JOINT INVARIANT SIGNATURES FOR CURVE RECOGNITION

MIREILLE BOUTIN

ABSTRACT. We present a general method for recognizing curves modulo a
Lie group action. This method is based on moving frames and consists in con-
structing a joint invariant signature which is robust and of minimal dimension.
The example of planar curve recognition modulo equi-affine transformations
is discussed in details.

1. INTRODUCTION

This paper is the sequel to a warm up paper on polygon recognition [3]. We are
interested in curve recognition modulo Lie group actions, which is an important
problem in computer vision. Very often, objects are represented by the boundary
of their projection onto a plane (picture). Generally, the position and orientation of
the curve on the picture are irrelevant informations for the purpose of identifying
the object. Depending on how the picture is taken, other types of (Lie group)
transformations represent irrelevant variations in the shape of the curve, e. g. equi-
affine, affine, similarity and projective transformations. The problem of recognizing
the object thus reduces to recognizing curves modulo a Lie group action.

One solution to this problem was proposed by Calabi et al. [5] and consists in
constructing a signature parameterized by some well chosen differential invariants.
The differential invariant signature of a curve is a representative for the whole
equivalence class of this curve. In other words, two curves are in the same equiva-
lence class if and only if their signature is the same. For planar curve recognition
up to rotation and translation, the authors proposed the use of a signature curve
parameterized by (k, ks), where & is the Euclidean curvature and & its derivative
with respect to arc-length. They also suggested a signature for curve recognition
modulo equi-affine transformations. Although these differential invariant signa-
tures are promising, one problem is their sensitivity to noise and round off errors.
To improve the results obtained on discrete data, the use of numerically invariant
approximations for these differential signature curves [5, 2] was suggested.

Yet another type of signature was proposed by Peter Olver in [10] as a solu-
tion to the problem of noise sensitivity. Instead of using differential invariants
to parameterize a one-dimensional signature, the author proposed parameteriz-
ing a higher dimensional signature with a different type of invariants called joint
invariants. Denote by M*(™ the Cartesian product of n copies of a manifold
M*™ = M x ... x M (n-times). The action of G on M can be prolonged unto
M*(™ by setting g - (21,...,2n) = (g-21,...,9 - 2n), for all z1,..., 2, € M and all
g € G. A joint invariant is an invariant of the prolonged action of G on M*(").
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More precisely, it is a real valued function J : M*(™ — R which remains un-
changed under the simultaneous action of G on the n points of M, in other words
J(g-21,-..,9 2n) = J(21,...,2n), for all z1,...,2, € M and all g € G. In general,
joint invariants are more noise resistant than differential invariants simply because
they do not involve any derivative. The simplest joint invariant of the action of
the Euclidean group on R? is the distance between two points. In fact, any other
FEuclidean joint invariant is a function of distances. The simplest joint invariant of
the action of the equi-affine Lie group on the plane is the signed area of the triangle
spanned by three ordered points. As Elie Cartan has shown [6], the solution to
many equivalence problems lies in the functional relationships between some well
chosen invariants. In many cases, we can see this relationship simply by plotting
the invariants. For example, by plotting the Euclidean distances between enough
points on a curve, one is able to completely characterize the curve modulo rotations,
translations and reflections. In fact, the six pairwise Euclidean distances defined by
four points on the curve are enough for this purpose. A four-dimensional signature
in R® can thus be constructed by evaluating these six distances on all possible four
points on the curve.

However, there is no a priori reason to believe that the signature of a curve
should be more than one-dimensional. In fact, a one-dimensional signature is quite
desirable as it insures a minimal complexity order for the recognition algorithm.
Also, there is no apparent reason why the signature of a curve in an m-dimensional
manifold M should be parameterized by more than m invariants. For example, since
a planar curve is specified by two quantities, we see no reason why its signature
should be specified by more than two quantities. Indeed, we can show that, if
some slight regularity conditions hold, then one can obtain a certain set of m
joint invariants using the moving frame method, and use them to parameterize
a signature curve. For simplicity, we shall restrict ourselves to the case of a Lie
group action on a two-dimensional smooth (Hausdorff) manifold M2, although the
theoretical results contained in [3] allow for a generalization to Lie group actions
on any smooth (Hausdorff) manifold.

