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ABSTRACT to a rigid transformation boils down to the simpler problehtom-

It has been recently discovered that a faithful represiemdor the paring the underlying distributions of distances.

shape of some simple distributions can be constructed irsiagi-
ant statistics [1, 2]. In this paper, we consider the moreegarcase 2. THE DETERMINISTIC CASE
of a Gaussian mixture model. We show that the shape of generic

Gaussian mixtures can be represented without any loss byfishe |, this section, we summarize the result of Boutin and Kenfper
tribution of the distance between two points independedtyivn  for the specific case that concerns us (theirs is proved in éhmu
from this mixture. In other words, we show that if their respee 1166 general setting). It will be used in the next sectiorpaving
dlstrlbgtlons on|stances are th.e same, then there exngsjaran.s- our result. We consider a point-set in the plane. Let us detia
formation mapping one Gaussian mixture onto the other. Cainm points byp1, .. ., pn € R2. Then we consider the set of all pairwise

motivation is the problem of recognizing the shape of anailijep- gistances (squared, for simplicity) between the points:
resented by points given noisy measurements of these poinith

can be modeled as a Gaussian mixture. Aij = |lpi —pj||*foralli,j =1,....,n,i#j.

Index Terms— Object recognition, shape, invariant statistics.
We remove the pair of indices associated to each distancerapnd
store its value. In other words, we consider the bag of athdises,

1. INTRODUCTION i.e. the unordered set of all;;'s of the point-seps, ..., pn:

Many applications depend on being able to identify or re&ieb-

jects based on their shape. A good shape representatiomanisth {Aij}i# :

crucial for being able to do this quickly and effectively @8, It is ) ) . .

often reasonable to approximate the objects to be recagtiyea Itturns out that the bag.ofdlgtances p.rov[des'afalthfuleepntatlon

set of distinguished points calléandmarks[5]. For example, the ~for the shape of generic point-sets, i.e. it faithfully regents most

minutiae of a fingerprint form a configuration of pointspmint-sef ~ Point-sets up to a global rotation, reflection and transteso-called

which can be used to decide what are the best matching caeslida f9id transformation). Obviously, two-point sets whicleaelated by

in a database of fingerprints. In many situations, includirgcase @ gid transformation also have the same bag of distanceseber,

of minutiae, it may be difficult to label all the the points acately. ~ having the same bag of distances does not necessarily irapiic

One thus seeks a faithful representation which is invarimaer a e same shape. A counter-example, which was presented| is [1

relabeling of the points. Boutin and Kemper [1] considefeslde- ~ 9iven by the point-sets

terministic problem of determining whether two point-sate the

same up to a rigid transformation. They showed that theibligton {(0,0),(4,0),(3,1), (3, -1)}, 1)

of the pairwise distances between a generic point-set igtlefui {(0,0), (4,0),(1,-1),(3,-1)}, (2

representation of the shape of this point-set. Thus, pE@tg-with

exactly the same shape can be easily identified simply by adnp  which have different shapes but have the same bag of paidisse

the distribution of their distances. We seek a modificatibKem-  tances:

per and Boutin’s method which can be applied to the case where {V2,v2,2,v10,V10,4}.

positions of the points are measured with some error. Iriquéat,

we seek a way to quantify the probability that the observeidtpo Fortunately, such counter-examples are extremely rarausecthey

samples come from distributions which have the same shape . ~ Must satisfy a polynomial equation, as stated in the folgstheo-
In a previous publication [2], it was shown that the shape of d€M-

generic mixture of 2D spherical Gaussians, each equallghted . o )

and with the same standard deviation, can be representedusit 1 heorem 1. [6] There exists a polgnomlaf in 2n variables such

any loss by the distribution of the distance between a papogits ~ that if the pointspy, pa, . .., pn € R” satisfy f (p1,p2,...,pn) #

drawn independently from this spherical Gaussian mixtisgidu- 0 then for any other point-sgt, p2, ... ., pn having the same bag of

tion. In this paper, we show how to extend this result to theeca dlstanc2e;52as that ofi, p2, ..., pn, therg exists an orthogonal matrix

of a 2D Gaussian mixture. This is an important step towards fin M € R™"%, atranslation vectof’ € R” and a permutationr € 5,

ing an efficient shape comparison method for objects reptedéoy ~ Such that

landmarks. Indeed, our result implies that the difficulthdeon of ]

comparing the underlying distributions of sets of point ptes up pi = Mpru+ T, foralli =1,...,n.



