percentage 0.95% 0.95% 0.95% 0.95% 0.95%

1.5.6 Experiment 4: Comparison to [26].

There are12 different test images6 in [26] which are used to evaluate many texture

segmentation algorithms. For each algorithm and each test image, the segmentation in

[26] is obtained using a supervised classi�er trained with features extracted from training

samples of every texture present in the test image. Many different algorithms are obtained

by combining different feature extraction steps (Gabor �ltering, DCT, wavelets, etc) with

different classi�ers (learning vector quantization, feed-forward neural net, etc). We note

here that our segmentation algorithm is unsupervised and isused with the same parameter

settings and features for all our texture segmentation experiments. The two algorithms from

[26] whose average error percentages are the lowest, are compared in Table 1.6 with our

algorithm. For each image, we also provide the mean and the minimum error percentage

over all algorithms evaluated in [26].7 The average error percentage for our algorithm

(rightmost column) is much lower than the best average percentage for [26]. In addition,

our algorithm performs well on some images where all algorithms in [26] have very high

6www.ux.his.no/ � tranden/data.html
7Note that the corrected data for [26]'s Fig. 11(i) comes from
www.ux.his.no/ � tranden/comments.html .
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(a) Test images. (b) Our segmentation results. (c) The ground truth. (d) Error pixels (in black).

Fig. 1.9.: Our segmentation results for images from [26]. Top row: Fig.11(e) from [26]; second row:

Fig. 11(f) from [26]; third row: Fig. 11(h) from [26]; bottomrow: Fig. 11(i) from [26].

error percentages. For example, our algorithm's error percentage for the image shown in

the second row of Fig. 1.9 (taken from Fig. 11(f) of [26]) is 5.8%, compared to 35% for the

best algorithm in [26].

Segmentation results for four of the 12 images are shown in Fig. 1.9.

1.6 Segmentation of Natural Images.

Segmentation of natural images is important since it is often used as the �rst stage of

image analysis algorithms for various tasks such as database organization and retrieval,

classi�cation, detection and recognition of objects in images, compression, etc. Fig. 1.10
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Figure number in [26] 12(a) 12(b) 12(c) 11(a) 11(b) 11(c) 11(d) 11(e) 11(h) 11(i) 11(f) 11(g) mean

Number of textures Two Five Ten Sixteen

Our algorithm 0:5 0:5 0:8 4:1 4:3 11 13 27 6:1 8:4 5:8 14 8:0

Algorithm f8a(d) in [26] 6:5 0:6 7:2 7:2 21 24 19 19 40 30 38 43 21

Algorithm f16b(d) in [26] 8:1 0:8 8:2 8:7 19 24 18 17 40 29 36 42 21

Best over all methods in [26] 0:7 0:2 2:5 7:2 19 21 17 17 33 28 35 42 18

Mean over all methods in [26] 15 2:8 11 18 33 35 35 31 47 46 51 60 32

Table 1.6: The comparison of error percentages for 12 test images.
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illustrates the performance of our algorithm on several images from the Berkeley segmen-

tation dataset [43, 44]. The desired �nal number of regions is application dependent; in

these examples, the �nal number of regions is simply hand-selected for each image to pro-

duce the results which are the most visually pleasing to the authors. As in Section 1.4, the

functiona(Ri ) is set to be the area of the regionRi ; the remaining parameters as well as the

feature extraction are the same as for the texture segmentation experiments, as described in

Sections 1.5.1 and 1.5.2.

While precise quantitative evaluation of the performance ofour algorithm on such

images is beyond the scope of this paper (indeed, analyzing the performance of a seg-

mentation algorithm on a natural image is a challenging openproblem [44–46]), note

that these segmentations are comparable to the ones produced by recent algorithms such

as [38, 41, 47–50]. For example, our algorithm captures the outline of the small birds in

the center of the top left image while the algorithm in [47] does not; in the church im-

age, our algorithm accurately captures the outlines of the two crosses while the algorithm

in [47] does not. Our segmentations of the leopard and bear images are very similar to

those in [47]; on the other hand, in the deer image the algorithm in [47] is able to segment

the legs of the small deer while our algorithm is not.

1.7 Conclusions, Discussion, and Future Research.

We proposed a novel family of vector-valued nonlinear diffusion equations for images

on arbitrary graphs and applied it to the problems of color and texture segmentation. We

demonstrated the effectiveness of our method by comparing it to other algorithms on a large

number of texture segmentation tasks. We also illustrated our algorithm by segmenting a

number of natural images.

Our method provides a systematic way of feature-based segmentation based on min-

imizing an energy functional. The information about the structure of the desired regions

and their boundaries can be built into the formulation. In addition, there is �exibility in
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Fig. 1.10.:Segmentation of natural images from the Berkeley segmentation dataset [43,44].
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utilizing various features: different features can be emphasized at different stages of the

procedure.

Recent literature on segmentation comes in four broad (and overlapping) categories:

graph cut methods [38,49,51,52], statistical methods [19,37,40,53], PDE-based methods

[41,48,54,55], and region merging methods [48–50,56–60].Our framework falls into the

last two categories; however, it is different from previously proposed approaches in several

important respects. Most recent PDE-based approaches relate image edges to level sets of

a (smooth) solution to a PDE. Our system, on the other hand, evolves the image itself, and

explicitly forms regions. This allows for a great �exibility in using any information about

the sizes, shapes, locations, and boundaries of regions to help guide the evolution. Unlike

the traditional region merging methods, however, the fact that our process is the solution

to a system of ordinary differential equations ensures certain stability properties, such as

robustness to noise and low sensitivity to parameter changes, as shown in [14,15].

Possible future research questions include probabilisticanalysis (to extend the work

in [15]), the development of systematic training methods for parameter selection, the design

of fast approximate numerical schemes, and the explorationof different features.

1.8 Acknowledgments.

We would like to thank Profs. Alan Willsky, Hamid Krim, and David Mumford for

many helpful discussions during the early stages of this work, and the anonymous reviewers

for many useful and insightful comments.



27

2. CIRCLE-VALUED NONLINEAR DIFFUSIONS WITH

APPLICATION TO TEXTURE SEGMENTATION

2.1 Introduction

A large class of effective image restoration and segmentation methods is based on par-

tial differential equations (PDEs) [2–4, 61]. In the simplest scenario, a grayscale intensity

image is taken to be the initial data for a diffusion-like PDE, the PDE is solved forward in

time, and the resulting solution is the restored or segmented version of the original image.

More sophisticated methods designed to work with textured images, use feature extraction

before running a PDE-based �lter. The result of feature extraction is an image whose every

pixel does not necessarily take values inR1. Most commonly, the feature vector at every

pixel is considered to be an element ofRK whereK is the number of features. In addition,

color images can be considered asR3-valued images. This has motivated the development

of vector-valued nonlinear diffusion �lters. For example,in [62] we have developed a

nonlinear-diffusion-based image segmentation method forvector-valued images.