An interesting fact is that a signature parameterized by joint invariants no longer
requires the curve to be differentiable, as opposed to the differential invariant sig-
natures. This observation led us to consider using joint invariant signatures for
recognizing curves which are not necessarily smooth (e. g. polygons). In fact, dis-
continuities in the derivatives provide possible choices for the distinguished points
called landmarks, which are the key to constructing a simple signature. Some other
(more robust) possibilities for landmarks will also be discussed. In a sense, we
trade off high dimensionality for the use of landmarks. We believe that, with a
good choice of landmarks, this will yield efficient and noise resistant curve recogni-
tion algorithms.

2. CURVE RECOGNITION UP TO ORIENTATION AND AREA PRESERVING AFFINE
TRANSFORMATIONS

2.1. Curve Segment Recognition Modulo SA(2). Let us start with a simple
example of practical interest. Consider the action of the equi-affine group SA(2)
on {z € R?} given by

zZ=Az+b,
where A € SL(2,R) and b € R?.
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Let C' be a planar curve segment. Assume that this curve segment can be
parameterized as C = {a(t) € R?|0 < t < 1} with «a(t) a continuous and C*
map such that a(0) # a(1) and |o/(t)| # 0, for all £ € [0,1]. For simplicity, we
exclude the cases where the curve segment self-intersects although these can be
treated by a similar method. The parameterization is introduced solely to simplify
the exposition; it is not relevant for we are concerned with curves obtained from
images. In other words, we are interested in the graph of a(t).

We want to determine whether two given curve segments belong to the same
orbit under the action of SA(2). The case where C is a straight line is trivial: any
two straight lines are equivalent modulo SA(2). When C is not a straight line, we
take the two end points a(0) and (1) of C, and label them (; and (> respectively.
These two points serve as landmarks. Observe that the order of the labeling is
arbitrary, since it depends on our choice of parameterization.

For reasons to be given later, this case requires the use of a minimum of three
landmarks. Denote by A(z1,22,23) = %(23 — 2z1) X (22 — z1) the signed area of
the triangle with vertices z1, 22, 23 and let f : C — R be the function f(z) =
|A((1,C2,2)|- If f reaches a local maximum in a unique point on C, then we let
the third landmark £ be this point. Observe that if two curves segments C' and
C on which f reaches a local maximum in a unique point are equivalent modulo
SA(2), then their landmarks (;,&, ¢ and (1,&, {2 respectively are also equivalent
modulo SA(2) (up to the choice of ordering of the end points). This is what we call
equivariance up to order reversion of the landmarks. It provides us with an easy
equivalence test since the equivalence class of three distinct non-collinear points in
the plane is characterized by their signed area (a well know fact in affine geometry).

Lemma 2.1. Let C = {a(t)} and C = {a(t)} be two curve segments on which f
reaches a unique local mazimum at & and & respectively. If C' and C are equivalent
under SA(2), then

In general, f may reached a local maximum in many points, including whole
segments, on a curve. Since the property of being a local mazimum of f is preserved
under the action of SA(2), local maxima can be used to simplify the search for
equivalent curve segments. For example, if f reaches a local maximum only at a
finite number of points &;1,&s, .. .,&; (labeled in increasing order according to the
parameterization), then one can reject any other curve segment C for which the
preimage of the local maxima of f ordered according to the parameterization of C'
neither belong to the equivalence class of (&1,&s,...,&) nor of (&,...,£2,&1). In
particular, if this preimage is not finite of if it is finite but has a different cardinality,
then it must be rejected. It is an easy task to test whether two strings of equal
length belong to the same equivalence class, as we now explain.

