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Abstract— Boutin and Kemper have shown that the set of We put all these square distances in a bag, forgetting their

un!abeled_paﬂgmise disltanc;es between the pOin]ES r?f ahgenerif label. In other words, we consider the unordered set of all
oint-set in R™ is a lossless representation of the shape o ) :
P P P Aj;’s of the point sep, ..., pn,

the point-set. In this paper, we extend this result to the cas
where each of the points observed is drawn from a similar (A}
spherical Gaussian distribution inR%. More precisely, we consider iy

the distribution of the (squared) distance between two poits which we call thebag of distance®f the point-set. Kemper

independently drawn from a mixture of spherical Gaussians, . .
eachpGaussign having the same variance2.pWe then show that and Boutin [4] have proposed to use the bag of distances of a

two generic such mixtures of spherical Gaussians have these  POint-set to represent ighapei.e. to represent the point-set up
shape (i.e., they are related by a rigid motion) if and only iftheir to a global rotation, reflection and translation. It is olmsdhat

distribution of distances are the same. two point-sets which have the same shape also have the same
bag of distances. However, having the same bag of distances
does not necessarily imply having the same shape. A counter-

|. INTRODUCTION example is given by the point-sets

The motivating application for this paper is the problem
of browsing through a large database of shapes. This is a (0,0),(4,0),(3,1),(=3,1) and
difficult problem on which a considerable effort is currgntl (0,0),(4,0), (1,-1),(3,-1),
being expended_[;], [2]. 1t IS gene_rally acknqwledged that o which have different shapes but have the same set of pairwise
of the keys to efficiently solving this problem is to have a oo distances:
representation for the shape of an object. Many objects ean b
adequately represented by a set of distinguished pointesdcal {v2,v2,2, V10, V10,4}.
landmarks[3]. In many cases, these landmarks are indistin-However, Boutin and Kemper have shown that such counter-
guishable, so they cannot be robustly labeled. The problem @examples are very rare because they lie on a measure zero set.
recognizing such objects thus boils down to recognizing theviore precisely, they have shown that the following holds.
shape of a point-set without labeling. However, in pragtibe Theorem 1: [5] There exists a polynomiaf in 2n vari-
points observed are noisy. One is thus interested in computi ables such that if the pointg,,ps,...,p, € R? sat-
the probability that two observed (unlabeled) point-setsie  isfy f(p1,p2,....,pn) # 0, then for any other point-set
from two point distributions which have the same shape. 15, 5,,...,p, having the same bag of distances as that of
the following, we show that, under some assumptions, tWgy, p,, ..., p,, there exists an orthogonal matri¥ e R2*2
point distributions have the same shape if and only if theirand a translation vectdF € R2 such that
distribution of distances (to be defined below) is the same.
Thus, the distribution of distances of a point-set distitu pi=Mp;+T, foralli=1,... n
is a lossless representation of its shape. This means taat tfhus the vast majority of point-sets, which we cgéneric
probability that the underlying point distributions haveet Point-sets, do not share their bag of distances with anyrothe

same shape is equal to the probability that their distrisutif ~ Point-set with a different shape.
distances is the same. In [5], Boutin and Kemper conducted numerical experiments

to estimate the likelihood of encountering a non-generiotpo
set when picking the points on a fixed grid. Although it

Il. THE DETERMINISTIC CASE was observed that non-generic point sets are potentialtg qu
Consider a planar point-sgt, .. ., p, € R2. Denote byA;; likely on a small grid, the results of their experiments segjg
the square of the Euclidean distance betwgeandp;, ' that they are almost never encountered when the points are

specified by 15 random digits. The bag of distances thus
Ayj = |lpi — pj|I* appears to be a very good representation for the shape of a



point-set, even when the points coordinates are specified kije probabilityp that the two sets of distance samples come
floating point values. from the same underlying distribution. By Theorem 2, the
probability that the underlying point-set densities habe t