In addition, sometimes it is useful to have features whose values belong to a non-�at

surface such as a circleS1. For example, the directions of textures [63–66] in texture

analysis, hue [67, 68] and chromaticity feature [69, 70] in color image processing, and the

orientation of an optical �ow [64, 69, 71] in motion analysis, are all features taking values

on a circleS1 or a sphereS2. Consequently, several diffusion �ltering methods for such

images have been developed. In [64, 66], a feature de�ned onS1 is �rst mapped intoR2,

and then the diffusion is performed inR2. The �rst approach where the diffusion is directly

applied toS1-valued features is [65]. Subsequently, [69,71,72] extended the method of [65]

to features de�ned on more general non-�at surfaces inRn and applied it to various image

and optical �ow restoration tasks. In [68], a color image segmentation scheme is developed

which is based onS1 � R1-valued anisotropic diffusion of the chromatic channel (i.e., hue
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and saturation) and traditionalR1-valued diffusion of the achromatic channel (i.e., value).

The diffused image is then segmented using clustering techniques.

Motivated by this, we develop in this paper a novel segmentation algorithm forS1-

valued images. This algorithm is based on a novel family ofS1-valued nonlinear diffusions

closely related to scalar-valued and vector-valued stabilized inverse diffusion equations

which we introduced in [14] and [62], respectively. Such an equation can be viewed as

the gradient descent procedure for a global energy functional which encourages the forma-

tion of �at regions in an image. In [62], such an energy was constructed by de�ning an

appropriate inner product and a norm in the feature space. SinceS1 is not a vector space,

we cannot de�ne an inner product onS1; however, it is still possible to de�ne a distance

between two feature values. Section 2.2 describes how to do this. We then closely follow

the paradigm of [62]: we de�ne the energy functional and the corresponding nonlinear

diffusion equation, and describe our image segmentation algorithm based on this diffusion

equation. In Section 2.3, we describe our feature extraction procedure and illustrate our

algorithm through several texture segmentation tasks. We show that it is more effective

than our algorithm from [62] for segmenting images with directional texture patters when

the segmentation is based on the orientation features extracted from the images.

Note that the algorithm proposed here and our algorithm for vector-valued images from

[62] can potentially be combined, to yield a procedure applicable to images which take

values inSK 1 � RK 2 —in other words, feature images whereK 1 features areS1-valued and

K 2 features areR1-valued. Investigating this generalization is a topic for future research.

2.2 S1-Valued Nonlinear Diffusion on an Arbitrary Domain

2.2.1 Diffusions on an Arbitrary Domain: Notation

Our basic notation and terminology are the same as in [62]. Wede�ne a scalar-valued

image on an arbitrary �nite setN of points as any function which assigns a real number

to every point inN . In our segmentation tasks, it is important to de�ne adjacency rela-

tionships on the points inN , and therefore we assume thatN is the set of nodes of an
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undirected graphG = ( N ; L ) where the set oflinks L consists of unordered pairs of dis-

tinct nodes. Iff m; ng is a link, we say that the nodesm andn areneighbors. For example,

G could be a �nite 2D rectangular grid where each node has four neighbors: east, west,

north, and south.

We letN be the total number of nodes and, without loss of generality,denote the nodes

by the integers1; 2; : : : ; N , i.e., N = f 1; 2; : : : ; Ng. An imageu can then be thought of

as anN -dimensional vector:u = ( u1; : : : ; uN ) 2 RN . We moreover useu(t) to denote

a parametric family of images de�ned on the setN for all values of a continuous-valued

nonnegativescale parametert, and we call the collection of imagesf u(t)g1
t=0 a scale-

space.

To describe the speci�c scale-space that we use in this paper, we need the following

further de�nitions.

We say that a set of nodesR � N is a region if, for any two nodesm; n 2 R, there

exists a sequence of links connectingm andn. Two regionsR1, R2 are calledneighbors

if there exist two nodesm 2 R1, n 2 R2 which are neighbors, i.e., such thatf m; ng 2 L .

We let NBR-PAIRS be the set of all pairs of neighbor regions, and we letNBRS(Ri ) be the

set of all regions that are neighbors of a regionRi .

For any partitionS = f R1; : : : ; RI g of the setN of nodes, we letUS be the set of all

piecewise constant images which are constant over each region Ri 2 S. We use� i (u) to

denote the intensity of any such imageu within regionRi . Note thatUS is a vector space.

To impose a metric on this space, we de�ne the following innerproduct.

hu; v i �=
IX

i =1

a(Ri )� i (u)� i (v); (2.1)

wherea(Ri ) is a positive weight function which enables us to weight the contributions of

various regions differently.

2.2.2 S1-Valued Nonlinear Diffusion

A typical preprocessing step for the analysis of texture images is feature extraction

which yields a feature image. The feature image has the feature value (or, in the case of
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vector features, the feature vector) at every pixel location. In certain situations, the feature

value is best modeled as a quantity taking values on the circle S1. Equivalently, we may

consider such a feature to be a periodic quantity with some period � , in the sense that,

for any � , the feature values� and� + � are identi�ed. For example, the orientation of a

texture (measured, for instance, as the angle of the texture's gradient) is� -periodic since

orientation� is the same as orientation� + � . We measure the distance between two� -

periodic quantities� 1 and � 2 as the absolute value of their difference modulo� =2. To

obtain a formula for this distance, we use the following mapping:

r (� ) = exp
� p

� 1
2�
�

�
�

;

which bijectively maps each interval(r � � � � =2; r � � + � =2] of R to the unit circle in

the complex plane. We de�ne the following signed distance� (� 1; � 2) between� 1 and� 2:

� (� 1; � 2) = �
�
2�

p
� 1 log

�
r (� 1)
r (� 2)

�
;

wherelog stands for the principal value of the logarithm, i.e.,� � < log(c) � � for any

c 2 C. The distance between� 1 and� 2 is then de�ned asj� (� 1; � 2)j. Note that this distance

coincides with the usual distancej� 1 � � 2j in R whenj� 1 � � 2j � � =2.

In order to segment feature images, we penalize pairwise distances between the feature

values of neighbor regions, by de�ning the following energyfunctional for images inUS:

E(u) =
X

(R i ;R j )2 NBR-PAIRS

b(Ri ; Rj ) E (j� (� i (u); � j (u)) j); (2.2)

whereb(Ri ; Rj ) is a positive weight function, andE(�) is monotonically increasing on

[0; + 1 ), with E(0) = 0 .

Given an imageu(0) with segmentationS, we generate a scale-spaceu(t) by solving

the following gradient descent procedure fort > 0:

_u(t) = �rE (u(t)) ; (2.3)

where _u(t) is the derivative ofu(t) with respect to the scale parametert, andr stands

for the gradient in the spaceUS equipped with the inner product (2.1). The following

proposition shows how to implement this descent equation.
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Proposition 3 The gradient descent procedure (2.3) can be equivalently written1 as fol-

lows:

_� i (u) =
1

a(Ri )

X

R j 2 NBRS(R i )

b(Ri ; Rj )
� (� j (u); � i (u))

j� (� j (u); � i (u)) j

�E 0(j� (� j (u); � i (u)) j); (2.4)

for i = 1 ; : : : ; I;

whereE 0 is the derivative ofE.