Consider the two following four-point joint invariants of the action of SA(2):

11(21,22,273,24) = A(ZQ,Z3’Z4) and 12(21,22,23,24) = A(Zl,ZQ,Z4).
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Define the map S : (R?)*(*) — RF*2 by

11(21,22,23,24), I2(21722,23,24)

11(212,2:3,24,2!5), ‘[2(’22;23724725)
S(Z]_,. 7zk) = . -

L (252, 2k-1, 2k, 21),  T2(2k—2, 2k—1, 2k, 21)

Il(zkflazk;zlazé)a I2(Zk7]_,Zk,Z]_,Z2)

Il(zk,21,22,23), IQ(Zk,Zl,Zz,Z;;)

Lemma 2.2. Letk > 3. If (z1,...,21), (21, ..., %) € (R2)*®) are two strings such
that no three consecutive of their vertices lie on a straight line (e. g. all consecu-
tive points are distinct), then there exists g € SA(2) such that g - (z1,...,2k) =
(Z1,---,2k) if and only if S(z1,-..,2K) = S(Z1,---, 2k)-

The proof is a particular case of the proof of Theorem 2.5. As a corollary, we
have the following equivalence test.

Corollary 2.3. Let k > 3 and assume that f reaches a local mazimum at the
points {&1,&,...,&} and {€1,&,...,&} on C and C respectively. Assume that
the &’s and &;’s are labeled in increasing order with respect to the parameterization
and consider the strings (&, &2, ..., &) and (61,&, ..., &).

If 2 A&, €ig1, Eir2)s A Eivr, Eiga), # 0 for all i = 1,...,k — 2, then C = C
mod SA(2) implies that either S(&1,&2,...,&) = S(&1,&2,...,&) or
S(Eka"'EQaé.l) = S(‘glaEQa"'agk)'

One can think of many possible variations of the previous equivalence test. For
example, we could have considered the string (¢1,£1,- . ., &k, C2) € (R?)*() of length
(k+2) defined by the points where f reaches a maximum &, . . ., & together with the
end points (1 and (2. By Lemma 2.2, the equivalence of such strings of landmarks
can be checked by comparing S(¢1,&1,...,8&,C) and S((1,&1,&, ...,k C2). In
the case where f reaches a local maximum on a whole segment of the curve C,
then the end points of this interval can also be used in a test string to check for
the equivalence of curve segments. Using a longer string of landmarks provides,
of course, a better equivalence test, one that will be more likely to rule out non-
equivalence candidates.

If no string equivalence test rules out equivalence, then we need to use all the
relevant information contained in the curve segment. Let &, be the first point at
which f reaches a local maximum (according to our choice of parameterization)
and let £_ be the last such point. Let ¥, (C) be the curve parameterized by
(Il (C1,£+,C2,Ck(t)) JIZ (C1,£+,C2,C!(t))), for 0 S t S 17 and let Z*(C) be the curve
pa‘ra‘meterized by (Il (<2,£,,<1,Oé(1 - t)) 712 (C27£*7C17a(1 - t))): for 0 <t<L

Definition 2.4. Given a choice of parameterization for a curve segment C' =
{a(t)}, we define its signature X(C) as the ordered pair of curves
S(C) = (34(C), 5-(C)).

Theorem 2.5. Two curve segments C = {a(t)} and C = {a(t)} on which f reaches
a unique local maximum are equivalent if and only if either (X4(C),2_(C)) =

(£4(0), 2-(0)) or (S-(C), £4(0)) = (£4+(0), 2-(C)).

2Note: If three consecutive &;’s lie on a straight line, one can try to permute the points to
avoid collinearity and perform the equivalence test on the permuted points.
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Proof. Observe that the signature is a function solely of signed areas, which are
invariants of the equi-affine group action on the plane. Moreover, except for the
choice of orientation, our procedure to determine the landmarks will consistently
lead to the same three points modulo SA(2). So the signature of two equivalent
curve segments will be the same up to a permutation of its two curve components.