1. GENERALIZATION TO THE NON-DETERMINISTIC CASE ~ Same shape is equal to

The question remains as to how to use the bag of distances IOOne.of the strengths of the Kolmogorov-Smirnovlteslt is _that
compare the shape of point-sets that are close, but nothgxacit aPplies regardless of the type of underlying distribntio

equal. It would be tempting to assume that when two bagyowever, the true probability is an asymptotic value; the

of distances arelosein some sense, then the shape of thetStimate obtained with a limited number of samples may

underlying point-sets are also close, whenever the latier a ©f May not be close tg. It is th_us Interesting to test the
generic. Unfortunately, this is not true. Indeed, one cak,pi accuracy of the Kolm_ogorov-Smwnov_ test on f_|n|te Sets of
respectively, two generic point-sets near two non-ge iiat- distance §§mples coming from either similar or differeribpo

sets having the same bag of distances. The bag of distancesit densities and to check how accurate the results actually
the generic point-sets can be made arbitrarily close bysingo 2'¢- Overall, we found that the test very accurately idesifi

the points closer and closer to their non-generic neighbof.iIStanCe samples coming from pomt-s_etdensmes witterfit
However, their underlying shapes remain different. shapes. However, a large number of distance samples had to be

The right way to approach the non-deterministic case apysed. In particular, simply using the set of pairwise dis&n
pears to be the following. We consider the pdfz) of the between the means of each Gaussian did not yield a reliable

point p; (now considered to be a bivariate random variablefStimate; we had to use many more. Moreover, we found that
whose components are independent), wheres R2. We the test did not reliably identify samples coming from peint

assume thap;(z) is a spherical Gaussian distribution with sets with the same sha_pe. However, the average over several
meany; and variancer2, so that repeated tests, using different samples, seemed to be a good
K2 1

) indicator, as it oscillated around one half whenever thatpoi
1

pi(z) = ze—mllw—mllzl (1) set distributions were the same, and quickly dropped to zero
2o as we moved the point-sets far away from each other.
We then consider thgoint-set densityp(z) given by the Figure 1 illustrates the results of some of the experiments
Gaussian mixture we performed. In these particular experiments, we usedaddatl

n n

1 1 1 | , to generate random point-sets in a unit square and used these
p(x) = Z ﬁpi(z) = Z ~3 2e‘mllﬂﬂ—mll . (2)  point-sets as the means of spherical Gaussian mixtures. For
i=1 =1 e Shape 1, we used a point-set containing ten points. Using
We say that such a point-set density generic if the the Matlabunidrnd andr andn functions, we generated pairs
means of each Gaussian form a generic point-set, i.e. if iid random points from a mixture of spherical Gaussians
f(u1, pi2, ..., pm) # 0 where f is the polynomial function with variances? = 0.04. We thus generated two sets of 200
of Theorem 1. distance samples. These two sets of distance samples weere th
Consider two random variables , p» chosen independently compared with the Kolmogorov-Smirnov test. The result was
at random according te(x). The square of the distance supposed to be an estimate for the probability that the tig se
between these two points is a random varialleDenote its  of samples come from the same distribution. However, we did
pdf by r(A). We callr(A) the distribution of distances of the not obtain a value close to one, as we would have expected.
point-set density(z). Obviously, the distribution of distances So we repeated the experiment a total of 1000 times, each
of two point-set densities which have the same shape is thi@me with different distance samples. The results are disgl
same. The converse statement also holds, under some mill a histogram in the upper right corner of the figure. The
assumptions. Indeed, we have the following theorem, whosdistribution of the results appears to be more or less umifpr
proof is given in the last section of this paper. distributed on the intervdD, 1]. The mean value, at 0.5073, is
Theorem 2:Suppose that two generic mixturessofspher-  very close to one half, which is consistent with the resuks w
ical Gaussiang(z), p(z) have the same varianee®. Then  obtained with all our other simulations.
p(x) and p(x) have the same distribution of distances if and We also performed several experiments where we con-
only if there exists an orthogonal matrixl € R?2*2 and a  structed point-sets with different shapes and comparegk lar
translation vectofl’ € R? such that number of their distance samples using the Kolmogorov-
B Smirnov test. For example, Shape 4 was randomly generated
ple) =p(Mz+T). _ inside a unit square and compared to Shape 1. We generated
In other vyords, under these assumptian() is a lossless 200 distance samples from the distribution of distances of
representation of the shape oft). Shape 4 and compared them to those of Shape 1. The results
were consistently very small (with a mean @0053), as one
IV. NUMERICAL TESTS would expect. We then went on to generate shapes similar to
Consider two generic point-set densities. Given sampleShape 1 by adding Gaussian noise to each of the points of
from their respective distributions of distances, one cae u Shape 1. For example, Shape 2 and Shape 3 were generated
the Kolmogorov-Smirnowgoodness of fit test to estimate using standard deviations equal to 0.1 and 0.4, respegtivel




What we observe is that, as more noise is added to the
points, the mean of the KS tests gets smaller and smaller
and the distribution of the results peaks more and more
near zero. Indeed, the mean of the results displayed in the
figure are0.4929 and0.1842 respectively, the smaller number

Means of Gaussian Mixture Histogram of test results corresponding to the more different shape.
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Mean of results = O 5073 =1
be a mixture of 2D spherical Gaussians, all with the same
Shape 2 Shape 1 vs Shape 2 variancec?. Assume thatu, po, - - - , 11 iS @ generic point-

set inR2. We consider the distribution of the random variable
A defined as the square of the distance between two random
variablesp:, p» € R? chosen independently accordingde).