Proof. Let � i denote the indicator function onRi , for i = 1; : : : ; I , thene1 = 1p
a(R1 )

� 1,

: : :, eI = 1p
a(R I )

� I is an orthonormal basis forUS. Thereforeu(t) can be represented as a

linear combination of the basis vectorse1; : : : ; eI ,

u(t) =
IX

i =1

ci (t)ei ;

where thei -th coef�cient ci (t) is the inner product of the image with thei -th basis vector

ei :

ci (t) = hu(t); ei i =
IX

j =1

a(Rj )� j (u(t)) � j (ei ) =
p

a(Ri )� i : (2.5)

where in the last expression we have abbreviated� i = � i (u). The above equation can be

substituted into Eq. (2.2) to write the functionalE in terms ofci 's. This yields the following

gradient descent in theci coordinates:

_ci = �
@E
@ci

= �
@

@ci

X

f R i ;R j g2
NBR-PRS

b(Ri ; Rj ) E

 �
�
�
�
�
�

 
cip

a(Ri )
;

cjp
a(Rj )

! �
�
�
�
�

!

= �
X

R j 2 NBRS(R i )

b(Ri ; Rj )
p

a(Ri )
�

�
�

ci =
p

a(Ri ); cj =
p

a(Rj )
�

�
�
� �

�
ci =

p
a(Ri ); cj =

p
a(Rj )

� �
�
�

�E 0
� �

�
�
� �

�
ci =

p
a(Ri ); cj =

q
a(Rj )

� �
�
�
�

�
:

Using Eq. (2.5) again to rewrite this in terms of� i 's, we get:

p
a(Ri ) _� i =

X

R j 2 NBRS(R i )

b(Ri ; Rj )
p

a(Ri )
�

� (� j ; � i )
j� (� j ; � i )j

E 0(j� (� j ; � i )j);

1When there is no possibility of confusion, we abbreviateu(t) asu.
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Fig. 2.1.: (a) The SIDE energy functionE . (b) Its derivativeE 0.

which is the same as Eq. (2.4).

To develop a segmentation algorithm, we follow our procedure from [62] and supple-

ment the dynamics (2.4) with region merging. However, our rules for merging regions

are different from [62] and re�ect the fact that our featuresare periodic. Speci�cally, two

neighbor regionsRi andRj of u(t) are merged at the earliest time instantt = � which

satis�es� (� i (u(� )) ; � j (u(� ))) = 0 , i.e., � i (u(� )) � � j (u(� )) = r � � for some integerr .

After the merge, we initialize the intensity value of the newregion as� new (u(� + )) , which

satis�es:

1. � new (u(� + )) 2 (� � =2; � =2],

2. � new (u(� + )) � � i (u(� )) = r � � for some integerr .

WhenRi andRj are merged, they are both removed from the segmentationS and their

unionRnew � Ri [ Rj is added:

S(� + ) = S(� )nf Ri ; Rj g [ f Rnewg

In addition, we require thatE 00(x) < 0 when x > 0 and limx! 0+ E 0(x) = + 1 . For

example,E(x) =
p

x has the desired shape, see Fig. 2.1. With this choice of the function

E, Eq. (2.4) is well suited for segmentation since, as shown in[62], it encourages the

merging of pairs of neighbor regions.

Extensions of this framework to other manifolds inRn are also possible, through de�n-

ing a distance on the manifold and following a similar procedure to de�ne the energy func-

tional and the corresponding gradient descent equation.
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2.3 Texture Segmentation

2.3.1 Feature Extraction

We use the angle of the gradient at each pixel to extract the orientation feature from a

texture image. Speci�cally, given an imagef (x; y), wherex andy represent the horizon-

tal and vertical indices of pixels respectively, the orientation � (x; y) at the pixel(x; y) is

calculated as:

� (x; y) = arctan
�

f (x; y + 1) � f (x; y)
f (x + 1; y) � f (x; y)

�
:

Note that we treat any two gradients with antipodal phase angles as the same in the above

equation since orientation� is the same as orientation� + � for any texture.

2.3.2 Segmentation Examples

We use� (x; y) as the initial datau(0), and start the evolution of (2.3) with every pixel

being a separate region. When the distance� between the intensities of two neighbor

regions becomes zero during the evolution, these two regions get merged into one as de-

scribed in the previous section, and the gradient descent equation (2.3) proceeds using the

new set of regions.

We compare our algorithm with the algorithm of [62], which was shown to produce

state-of-the-art texture segmentation results. In our comparative experiments, the algorithm

of [62] is also applied to the scalar-valued feature image� (x; y).

For both algorithms, we use the same parameter settings. An energy functionE =
p

x

is used. The functiona(Ri ) that we use is described in [62] and is related to the area

of regionRi , i.e., to the number of nodes inRi . Our functionb(Ri ; Rj ) is the length of

the boundary betweenRi andRj , i.e., the number of linksf m; ng such thatm 2 Ri and

n 2 Rj . In all the experiments below, we assume that the correct number of regions is

known, and we stop the evolution when this number of regions is reached.

Experiment 1: Two Textures, Straight Boundary. We form 30 two-texture test images

using six Brodatz textures [42]. Each test image is obtained by concatenating two256� 256
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Min Max Mean Std

Algorithm of [62] 0:56% 37:81% 8:23% 11:13%

Proposed algorithm 0:36% 23:17% 3:25% 5:48%

Table 2.1: Statistics of the misclassi�ed pixels(%) in Exp. 1.

Min Max Mean Std

Diffusion in [62] 0:62% 4:61% 1:42% 0:63%

Orientation Diffusion 0:36% 1:15% 0:59% 0:13%

Table 2.2: Statistics of the misclassi�ed pixels(%) in Exp. 2.

texture images. An example of test image is shown in Fig. 2.2(a) and its corresponding

orientation feature is in Fig. 2.2(b). We run both our new algorithm and the algorithm

of [62] until two regions remain. The results in Table 2.1 show that our new algorithm

produces better segmentations. The average misclassi�cation rate given by the algorithm

in [62] is 8:23%; our new algorithm gives a much lower3:38%average misclassi�cation

rate.

Experiment 2: Two Textures, Random Boundary. In this experiment, 100 test images

are generated using two Brodatz textures, D68 and D77, separated by random boundaries

which are 100 independent realizations of a correlated Gaussian random process. An ex-

ample of such a boundary is shown in Fig. 2.2(l), and the corresponding test image is shown

in Fig. 2.2(h). The results are summarized in Table 2.2 and show that, again, when applied

to orientation feature our new algorithm produces better segmentations than the algorithm

in [62]. In the example of segmenting Fig. 2.2(h), the boundary extracted by our new algo-

rithm (Fig. 2.2(n)), is very close to the actual one, while the algorithm in [62] makes major

mistakes in determining the boundary (Fig. 2.2(k)).
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(a) Original image. (b) Orientation feature. (c) Result by algorithm [62]. (d) Errors by algorithm [62].

(e) The ground-truth. (f) Result by new algorithm. (g) Errors by new algorithm.

(h) Original image. (i) Orientation feature. (j) Result by algorithm [62]. (k) Erros by algorithm [62].