Now, suppose we are given two curve segments C and C with the same sig-
nature up to a permutation of the two curve components. We can assume that
(24(0),2-(C)) = (24(C),=_(C)) by reparameterizing one of the curve with
1 —t instead of ¢, thus reversing the direction of travel, if necessary. We then have
¥, (C) = £,.(C). Consider the end points of these curve segments. One of them
lies on the y axis and the other lies on the z axis. Observe that (1, (> and &, must
be distinct, therefore none of the end points of the signature actually lies at the
origin. The end point lying on the y axis corresponds to the first points ¢; and (;
of each curve segment. By looking at the second component of this end point, we
know the value of A((1,&y,¢2) and A((r, &4, ), which must be equal by assump-
tion. It is a well known fact in affine geometry that three distinct non-collinear
points in R2 can be mapped unto each other using an equi-affine transformation
if and only if their signed area is the same. So there exists g € SA(2) such that
g- (Cl:f—i—a CZ) = (Cl;é-{-a CQ)

Observe that the invariants I; and Iy are such that given three distinct points
21, 22 and z3, the value of I (21, 22, 23, 24) and I5(21, 22, 23, 24) uniquely determines
24, provided that I (21, 22, 23, 24) # 0. This means that all points z € C such that
A(&4, (2, 2) # 0 are mapped to corresponding points zZ € C' by g. By continuity of
the curve segments and since the parameterization has nonzero speed, we conclude

that g-C' = C. O

Note that, although only three landmarks are used in our method, one could
certainly construct a signature that uses more than three landmarks, as we shall
do for the case of closed curves.

We took the picture of a leaf and segmented it (see Figure 1) in order to test
the noise resistance of our method. We considered the boundaries of the left and
right sides of the leaf as two curve segments. The left side curve was flipped before
being compared to the right side curve. Note that no preprocessing was done on
either curves. The end points were used as landmarks and, for each curve, a third
landmark was found by taking the point on the boundary spanning the triangle of
maximal area, Ay, q. (right) and A,,q.(left) respectively. These three landmarks are
represented as the vertices of a triangle on Figure 2. The signature of both segments
is displayed in Figure 3 together with a third signature obtained by multiplying
the signature of the left side of the leaf by %ﬁi%)' Despite significant local
variations in the shapes of the sides, the signature of the right side curve and the
rescaled signature of the left side curve are surprisingly similar.

2.2. Closed Curve Recognition Modulo SA(2). Let C be a closed, non-self-
intersecting planar curve parameterized by {a(t) € R?|0 < ¢t < 1} with a continuous
and piecewise differentiable, a(0) = a(1) and &/(t) # 0 on the differentiable pieces.

The first thing to do is to choose a minimum of three landmarks. Again, there
are many ways to do this. For example, consider the affine curvature k at every
point of the curve, which in local coordinates (z,y) € R? with y = u(z) is given

2
3UzzUzzaz —DUy 40

I . Observe that k is not defined at inflection points of
Uz

by k(z) =
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FIGURE 1. Segmented Leaf

FIGURE 2. The Two Side Curves of the Leaf
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the curve. Define the map g : C — R by g(2) = |k(2)|- One possibility for the
landmarks is to take all the points on C' where the function g either is not defined
or reaches a local maximum.

For a closed (regular) and C* curve, one can show that there exist at least
three points on the curve where the affine curvature reaches a local maximum [8].
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FI1GURE 3. Equi-affine Invariant Signatures of the Two Side Curves
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The case where the affine curvature is constant corresponds to ellipses and can be
treated separately. Indeed two ellipses can be mapped to each other by an affine
transformation if and only if their area is the same. If g reaches a local max on a
C* curve at a finite number of points {(i,...,(x}, k > 3, then these points can be
used as landmarks. One can also include the endpoints of the intervals on which g
reaches a local max, if such an interval exists.

If the curve is merely piecewise C*, then one can include the points where the
affine curvature doesn’t exist or is not continuous in the set of landmarks. If doing
so yields less than three landmarks, then one can divide up the differentiable pieces
of the curve into intervals of equal affine arc-length and use the boundary points of
these intervals as landmarks. Adding the points where g reaches a local maximum
is also a possibility.

