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Figure 1: Diagram for Problem 5. W = —0.5 — j0.5v/3.

ECE 438.

Problem 1. FAST FOURIER TRANSFORM.

Consider the algorithm whose diagram is in Fig. 1. In the diagram, W = —0.5 — j0.5/3, and W*
is the complex conjugate of W. Multiplications by W, W* and —W™* are denoted by putting these
numbers on the corresponding links in the diagram. For example, the expression for X (1) specified
by the diagram is:

Does this algorithm compute the 6-point DFT of the signal z(n)? Fully substantiate your answer.
(E.g., if your answer is yes, you need to show that the X (k)’s on the right-hand side of the diagram
are indeed the DFT of the signal whose samples x(n) are on the left-hand side of the diagram.)
What is the total number of complex multiplications required by this algorithm? (Do not count
multiplications by 1 or -1.) What is the total number of complex multiplications for computing a

six-point DFT using the definition, X (k) = x(n)e_j2”k”/6?

Homework 5, due in class Friday, 9/24/2004.

X(1) = [z(0) + Wx(2) + W*z(4)] + (=W*)[z(1) + Wx(3) + W*z(5)].



Problem 2. CONVOLUTION AND PERIODIC CONVOLUTION.

(a) Let = and h be two signals of duration N, with z(n) = h(n) =0 for n < 0 and for n > N — 1.
Let z, and h, be periodic extensions of x and h, respectively, with period N-in other words, let ),
and hy, be N-periodic signals such that

zp(n) = x(n) and hy(n) = h(n) forn=0,1,...,N — 1.

Let y(n) = x x h(n) be the convolution of z and h.

(a) Let yp(n) =z ® h(n) be the N-point periodic convolution of = and h, defined by:

T ® h(n) = Z zp(m)hp(n —m).

N-1
m=0

Prove that the following relationship holds:

B (n)+y(n+N), n=0,1,...,N—2
yp(n)—{y y(]\g/—l), n=N -1

(Note that, as usual, your proof must be general. Illustrating this property for some specific =
and h does not constitute a proof.)

(b) How can the convolution y of the signals x and h be calculated using DFT? (Note that mul-
tiplying the N-point DFT’s of z and h and taking the inverse DFT will produce y,(n), not

y(n)!)
Problem 3. PERIODIC CONVOLUTION.
Consider the following DT signals:

z(n) = 0(n)+20(n—1)+dn—2)+d(n—3)
h(n) = d(n)+26(n—1)+36(n—2)

Compute and plot the N-point periodic convolution of z(n) and h(n) for:

(a) N =4
(b) N =5;
(c) N =100.

Do not use Matlab or any other electronic means.

Problem 4. RECONSTRUCTION OF A CONTINUOUS-TIME SIGNAL FROM ITS SAMPLES.
Consider one of the periodic signals for which you calculated the continuous-time Fourier series
expansion in Lab 3, Section 2.1:

2(t) = 1, if2n <t <2n+1, for any integer n,
1 0, if2n—1<t<2n, forany integer n.



X(t)

Suppose we use the ideal sampling model considered in class, to sample and reconstruct this signal.
First, in order to avoid aliasing, we filter the signal using an ideal analog low-pass filter H'(f) with
cut-off frequency fs/2:

Lo fl<%

0, otherwise.

() = {

We then sample the filtered signal at a rate of fs; samples per second, using an ideal sampler (i.e.
multiplication by a periodic train of ideal continuous-time impulses).

From the continuous-time impulse train obtained through sampling, we reconstruct a signal y(t)
using another ideal analog low-pass filter, H(f):

H(f)_{ Lof<t

0, otherwise.

Find the reconstructed signal y(t) for the following values of f;.

(i) 0.5 Hz.

)
(i) 1.5 Hz.
)

)

(iii) 2.5 Hz.
(iv) 10.5 Hz.

(For Parts (i), (ii), (iii), give expressions for y(t) without using MATLAB. For Part (iv), use MAT-
LAB to plot y(t).) Comment on your results.

Problem 5. ALIASING.

The continuous-time signal x.(t) = 3 cos(4007t) + 5 sin(12007¢) + 6 cos(44007t) 42 sin(52007t) is ide-
ally sampled at the rate of 4 kHz generating a discrete-time signal z(n) = A; cos(win)+ Ag sin(wan)+
Az cos(wsn) + Agsin(wgn), where 0 < w; < 71, 0 < wy <7, 0 < w3z <7, 0 <wy <. Find the
numbers Al, AQ, Ag, A4, w1, Wo, W3, and W4.