(l) The ground-truth. (m) Result by new algorithm. (n) Errors by new algorithm.

Fig. 2.2.: Some segmentation examples.

2.4 Conclusions

We have introduced a novelS1-valued nonlinear diffusion equation and used it to de-

velop an image segmentation algorithm. The effectiveness of our algorithm has been il-

lustrated through several texture segmentation experiments where accurate segmentations

have been obtained based on a single orientation feature. Our future work will involve ex-

tending our diffusion-based segmentation algorithm to more complicated manifolds such

as multidimensional spheres and cylinders, in order to be able to utilize multipleS1-valued

andR1-valued features and achieve more effective segmentation algorithms.
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3. APPROXIMATE METHODS FOR CONSTRAINED TOTAL

VARIATION MINIMIZATION

3.1 Problem Statement

Suppose the observed dataf is a noisy measurement of an unknown imageg:

f = g + w;

wherew is zero-mean additive white noise with variance� 2. It was proposed in [11] to

recover an estimatêg of g by solving the following problem of constrained minimization

of the total variation (TV):

ĝ = arg min
g: kf � gk� �

TV(g): (3.1)

A number of more effective noise removal paradigms have since been developed [73, 74].

However, problem (3.1) and related variational and PDE-based methods have been suc-

cessfully used in a variety of other application areas such as tomographic reconstruc-

tion [75, 76], deblurring [77–80], and segmentation [14, 62]. This motivates continued

interest in problem (3.1) as well as the need to develop fast algorithms for solving it.

The original formulation of [11] treated continuous-spaceimages for which the total

variation is de�ned as follows:

TV(g) =
Z

jr gj:

A numerical procedure was developed in [11] based on discretizing the corresponding

Euler-Lagrange equations. Since then, many other numerical schemes have been proposed

to approximately solve this and related optimization problems [14,77–84].

We consider a discrete formulation of the problem in whichf andg are both images

de�ned on an undirected graphG = ( N ; L ) whereN is a set of nodes (pixels) andL is
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the set of links which de�ne the neighborhood structure of the graph. We use the following

de�nition of the total variation for such discrete images:

TV(g)
4
=

X

f m;n g2L

jgm � gn j: (3.2)

The norm we use in Eq. (3.1) is the`2 norm:

kf � gk =
s X

n2N

(f n � gn )2:

The optimization problem (3.1) can then be cast as a second-order cone program (SOCP),

i.e., the minimization of a linear function over a Cartesian product of quadratic cones [85–

87]. The globally optimal solution to this SOCP problem can beobtained with interior

point methods whose computational complexity isO(N 2 log" � 1) whereN = jN j is the

number of pixels, and" is a precision parameter [83,87].

The main contribution of the present paper is the development of a suboptimal algo-

rithm which we empirically show to be about 15-100 times faster than a state-of-the-art

interior point method, for typical natural images. This algorithm is also empirically shown

to achieve values of TV(x) which are quite close to the globally optimal ones achieved

by SOCP. Moreover, the images recovered by the new method and via SOCP are visually

very similar. We also experimentally evaluate our algorithm's performance as a denoising

method, using the algorithm of [81] as a benchmark. We show that the two algorithms per-

form comparably. A specialization of this algorithm to 1D discrete signals was proposed

and analyzed in [15]. This specialization was shown to exactly solve problem (3.1) in 1D,

in O(N logN ) time, and withO(N ) memory complexity. Its variants which have the same

complexity were shown in [15] to exactly solve two related discrete 1D problems, speci�-

cally, the Lagrangian version of problem (3.1) and the minimization ofkf � gk subject to

a constraint on TV(g).

We note in addition that, if the graphG is a regular rectangular grid, then each pixeln

can be represented by its horizontal and vertical coordinatesi andj . In this case, another

possible discretization of the TV is:

TV0(g)
4
=

X

i;j

q
(gi +1 ;j � gi;j )2 + ( gi;j +1 � gi;j )2: (3.3)
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Fig. 3.1.: (a) Imageu. (b) SegmentationS. (c) SegmentationS0.

With this de�nition of the discrete TV, the optimization problem (3.1) can also be cast as

an SOCP problem, as shown in [83]. It can therefore also be solved using interior point

methods for SOCP.

3.2 Notation

We de�ne a real-valued image on an arbitrary �nite setN of points as any function

which assigns a real number to every point inN . For the algorithm described in Section

3.3, it is important to de�ne adjacency relationships on thepoints inN , and therefore we

assume thatN is the set of nodes of an undirected graphG = ( N ; L ) where the setL of

linksconsists of unordered pairs of distinct nodes. Iff m; ng is a link, we say that the nodes

m andn areneighbors. For example,G could be a �nite 2D rectangular grid where each

node has four neighbors: east, west, north, and south, as in Fig. 3.1. We say thatR � N

is a connected setif, for any two nodesm; n 2 R, there exists apath betweenm andn

which lies entirely withinR—i.e., if there exists a sequence of links of the formf m; m1g,

f m1; m2g, : : :, f mk� 1; mkg, f mk ; ng with m1; m2; : : : ; mk 2 R.

If N = jN j is the total number of nodes, then an imageu onN can be thought of as an

N -dimensional vector:u 2 RN . We say that a setS = f R1; : : : ; RI g is asegmentationof

an imageu if:
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� everyRi is a connected set of nodes;

� the image intensity within everyRi is constant,um = un for all m; n 2 Ri for

i = 1; : : : ; I ;

� R1; : : : ; RI are pairwise disjoint sets whose union isN .

We then say thatRi is a region of S. When convenient, we also say in this case thatRi

is a region ofu. For example, two segmentations of the image in Fig. 3.1(a) are shown

in Figs. 3.1(b,c). We use� R to denote the common intensity within regionR andjRj to

denote the number of pixels inR.

Given a segmentationS of an imageu, two regionsR; R0 2 S are calledneighborsif

there exist two nodesm 2 R, n 2 R0which are neighbors, i.e., such thatf m; ng 2 L . The

multiplicity � R;R 0 of two neighbor regionsR andR0 is the length of the boundary between

them—i.e., the number of linksf m; ng such thatm 2 R andn 2 R0. We letNBR-PRSS be

the set of all pairs of neighbor regions inS, and we letNBRSS(R) be the set of all regions in

S that are neighbors of a regionR 2 S. For example, in the segmentationS of Fig. 3.1(b),

each region is a neighbor of the other two, and the multiplicities are� R1 ;R2 = 3, � R1 ;R3 = 3,

and� R2 ;R3 = 2. In the segmentationS0of Fig. 3.1(c),NBRSS0(R0
1) = f R0

2; R0
4; R0

5g.

3.3 Algorithm Description

We de�ne a dynamical system which generates a family of images f u(t)g1
t=0 , param-

eterized by atime parametert. We suppose that the initial data for this system is the

observed noisy image,u(t = 0) = f . We letS(t) be the segmentation ofu(t) such that

� R(t) 6= � R0(t) for any pair of neighbor regionsR; R0 2 S(t). The output of our algorithm

is the imageu(t � ) at such timet � thatkf � u(t � )k = � . The basic reason for the fact that

our algorithm is fast is that it does not explicitly compute the solutionu(t) for anyt 6= t � .