A different approach to defining landmarks would be to use the affine skeleton
[1] of the curve C. The affine skeleton being an equivariant structure, we could, for
example, define landmarks directly on the skeleton and use these as landmarks for
the curve. One could think of using end points or junction points of the skeleton,
which are characteristics that are preserved under the action of SA(2). In any
event, the essential is to obtain a string of at least three (robust) landmarks and
the technique used to achieve this goal matters little.

Let C = {a(t)} be a closed curve with k landmarks (Ci,...,¢) € (R2)*(*), Let
Zy, act on (R?)*(F) by cyclically permuting the order of the k landmarks. Let Z act
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on (]RQ)X('“) by reversing the order of the k landmarks. Consider Hy, =< Zg, Zo >,
the group of transformations generated by the action of Zj, and Zs on (R?)*(®) and
the point ((1,...,¢) € (R2)*(®) mod H. We identify this point with a polygon
P = P(C) in R%. To simplify the exposition, we set (x+1 = (1, (rt2 = (2, and so
on. By construction, the polygon P(C) associated to a curve C is equivariant, in
the sense that if C = g-C, then P(C) = g- P(C). The equivalence of two polygons
can be checked in O(k) steps using the map S defined in subsection 2.1. In fact,
we have the following simple equivalence test, which can be proved by the same
arguments as the ones used in the proof of 2.5.

Theorem 2.6. [3] Let k > 3 and let P = {py,...,px) and P = (py,...,py,) be two

polygons with no three consecutive points lying on a straight line. Then P = P
mod SA(2) if and only if

S(p1,p2,---,08) = S(P1,-.-,Pr) mod Zy
ors@ka"-7p27pl) S(ﬁl,-..,pk) mOde.

If comparison of the polygons doesn’t rule out equivalence, then we are ready
to perform the ultimate equivalence test. For i = 1,...,k, let ¥,,(C) be the
planar curve segment parameterized by I1((;, it1, Gito, 2) and In (G, Givt, Gita, 2),
for z € C going from (;43 to (i12. Consider £ (C), the string of k curves

24(0) = (14, Doty Bt ) -
Observe that the signature for polygons used in Theorem 2.6 corresponds to the first
point of each curve segment X;,. Similarly, let ¥;_ be the planar curve segment
parameterized by I ((;, Ci—1, Gi—2, 2) and I>((;, (i—1,(i—2,2) for z € C going from
Gi—3 t0 Ci—2. We define the signature X(C) of a closed curve C' = {«a(t)} as the
pair of curves X(C) = (X4(C),X_(C)). As a corollary of 2.5, we have the following
theorem.

Theorem 2.7. Two closed simple curves with a string of k > 3 landmarks are

equivalent under SA(2) if and only if either ¥, (C) = X4 (C) mod Zy, or L_(C) =

Y4+(C) mod Zj.
3. GENERALIZATION TO OTHER LIE GROUPS

3.1. Theoretical Foundations. Let G be a §-dimensional Lie group acting on
an m-dimensional smooth (Hausdorff) manifold M. In this paper, we assume that
M = M? is a two-dimensional manifold, although the theory developed in [3]
applies to manifolds of any dimension. Our recipe to build a signature curve uses
two ingredients: 1) a set of two suitable invariants, 2) a set of distinguished points
called landmarks. Let us first talk about the landmarks.

The only property that we require of the landmarks is that they be equivalent
on equivalent curves. This is what we call equivariance of the landmarks which we
now define precisely. Let £ be a rule that associates to every curve C a finite string
of points £(C) = (&1,...,&) € (M?)*(F),

Definition 3.1. We say that £ is equivariant if
L(g-C)=g-L(C), for all g € G.

We say that £ is equivariant up to Hy, for some subgroup of permutations Hy, C Sk,
if for any C = g - C for some g € G, there exists h € Hy such that

L(C)=g-h-L(C).
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Definition 3.2. If £ is an equivariant rule, C' a curve segment and if £(C) =
(&1,---,&k), then we say that the points {&1,...,&,} are (equivariant) landmarks
for C.