The point-sets which do not lie on the zero set of the polybmi . *
f are calledenericpoint-sets. What the above theorem says is that
generic point-sets do not share their bag of distances witlother 05
point-set, unless this point-set also has the same shape. ol ¥ ¥

Numerical experiments were conducted in [6] to estimate the
likelihood of encountering a non-generic point-set whenaging 05
the points on a fixed grid. Although it was observed that nenegic 1 *
point sets are potentially quite likely hit on a small gridetresults
of the experiments suggest that they are almost never eteredn $ T bz ’
when the points are chosen randomly, up to 15 digit precisiara 2) )

unit square of dimension one with a uniform distribution.eTiag N
of distances thus appears to be a very good representatighefo N
shape of a point-set, even when the points coordinates ao#isgl N
by floating point values.

It would be tempting to try to show that bags of distances that
are close, in some sense, come from point-sets which haveilarsi
shape. Unfortunately, it is not true, even if we try to restifie state- N m
ment to generic point-sets. This is because of the presdribese I | iH S |
counter-examples. Indeed, one can pick a generic poimdsieh is c) d)
close to Point-set 1 and another generic point-set whiclosedo
point-set 2 (as in Figure 1 a) and b)). Obviously, these gepeint-  Fig. 1. Dissimilar shapes can have a similar bag of distance3he
sets would have quite different shapes, but, by constmictieir bag  star symbols in a) and b) represent two exceptional poistsgkich
of distances would be very similar. We thus need to followtaeo  have a very different shape but exactly the same bag of distan
route to generalize the bag of distance representationaiéththe  Any pair of point-sets similar to these two exceptional gsegsh as
case of points observed under noisy conditions. The routplare  the ones graphed with the dot symbols in a) and b), respégtivl

to follow is based on the result presented in this paper. have similar bag of distances. One thousand such pairs \aare r
domly generated and their bag of distances were comparédhet
3. A FAITHFUL SHAPE REPRESENTATION FOR 2D Kolmogorov-Smirnov goodness of fit test to obtain the prdlitsb
GAUSSIAN MIXTURES that these distance samples come from the same underhgtrgpdi

tion. In ¢) and d), we display a histogram of the results wham-c
We consider the case where the points observed are drawnafromparing the exceptional point-set of a) with the one nearbg, with
Gaussian mixture. The question we seek to answer is: "Giwen t the one close to the exceptional point-set of b), respdgti@e can
sets of points, each drawn from a Gaussian mixture, deterthim  see that such a test poorly discriminates between sinigaifdilar
probability that they come from the same Gaussian mixtupetou shapes when these happen to lie near an exceptional pampésh
a rigid transformation?”. We now show that this is equivalen
asking: "What is the probability that their pairwise disteas come

from the same distribution?”. _ifand only if they have the same shape, i.e. if and only iftlestists
Let p(x) be a Gaussian mixture model for a random variablegp, orthogonal matrixV/ € R2*2 and a translation vectof’ € R2
2
z e R% such that
S < Q; 1 )Tx=1( ) p(z) = p(Mz +T).
7 —5(x—p, . T— g
p(m) :Zalpl(x) :Zﬁe 2 H i 13 ,
pry iz (2m) 2 [%]2 In other words, the distribution of distances is a faithepre-
o2 o2 n sentation of the shape of generic Gaussian mixtures.
whereX = ( gt U120 ) ,ai > 0viand Y a; =1.
O12,i 02

i=1

Now letp,, p» be two random variables chosen independentlyProof. The moment generating function fex is
atrandom according te(z). Denote byA the square of the distance