The basic reason for the fact that it achieves values of the TVwhich are close to globally

optimal ones, is the fact that the underlying dynamical system is based on the gradient de-

scent for the TV, as we presently explain. The remainder of the section is devoted to the

description of the dynamical system and our algorithm for computingu(t � ).
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We �rst rewrite Eq. (3.2) for any imageu(t), as follows, using the notation introduced

in the previous section:

TV(u(t)) =
X

f R;R 0g2 NBR-PRSS ( t )

� R;R 0 � j � R(t) � � R0(t)j:

It is shown in [62] that if the gradient is taken in the space ofall images which are piecewise

constant onS(t), then the gradient descent for the TV is given by

_� R(t) =
1

jRj

X

R02 NBRSS ( t ) (R)

� R;R 0 � sgn(� R0(t) � � R(t)) ; (3.4)

where� R(t) denotes the intensity within regionR of imageu(t). This equation is valid

as long asS(t) = const, i.e., as long as� R(t) 6= � R0(t) for every pair of neighbor regions

R andR0. As soon as� R(t) and� R0(t) become equal for some pair of neighbor regions

R andR0, their respective rates of evolution_� R(t) and _� R0(t) become unde�ned since the

right-hand side of Eq. (3.4) undergoes a discontinuity in this case. To handle this scenario,

we supplement Eq. (3.4) with the following rule.

Region merging: how and when.Suppose that for some time instantt = � R;R 0 we

have:R; R0 2 S(� �
R;R 0) and� R(� �

R;R 0) = � R0(� �
R;R 0). Then we mergeR andR0 into a new

regionR [ R0, with the same intensity:

S(� +
R;R 0) = S(� �

R;R 0)nf R; R0g [ f R [ R0g;

� R[ R0(� +
R;R 0) = � R(� �

R;R 0) = � R0(� �
R;R 0):

In addition, as shown through numerical experiments in the next section, it may some-

times be bene�cial to split a region into two different regions. We postpone until later the

discussion of when our algorithm decides to split a region. Once it does, region splitting

occurs as follows.

Region splitting: how. Splitting of regionR into R0 andRnR0 at some time instant

t = � R means that new regionsR0 and RnR0 are formed, and that they have the same

intensity asR:

S(� +
R ) = S(� �

R )nf Rg [ f R; RnR0g;

� R0(� +
R ) = � RnR0(� +

R ) = � R(� �
R )
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Time instants when regions are merged and split are calledevent times. Given a time

T and the corresponding segmentationS(T), we de�ne thebirth timebR for every region

R 2 S(T) asbR
4
= supf t < T : R 62 S(t)g. Similarly thedeath timedR of R is de�ned as

dR
4
= inf f t > T : R 62 S(t)g Note thatbR can be either zero, or a time instant when two

regions get merged to formR, or a time instant whenR is formed as a result of splitting

another region into two;dR can be either a time instant whenR is merged with a neighbor

to form another region, or a time instant whenR is split into two other regions.

Let

� R =
X

R02 NBRSS ( bR ) (R)

� R;R 0 � sgn(� R0(b+
R ) � � R(b+

R )) ; (3.5)

vR = � R=jRj: (3.6)

Note that our split and merge rules are such that the intensity of every pixel is a continuous

function oft. The continuity property means that the righthand side of Eq. (3.4) is constant

for bR < t < d R , and is equal tovR :

_� R(t) = vR for bR < t < d R : (3.7)

For each regionR 2 S(t), we therefore have:

� R(t) = � R(bR) + ( t � bR) � vR ; for bR < t < d R : (3.8)

Let �u0
R

4
=

1
jRj

X

n2 R

f n be the average of the initial dataf over the setR. For the regionsR

with bR = 0, we have� R(bR) = �u0
R , and therefore the following holds:

� R(t) = �u0
R + t � vR ; for bR < t < d R : (3.9)

In order for our algorithm to be fast, it is important that Eq.(3.9) hold not only for regions

with bR = 0, but also for all other regions, at all timest. Proposition 4 below relies on

this property. It is straightforward to show that, if this equation holds for every region for

all timest < � R;R 0, and if regionsR andR0 get merged at the time instantt = � R;R 0, then

Eq. (3.9) will also hold for the new regionR [ R0. We are now �nally in a position to state

our strategy for splitting regions.
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Region splitting: when.We use two criteria to determine whether a regionR is to be

split into two regionsR0 andRnR0. First, we check whether this split is consistent with

the dynamics (3.8)—in other words, we check thatR andRnR0 will not be merged back

together immediately after they are split. Second, we determine if there exists a time instant

� R at which a split can be performed in such a way that, on the one hand, the intensity of

every pixel is a continuous function of time, and, on the other hand, Eq. (3.9) is satis�ed for

the new regions. Note that, since there areO(2jRj) possible two-way splits ofR, searching

over all possible splits is not computationally feasible. Instead, we only search over a

small number of possible splits, namely, only horizontal and vertical splits that result in at

least one ofR0, RnR0 being a rectangle. This can be ef�ciently accomplished through an

algorithm that walks around the boundary ofR.

We now describe the termination of the algorithm. It is basedon the following propo-

sition, which can be proved using Eq. (3.9).

Proposition 4 Let � (t) = ku(t) � u(0)k2. Then, fort 2 [0; 1 ), � (t) is a monotonically

increasing function of time, which changes continuously from 0 to ku(0) � u(0)k2 where

u(0) is the constant image whose every pixel is equal to the averageintensity of the initial

data u(0). It is a differentiable function of time except at the times of merges and splits,

and its rate of change is:

_� (t) = 2 t
X

R2S (t)

� 2
R

jRj
:

The algorithm starts by checking whetherkf � �f k2 � � 2. If this is true, we stop the

algorithm and use�f as the output. Otherwise, we initialize� (0) = 0 . Given� (� l ) at the

current event time� l , we use the following equation, which is derived from Proposition 4,

to calculate� (� l+1 ) at the next event time� l+ l :

� (� l+1 ) = � (� l ) + ( � 2
l+1 � � 2

l )
X

R2S (� l )

� 2
R

jRj
:
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The algorithm keeps running until� (� l+1 ) > � 2 for a certainl. Then our algorithm's

termination timet � can be calculated as follows:

t � =

vu
u
t � 2

l +
� 2 � � (� l )

P
R2S (� l )

� 2
R

jRj

:

We then use Eq. (3.9) to calculate� R(t � ) for eachR 2 S(t � ), and outputu(t � ).

Putting everything together, we have the following outlineof the algorithm.

1. Initialize.

If �f satis�es the constraint, output�f and terminate. Otherwise, initializet0 to be

zero,u(t0) to be the dataf , the initial segmentation to consist of singleton regions,

and the neighborhood structure to be the standard four-neighbor grid. Initialize the

parametersjRj, bR , � R , � R(t0), and� R;R 0 according to the de�nitions above.

2. Find potential merge times.

Assuming that the intensity� R(t) of every region evolves according to Eq. (3.9),

�nd, for every pair of neighbor regionsR andR0, the time� R;R 0 which is the earliest

time when these two regions have equal intensities.