The distributionr(A) remains unchanged under a rigid
motion of the point set density(z) because the random
variable A = p; — p2 is invariant under a simultaneous rigid
transformation of the values gb and p, Thus the "if" of
Theorem 2 is clear. To show the "only if’, we need to show
that the coordinates of the megnss of the Gaussian mixture
can be determined from(A).

Claim 1: The moment generating function & is

£

Mean of results = O 4929

Shape 3 Shape 1 vs Shape 3

lpi—p 7t 124
1 e 1-402t
Ma(t) =
a(®) n1—402t n2;7;1 1—402t
Proof: By definition, we have

r

Mean of results = 0.1842 Ma(t) = E ("),

Shape 4 Shape 1 vs Shape 4 - E( el )
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Let us consider each term of the sum separately. We set

Mean iofhresults = 0.0053

() — tllx1—x2|? . )
Fig. 1. Comparing samples of the distribution of distances of pointsets Mi(t) - /R2 /R2 € pi(21)pj(22)de1drs.
with the Kolmogorov-Smirnov test. Shape 1 and Shape 4 are randomly

generated shapes which are quite different. Shape 2 is al semalom The quantity M;;(t) represents the expected value of
perturbation of Shape 1 while Shape 3 is another, more differrandom tlxi—x212 \wh ' N 27 d N 27
perturbation of Shape 1. Although a single KS test is urbigiathe value of ¢~ whenx; ~ N(u;,0%l) andxz ~ N(u;,0°1).
the mean of the results over several repeated tests cleatigates whether  Writing
the underlying point-set distributions are the same.

ying p (XY)':Xl—XQ,

we have(X,Y) ~ N(u; — pj,20%I). SinceX andY are
independent, we have

Miy(y) = E (ef<x2+Y2>) - E (etx2) E (eth) 3)



Let (pia, py) = pti — p1;.
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By symmetry, we also have

dx

2 1 tny
E(etY ) = 7m€ 1-402t (5)

Combining Equation 3 with Equations 4 and 5, we get

1 lpg = 1%t
Mij(t) = me 1-402t

Finally, we get
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where F;. is some function, andl, is the power sum

Jdy) = dy.

1<i<N
Proof: We begin by obtaining the power series expansion

for the moment generating functioala (¢). Using the power
series for the exponential and the binomial formula, we have
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wherec,, , are the coefficients of the binomial expansion. The
conclusion follows from the fact that thgh order moment is
equal tok! times the coefficient of* in the above series.
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Claim 3: If two point-set densities
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with the samecs? have the same distribution of distances
r(A) = 7(A), then the means of their respective Gaussians
have the same bag of distances.

Proof: If the distributions of distances are the same,
then all the moments of the distances are the same for both

To simplify the notation, we relabel the pairwise distanceddistributions. By Claim 2, and since the variancg is the

between the means as

di = |lp1 = pa2]?,
dy = |lp — psll?,
dv = |[pn—1— NnHQa
where N = @ The moment generating function &

then becomes

SR S A 6
n1—402t+n2i:11—402t 6)

Claim 2: Thekth order momen# (A*) can be written as

k

E(AF) =3 F.(o*)(dy,...,dy),

r=0

same for both distribution, this means that the power sums ar
the same for both distributions.

,.(dy,--- ,dn) = ,.(dy,--- ,dn), forall r.

This means that the values of the fifételementary symmetric
functions

Sl(dlv"'de) = Z di7

1<i<N

SQ(dlv"' 7dN) = Z d’Ldja
1<i<j<N

Sa(dy, -+ ,dy) = Z did;dy,
1<i<j<k<N

Sn(dy,--dy) =[] &,

1<i<N



are also the same for both distributions: means must have the same bag of distances, and thus, by
. - Theorem 1, the Gaussian mixtures must be the same up to
Sr(di,-++ ,dn) = Sp(dy, -+ ,dy) forallr=1,...,N. a rigid motion.

(The explicit relationship betwee$i, andIl,, - - - ,1I, is given
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