between these two points, Mi(t) = E (6tAi) 7
A = |p1 —pz|*

Ip1 = pe| = / / etH“”712“2P($1)P($2)d$1dw27
Let us denote the pdf @A by r(A). We callr(A) the distribution of IR
distances of the Gaussian mixtyer). Since the distance between o~ tley—za)? _
two points is invariant under a simultaneous rigid transfation of - _z_:l WX Jom € pi(z1)p;(w2)dzrdzs,
the two points, the distribution of distances of two Gaussixtures ”n*
which have the same shape must be the same. We now show that, fo _ z sy Mij (1)
generic Gaussian mixtures, the converse statement alde. idbre o IR

precisely, we prove the following theorem. BI=t
Theorem 2. Suppose that two Gaussian Mixturgér), 5(z) are  whereM;j(t) is the moment generating function for the distribution
such that their respective means forms a generic point-3éten  of the square of the distance between two random variabbesndr
p(z) andp(z) have the same distribution of distancegr) = 7(x), independently fromp; (x) andp; (), respectively. After integrating,



we find
_ —7 |5 + 55| o
1- 2t(‘7%,i + Ug,i +O—%,j + U%,j) — 412 |5 + 55

HM»L*I»LJ'H2f+2f2(ui*Mj)T(Ei#'Ej)(Mifﬂj)
“ot(o2 2 2 2 Va2 |z 3.
o 172007 +0d hod 4od H-ar |27,+E]| .

Mi;(t)

One thus sees that;; (¢) is a function defined by four parameters:

2

HN’Z — Hj H )

O'ii + Ugﬁi + Ui]‘ + Ug,jy

T
(i = p5)" (B + 55) (i — ),
12 + 351
By power series expansion, one can show that functions fakim

same form as the function®f;;(t) are linearly independent from

each other, unless the values of their four parameters argathe.
Now consider two Gaussian mixtures, say

plx) = Zaim(ﬂf) andp(z) = z aipi(z),

o
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Fig. 2. In general, the Kolmogorov-Smirnov test does not ac-
curately distinguish the underlying distributions of the samples
contained in the bag of pairwise distancesSeveral pairs of con-

wherep;(z) and p;(x) are Gaussian distributions with parametersfigurations of five points were randomly generated, such asties

(i, X)) and(fis, X4 ), respectively. Assume that, pa, - - - , un are
distinct and that they form a generic point-setRiA. If the distri-
bution of distances of these Gaussian mixtures are the shewr,
their moment generating functions are the same. By linetegan-
dence, this means that the set of quadruples of parametelgad in
the moment generating function for the first distributiolong with

illustrated with the star symbols in a) and b) respectiveliren,a
point-sets similar to the first point-set was randomly gatest, as
illustrated with the dot symbols in a). The distance samplas
tained in the bag of distances were compared using the Kalrowg
Smirnov goodness of fit test to estimate the probability tiege dis-
tance samples come from the same underlying distributidot dp

their coefficienio; o, is the same as the set of quadruples of param-€ontains a histogram of the results obtained when compéhatyvo

eters and coefficients; @; for the second distribution. In particular,

their set of pairwise distances is the same. By Theorem 1simce

M1, ..
exists a rigid transformation mapping the pointsget. . ., u,, to the
point-seti, . . .
second mixture, we can write

(©)
4)

Q0 = Q)
i = il = i = pg

2 2 2 2
01+ 02+ 01, +032; =

_2 _2 _2 _2
01+ 02, +61,;+73;, (5

(s = p3) " (B + 35) (i — ) =
(i — )" (Si + £5) (1 — 1), (6)
I+ 55] = |8 + &5, (7)
foralli,j =1,...
formation of the second Gaussian mixture, that

wi = pg, foralli=1,... n.
By solving the resulting system of Equations, we obtain

Q= Qi, 0 = ii,foralli:17...,n,

, in- SO, after a relabeling of the components of the

nearby point sets, and d), a histogram of the results whempacdng
the random pair. Here we see that this method poorly disnetes

, bn 1S @ssumed to be a generic point-set, this means that thetgetween similar/dissimilar shapes in general.