3. Construct the event heap.

Store all potential merge events on a binary min-heap [88] sorted according to the

merge times.

4. Merge, Split, or Stop.

Extract the root event from the heap. Calculate� (� ) where� is the event time. If

� (� ) � � , go to Step 7.

if the event is a merge event

merge;

if the event is a split event

split;

5. Update the Heap.

Decide whether the newly formed regions may be split. If so, add the corresponding
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Fig. 3.2.: (a) Noise-free “peppers” image. (b) Percentage differencebetween the TV for our split-and-

merge algorithm and the optimal TV obtained via SOCP, for many different input PSNR levels (solid line);

percentage difference between the TV for our merge only algorithm and the optimal TV (dashdot).

5 10 15 20 25 30 35 40

100

150

200

250

300

350

Input PSNR (dBs)

R
un

ni
ng

 T
im

e 
(s

ec
on

ds
)

same TV as Our Algorithm
same TV as Merge-Only Algorithm

5 10 15 20 25 30 35 40
0

1

2

3

4

5

6

7

8

Input PSNR (dBs)

T
im

e 
(s

ec
on

ds
)

Our Algorithm
Merge-Only Algorithm

(a) (b)

Fig. 3.3.: (a) Running time for SOCP; (b) running time for our algorithms.

split events to the event heap. Add the merge events for the newly formed regions to

the event heap. Remove all the events involving the discardedregions from the heap.

6. Iterate.

Go to Step 4.

7. Output.

Calculatet � ; calculate and outputu(t � ).
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3.4 Comparison to SOCP

Given a noise-free imageg with dynamic range[0; 1], we generate noisy imagesf by

adding white Gaussian noise with standard deviation� ranging from0:01 to 0:30. The

correct value of� is used in the simulations both for our algorithm and for the SOCP-

based algorithm. We use the MOSEK software as the solver for SOCP. It implements a

state-of-the-art interior point method [85]. Running the comparative experiments on 12

different natural images yields very similar results; we only provide the results for one

image, “peppers,” shown in Fig. 3.2(a).

SOCP solver converges to the globally optimal solution whereas this is not necessarily

the case for our algorithm. Fig. 3.2(b) shows how close our algorithm gets to the globally

optimal value for the total variation, for a range of typicalinput PSNRs.1 As shown in

the �gure, our split-and-merge algorithm (solid lines) essentially �nds the globally optimal

solution at high PSNRs and is within 7% of the globally optimalsolution at low PSNRs.

Note also that the merge-only version of our algorithm (dashed lines) is about a factor of

three farther from the optimal total variation than the split-and-merge algorithm. While

the optimization performance of the split-and-merge algorithm is very similar to that of the

SOCP, their running times are drastically different. In order to make the comparison of the

running times as fair to the SOCP method as possible, we only calculate its running time

to get to the total variation achieved by our algorithm, rather than the running time until

convergence.2 As Fig. 3.3 shows, the running time for our split-and-merge algorithm is 15

to 100 times lower than that for the interior point method. Note also that the merge-only

version of our algorithm is about twice as fast as the split-and-merge, and that a similar

comparison to SOCP shows that the merge-only algorithm is 30 to 150 times faster than

the SOCP method.
1The de�nition we use for PSNR for a noise-free imageg and a distorted imagêg is:

P SNR = 10 log
�

(max g)2 � N
kĝ � gk2

�

2Note also that presolving and matrix reordering are not counted towards the running time of SOCP since
these procedures are reusable for images with the same size [83].
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Fig. 3.4.: (a) Output PSNR as a function of the input PSNR. (b) Output PSNR difference between our

algorithm and SOCP.

The visual appearance of the output images and the corresponding PSNRs is very sim-

ilar for the split-and-merge algorithm and the SOCP interiorpoint method. The output

PSNR is displayed in Fig. 3.4(a) as a function of the input PSNR. The PSNR differences

displayed in Fig. 3.4(b) reveal virtually identical performance at high input PSNRs and

fairly small differences at low input PSNRs. Moreover, the visual quality of the output

images is very similar, as evidenced by Fig. 3.5. The visual quality of the output images

for the merge-only algorithm is very similar as well; however, these images have lower

PSNRs, especially for low input PSNRs.

3.5 Comparison to a Related Image Denoising Method [81]

The algorithm developed in [81] is an iterative algorithm tosolve the optimization prob-

lem (3.1) where the total variation is de�ned by Eq. (3.3). The algorithm converges to the

unique solution of (3.1). Since the algorithm in [81] and oursplit-and-merge algorithm

address different optimization problems, we compare theirnoise removal performance.

Speci�cally, we compare the running times of these two algorithms when they reach the

same PSNR.

The setup of our experiments is similar to the previous section. The noise-free images

have the dynamic range[0; 1]. The noisy images are generated by adding white Gaussian
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� = 0 :05 (PSNR =26:0dB) � = 0 :15 (PSNR =16:5dB) � = 0 :25 (PSNR =12:0dB)

Fig. 3.5.: Denoising for the peppers image. First row: noisy images. Second row: restored via our split-and-

merge algorithm. Third row: restored via our merge-only algorithm. Fourth row: restored via SOCP.
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(a) (b) (c)

Fig. 3.6.: (a) Noise-free “airplane” image. (b) Noisy “airplane” image with � = 0 :05 (PSNR =26:0dB). (c)

Noisy “airplane” image with� = 0 :15 (PSNR =16:5dB).

noise with various standard deviations� . The correct value of� is assumed to be known in

the simulations. We �rst apply our split-and-merge algorithm to noisy images and calculate

the running times and the PSNRs of the denoised images. We thenrerun each simulation

using the algorithm of [81], until the same PSNR is obtained.The results for two images,

for a range of input PSNRs, are shown in Fig. 3.7. For the “peppers” image, the algorithm

of [81] is faster than our algorithm, by a factor of 4-33. For the “airplane” image, the

two algorithms perform similarly at high PSNRs whereas our algorithm is up to about 6

times faster at low PSNRs. Since our algorithm is a multiscalesegmentation process which

works with �at regions, it is better adapted to images such as“airplane” which have large

homogeneous regions.
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50

4. A DOCUMENT PAGE CLASSIFICATION ALGORITHM IN

COPY PIPELINE

4.1 Introduction

The general work�ow of a digital copier is to take scanned images from its scanner,

process these images, and send them to its printer for the physical reproduction. A copier

must be able to process many different kinds of originals. These originals may have dif-

ferent types of content, such as text, line art, graphics, and natural photos; they may be

printed on different kinds of media, for example, on papers of various levels of quality and

brightness; they may be created using different rendering techniques such as halftone or

continuous tone. These different kinds of originals may interact in many different ways

with various limitations of copy pipeline such as streaks, stray light, color fringing, drift,

gamut, moiŕe, etc. Fixed settings of the copy pipeline would therefore produce varying

levels of reproduction quality, depending on the type of theoriginal. To resolve this issue

and generate user-preferred reproductions, different con�gurations of the copy pipeline are

required. We call these different con�gurations “copy modes”.

As illustrated in Fig. 4.1, a much better reproduction is obtained when the original

matches its optimal con�guration. Consider a photograph anda fax. The optimal con�g-

uration for a photo (i.e., the photo mode) has smoothing and awide tone curve range to

achieve noise reduction and color accuracy. The optimal con�guration for a fax (i.e., the

text mode) has sharpening and a nearly bilevel curve to achieve an enhanced reproduction.

Fig. 4.1.: Processing a fax in photo and text modes. Left to right: original, photo mode, text mode.
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The left panel of Fig. 4.1 is the original, and the other two panels are the results of pro-

cessing in the photo and text modes, respectively. Users prefer the cleaner background,

increased contrast, and sharpness of the text mode and do notlike the over-smoothed, low-

density text and the dirty background in the photo mode. Therefore it is essential to match

the originals with the most appropriate copy modes.

Three methods exist to match the originals to the copy modes.The “institutional copier”

method prompts the user to describe attributes of the original to determine a matching

mode. It requires a trained user. The “defaults to a single mode” method yields poor quality

for originals that do not match that single mode. The “sub-menus” method provides users

the opportunities of selecting modes through optional sub-menus. Users mostly ignore or

are unware of such options. None of the above three methods satisfy user interaction and

copy quality expectations.

In this paper, we propose a novel document page classi�cation algorithm which can

be used as a copy mode selector in the copy pipeline. Many existing algorithms segment

the page and label each segmented region with an appropriateclass label [89–93]. These

algorithms require simultaneous access to the entire page image, and visit each pixel mul-

tiple times. On the other hand, any algorithm applicable to the copy pipeline must process

image data one strip at a time, and never revisit previously processed strips. This makes it

impossible to apply the existing approaches [89–93]. Our proposed algorithm operates on

strip-based data and makes one pass over each strip. The computational complexity and

memory requirements of our algorithm are both very low. These advantages make our al-

gorithm an ideal candidate to be implemented in the existingcopy pipeline without altering

the hardware.

In the rest of the paper, we describe and illustrate our algorithm: Section 4.2 provides

its general overview; Section 4.3 describes its speci�cs; Section 4.4 contains experimental

results.
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Fig. 4.2.: One possible implementation of our page classi�cation algorithm in the existing copy pipeline.

4.2 Algorithm Overview

Figure 4.2 illustrates a possible implementation of our classi�cation algorithm. The

classi�er resides between the front end and the back end of the pipeline, and directs the

image data to the most appropriate processing mode. The revised copy pipeline not only

improves copy quality and simpli�es user interaction, but also signi�cantly increases copy

rate in at least one case, as follows. The pipeline recon�gures for each page in a multi-page

copy job from an automatic document feeder (ADF). When it detects a black-and-white

page inside the job, it implements3-to-1 channel reduction and enters the faster mono

pipeline mode.

We work with a speci�c copy pipeline equipped with eight different copy modes which

are all possible combinations of mono/color and text/mix/picture/photo. Mono mode is a

con�guration specially optimized for mono originals whilecolor mode is optimized for

color originals. Text mode is optimized for text, line arts,graphics, handwritten text, and

faxes; picture mode is for high dynamic range halftoned originals such as glossy magazine

pages; photo mode is for continuous tone natural scenes on photographic paper; mix mode

is for all other types of originals. Our goal is to classify the scanned image of the original

into the following eight distinct classes: color-text, color-mix, color-picture, color-photo,

mono-text, mono-mix, mono-picture, and mono-photo. For simplicity, we just use the

names of the copy modes as the names of candidate classes. Color-mix is the default class

when the classi�cation is hard to make.

We follow a tree-like decision structure illustrated in Figure 4.3. A mono vs. color

classi�er is placed at the root level of the decision tree. Then text vs. nontext classi�ers,
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Fig. 4.3.: Classi�cation decision tree.

text/mix vs. picture/photo classi�ers, and picture vs. photo classi�ers are deployed at the

second, third, and fourth level of the decision tree. Note that starting from the second level

of the decision tree, the two classi�ers on the same level share the same methodology and

the only difference between them is some tunable parameters. In the following section, we

discuss each of these classi�ers.

4.3 Algorithm Details

4.3.1 Color vs. Mono Classi�er

We assume that all image data are from300dot-per-inch (DPI) scans, gamma-corrected,

and represented in RGB color space with8 bits per channel.

The essence of our color vs. mono classi�cation algorithm isdetecting image patches

which are close to gray and declaring an image to be mono only if every patch is close to

gray. Basing the decision on patches that are too small would not be robust to noise; on

the other hand, small color regions may be missed if the patches are too large. We have

experimentally found that partitioning an image into32� 32blocks works well.

The speci�cs of our algorithm are as follows. IfR(p) = G(p) = B(p) for a pixel

p, we say the pixel is gray, whereR(p), G(p), andB(p) are the pixel's red, green, and
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blue intensities, respectively. We de�ne thecolorfulnessC(p) of a pixel p as the following

quantity:

C(p) = max[ R(p); G(p); B(p)] � min[R(p); G(p); B(p)]:

Note that ifC(p) = 0 the pixel is gray. Note also that the quantityC(p) may be interpreted

as the “Manhattan distance” from the point(R(p); G(p); B(p)) to the lineR = G = B in

the RGB space.

The colorfulnessC(b) of a block of pixelsb is de�ned as the sum ofC(p) over all the

pixelsp that belong to the blockb. We partition the image into32� 32 blocks and de�ne

the colorfulness of the image,Cimage as the maximum ofC(b) over all32� 32blocksb. We

classify an image as color ifCimage is larger than a threshold, and we classify it as mono

otherwise. The threshold is determined from training data.

4.3.2 Text vs. Nontext Classi�er

Here nontext refers to all classes other than text, i.e., mix, picture, and photo. We use

two properties of text documents in order to distinguish them from documents that contain

pictures or photos in addition to (or instead of) text. First, the histogram for a typical text

region has peaks that are more narrow and tall than the peaks in a typical picture or photo

histogram. For example, the histogram for a patch of sharp mono text would have two

large and narrow peaks, one near white and one near black. Second, nontext areas of a text

document typically contain only a few colors. (If, in addition to text, a document contains

many colors, we would want to classify it as mix.)

We extracthistogram peakinessfeatures via the following procedure. We partition the

image into8� 64blocks and calculate64-bin R, G, andB histograms for each block. The

k-span of a histogram is de�ned as the largest number of consecutive bins in the histogram

whose values are greater than or equal tok. Thek-span of an image is de�ned as the largest

k-span over all64-bin R, G, andB histograms of its8� 64blocks. For each image, we form

a ten-dimensional feature vector consisting of k-spans of the image fork = 3; 6; : : : ; 30.
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This feature extraction procedure is used to calculate thehistogram �atness scorefor

any image as follows. We estimate the means of text and nontext feature vectors as well as

a common covariance matrix, based on labeled training data.For any image whose feature

vector isx, we then de�ne the histogram �atness score

F = ( mnontext � m text )T � F x;

wheremnontext andmtext stand for the mean of the nontext and text feature vectors, respec-

tively, � F stands for the common inverse covariance matrix of the text and nontext feature

vectors, andT denotes the transpose of a vector. A small histogram �atnessscore implies

peakiness of the histogram and suggests that the image is text, whereas a large histogram

�atness score indicates that the image is nontext.