4. TOWARDS A GOODNESS OF FIT TEST FOR DISTANCE
SAMPLES

Now that we know that the distribution of distances can beluee
faithfully represent the shape of a Gaussian mixture, tikéstep in
this research will be to figure out how to determine the prditgb
that two sets of distance samples come from the same unaigrlyi
distribution. More particularly, we are interested in ttase where
we are givem point samples, each coming from a distinct Gaussian
of the Gaussian mixture, and in using their pairwise distarto de-
termine the probability that the Gaussian mixtures are #meesup
to a rigid transformation.

One method that has been used to attack this problem consists
in comparing the pairwise distance samples using the Kotmmg
Smirnov goodness of fit test, or another measure of simjlais

,n. We can actually assume, after a rigid trans- pointed out in Section 2, because of the existence of exarggti

counterexamples to Theorem 1, such an approach cannoasslgur
distinguish between different shapes.

The following simple set of numerical experiments should-co
vey this fact in an unequivocal manner. We generated one- thou
sand slight variations of the exceptional Point-set 1 ang thiou-
sand slight variations of its exceptional counterpartpReet 2. The
variations were randomly generated by sampling pointsimvahuni-

and thus the Gaussian mixturegr) andp(z) are the same, after a formly distributed square region around each point. The efzthe

rigid transformation. a

region used was 0.05, thus the resulting point-sets wereragty
close to each other. Using the Kolmogorov-Smirnov goodoéfis



test, we compared the variations of Point-set 1 with Pagttstself.
More precisely, we computed the probability that the distasam-
ples contained in the bags of distances of the variationsioftf3et 1
come from the same distribution as those of Point-set 1. tdpiam
of the results is plotted in Figure 1 ¢). The same method wed tes
compare the shape of Point-set 1 with that of the variatidfomt-
set 2. A histogram of the results is plotted in Figure 1 d). As oan
see, it is impossible to distinguish which histogram cqroesls to
similar shapes, and which one corresponds to dissimilag.one

To illustrate the fact that what happened in the above expaari
is a generalized problem, we carried out a second set of mumer
cal experiments where point-configurations were randorelyeg-
ated and compared. For each experiment, we generated tisree d
tinct point-sets: two randomly generated configuration q@iofnts
(assumed to have a different shape) together with one smdlip
bation of the first randomly generated point-set (yieldingjrailar
shape). An example is illustrated in Figure 2 a) b). The badi®f
tances of the two nearby configurations were compared ubieg t
Kolmogorov-Smirnov test. The same was done for the two point
sets with different shapes. This experiment was repeatedhwu-
sand times. A histogram of the results is plotted in Figurg¢ and
d) respectively. The second histogram shows a very high puimib
false matches and thus this method fails at accuratelyndisihing
shapes. One main reason for this is that the Kolmogorov+i&mir
test is meant to be used on independent samples, which i©i@ot t
case when one uses all the pairwise distances of a point see-M
over, the Kolmogorov-Smirnov test is a limit result, so ityma may
not give an accurate solution when using merely a finite nurobe
samples. In future work, we shall show how to address thesess

(4]

(5]

(6]

5. CONCLUSION

We have shown that the shape of a generic Gaussian mixture can
be represented without any loss by the distribution of theass

of the distance between two points independently drawn fittis
Gaussian mixture. By generic, we mean that the means of the-Ga
sian mixture should not form an exceptional point-set asddfby
Boutin and Kemper in [1]. This means that comparing two Gaus-
sian mixtures up to a rigid transformation (i.e. a rotatimanslation
and reflection) is, in most cases, equivalent to comparieg tin-
derlying distribution of distances. The motivating apation of this
work is the problem of recognizing the shape of objects ispreed

by points. We have shown that using the pairwise distanceeea

the points as distance samples and comparing these disamgtes
using the Kolmogorov-Smirnov goodness of fit test is not b
way to identify similar shapes. In future work, we will degpla
more effective statistical test to estimate the probabtiito given
point-sets have the shape.
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