In addition to the histogram �atness score, we compute thecolor variability scorewhich

is small if there are only a few colors in the nontext regions of the image, and large if

there are many colors. In order to identify nontext regions we de�ne atext edgeto be

three consecutive pixels in either horizontal or vertical direction such that their values are

monotonically increasing or decreasing and the absolute value of the difference between

the �rst and the third exceeds a threshold. We take the threshold to be100. A nontext

regionis any region that does not contain any text edges.

The computation of the color variability score starts with partitioning the image into8�

8 blocks, detecting nontext blocks, and computing the meanR, G, andB values for every

nontext block. We then construct 256-binR, G, andB histograms of these mean values

taken from all nontext blocks and count the largest number ofnonzero bins among these

three histograms. This number is our color variability score. If it is low, every histogram

has only a few nonzero entries, suggesting that non-text regions in the image are cartoon-

like. If this score is high, there is at least one histogram with many nonzero bins, indicating

the presence of many colors in the image. In this case, copying in the text mode would be

inappropriate.

Finally, in order to classify an image, we set thresholds forboth the histogram �atness

score and the color variability score, based on the trainingdata. We classify an image as
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text if both scores are less than their corresponding thresholds. Otherwise, we classify it as

nontext, i.e., mix, picture, or photo.

4.3.3 Text/Mix vs. Picture/Photo Classi�er

Photos and pictures contain natural scenes and no text. Our strategy for distinguishing

such images from mix and text documents is to detect text and other regions that do not

look like natural scenes.

We partition the image into64� 64blocks and count the number of text edges in each

block. We use the same de�nition for a text edge as in the previous section. The text edge

count for an image is then de�ned as the maximum text edge count among all the64� 64

blocks. A large text edge count suggests that the image may bein the mix or text category.

In addition, we reuse histograms of theR, G, andB averages of8� 8 blocks which, as

described in the previous section, have been computed for the text vs. nontext classi�cation

task. As in the previous section, we extract the number of nonzero bins for each of the three

histograms. In addition, we extract the k-spans for each of the three histograms, for three

values ofk: k = M=8; M=4; M=2, whereM is the maximum of the histogram over its �rst

230bins. These twelve features (the number of nonzero bins and the threek-spans for each

of the three histograms) form a feature vector. We estimate the means of the feature vectors

for the two classes from the training data, and we also estimate a common covariance

matrix. For any image whose feature vector isy , we then de�ne theunnaturalness score:

U = ( mmix=text � mphoto=pic)T � Uy;

wheremphoto=pic andmmix=text are the mean vectors for the two classes, and� U is the

common inverse covariance matrix. The larger the scoreU, the more likely it is that the

image is not a photo or a picture.

Finally, in order to classify an image, we set thresholds forboth the edge count score

and the unnaturalness score, based on the training data. We classify the image as photo or

picture if both scores are less than their corresponding thresholds. Otherwise, we classify

it as mix or text.
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Classi�cation results

ground-truth color-text color-mix color-picture color-photo mono-text mono-mix mono-picture mono-photo

color-text 60% 40% - - - - - -

color-mix - 99% 1% - - - - -

color-picture - 66% 34% - - - - -

color-photo - 29% - 71% - - - -

mono-text 18% 4% - - 61% 17% - -

mono-mix 1% 11% - - 2% 83% 3% -

mono-picture 1% 4% 1% - - 66% 29% -

mono-photo - 1% - - - 41% - 58%

Table 4.1: Classi�cation rates for the training suite. Harmful misclassi�cations are indicated in boldface.
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Fig. 4.4.: Color text vs. nontext: �nal feature decision map. The decision boundary (dashed lines) results in

no harmful misclassi�cations of nontext into text.

4.3.4 Picture vs. Photo Classi�er

Pictures typically contain halftone noise. Smooth regionsthat are near midtone are

most affected by the halftone noise. We use these regions to distinguish between a picture

and a photo.

We partition an image into8 � 8 blocks and de�ne a blockb to be a midtone block if

at least one of its meanR, G, andB values is within some interval centered at128. In

our experiments, we take this interval to be[80; 176]. ThesmoothnessS(b) of a blockb

is then de�ned as follows. For a block that is not a midtone block, S(b) is in�nite. For a

midtone block,S(b) is the minimum ofSR(b), SG(b), andSB (b) whereSR(b) is the sum

of the absolute values of the �rst differences in the horizontal and vertical directions within

the blockbfor the red channel, andSG(b) andSB (b) are de�ned analogously for theG and

B channels, respectively. We �nally de�ne the smoothness of the image as the minimum

S(b) over all the blocksb.

We classify an image as photo if its smoothness is below a threshold, and we classify it

as picture otherwise. The threshold is determined from training data.
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4.4 Experiment Results

We have a training suite containing891images with at least100images for each class.

The ground-truth labels of all images in the training suite are selected by hand. Since not

all errors are equally costly, some are considered benign and others harmful. We accord-

ingly select the decision thresholds discussed in Section 4.3. For example, mislabeling a

mono image as color is acceptable whereas mislabeling a color image as mono is not. By

conservatively setting the decision thresholds, we are able to correctly identify all color

images in our dataset as color images.

Another example is illustrated in Figure 4.4. This is a2-D feature decision plot of

color-text vs. color-nontext classi�cation. Thex-axis is the histogram �atness score and

the y-axis is the color variability score. All color nontext images are shown in “X”s and

color text images are shown in “O”s. Recall that we classify a color image as color-text

if both its histogram �atness score and its color variability score are less than the corre-

sponding thresholds. Color-text misclassi�ed as color-nontext is considered benign and the

opposite way of misclassi�cation is considered harmful. Therefore we choose two con-

servative thresholds:8 for the histogram �atness scores and200 for the color variability

scores. The thresholds are shown by the dashed lines in Figure 4.4. Note that there are

no “X”s in the lower-left rectangle de�ned by the dashed lines—i.e., there are no harmful

misclassi�cations of nontext into text.

Table 4.1 summarizes the �nal classi�cation results for alleight modes. It contains the

empirical conditional probabilitiesP(classi�cation resultj ground truth) for the training

suite. Depending on the ground truth, accuracy ranges from29%to 99%. These numbers

are shown in the main diagonal of Table 4.1. We consider the accuracy to be satisfactory

because only very few images falls into harmful modes. Theseharmful misclassi�cations

are indicated in boldface numbers in Table 4.1. All other misclassi�cation are considered

benign.
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4.5 Conclusions

We have introduced a real-time, strip-based, low-complexity document page classi�ca-

tion algorithm and used it as the mode selector in the copy pipeline. The revised pipeline

improves copy quality, simpli�es user interactions, and increases the copy rate. The clas-

si�cation algorithm analyzes the scan image and classi�es it into one of eight classes in

the copy pipeline. Modes are the combinations of mono/colorand text/mix/picture/photo.

Mode classi�cation is29%to 99%accurate with misclassi�cations tending towards benign

modes.
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