The freedom in the choice of landmarks comes from the infinitely many possible
choices of equivariant rules £. In practical applications, the choice of £ should
be made in such a way to insure robustness of the landmarks. For example, for
the third landmark on planar curves under the action of SA(2), we could have
decided to take the first (or last) global maximum of the function f, but for noisy
data representing curves with more than one local max, this would not yield robust
landmarks. We could also have taken the first point encountered where the affine
invariant curvature reaches a maximum or doesn’t exist, but in general, the more
derivatives the rule £ relies on, the more sensitive the results. So a perhaps better
possibility is to pick the point that lies at half the total affine arc-length of the
curve segment. There are many other possibilities for choosing landmarks and
performance of any one type of landmarks will always depend on the type of curve
segments under consideration.

The next ingredient on our list are the invariants that will parameterize the
signature. We impose the condition that only two invariants should be used, so as
to not increase the complexity of the recognition algorithm unnecessarily.

Definition 3.3. We say that the group action is semi-reqular if all the orbits
have the same dimension. If, in addition, for all z € M, there exists a collection
of arbitrarily small neighborhoods whose intersection with the orbit through z is
connected, then we say that the action is regular.

Most of our results are based on the following theorem due to Frobenius.

Theorem 3.4. [7] If G acts on an open set O C M semi-reqularly with s di-
mensional orbits, then Yxo € O there exist m — s functionally independent local
invariants Iy, ..., I,_s defined on a neighborhood U of xo such that any other local
invariant I defined near xo is a function I = f(I1,...,I—s). If the action of G is
regular, then the local invariants can be taken to be invariants in a neighborhood of
xo, and two points 1,22 € U are in the same orbit if and only if I;(x1) = I;i(z2),
Vi=1,...,m—s.

The set {I1,...,In_s} is often called a complete fundamental set of invariants.
The moving frame normalization method, as explained in detail in [9] Chapter 8,
is an algorithm to construct a complete fundamental set if invariants. The idea
is to build a right-equivariant map p : M — G called moving frame. By right-
equivariance, we mean that p(g-z) = p(xz)g~!, for all g € G and all z € M. A
moving frame can be constructed following a step-by-step method. Given local
coordinates x = (x1,...,%n,) in a neighborhood of zy € M, we consider the m
coordinates of the vector p(z) - z, which contain a complete fundamental set of
invariants define in a neighborhood of .

In the following, we shall make use of this interesting property of the maximal
orbit dimension.

Lemma 3.5. [4] Let s, denote the mazimal orbit dimension of the prolonged action
of G on M*™, If s,, = 5,41, then Sn+tj = Sn, for all j € N.

Definition 3.6. We say that a group action of G on a manifold M is effective if
the subgroup {g € Glg -z = 2,Yz € M} = {e} is trivial. We say that a group
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action of G on a manifold M is effective on subsets if for all open subset U C M
the subgroup {g € G|g- 2z = 2,Vz € U} = {e} is trivial.

Our method also relies strongly on the following important fact.

Theorem 3.7. [4] There exists a minimal ng such that G acts with §-dimensional
orbits on a dense and open subset D of M*(0) if and only if G acts (locally)
effectively on subsets of M.

A general method for constructing suitable invariants to characterize polygons
in an m-dimensional manifold modulo a Lie group action is explained in details in
[3]. It turns out that the same invariants are suitable for characterizing curves. We
shall summarize these results here for the particular cases of Lie group actions on
a two-dimensional manifold M?2.

We are assuming for the rest of this paper that G acts effectively on subsets of
M? so that ng exists. Observe that the action of G on the (open) set of points
belonging to orbits of maximal dimensions is (at least) semi-regular. So Theorem
3.4 guarantees the existence of fundamental invariants in a neighborhood of any such
points, and we can construct these invariants using the moving frame normalization
method.

Let n* be the minimum integer n such that the maximal orbit dimension s,
of the action of prolonged action of G on (M?)*(") is strictly smaller than 2n,
the dimension of (M?)*("). In other words, n* is the minimal number of points
on which non-trivial joint invariants can depend (by Theorem 3.4). Observe that
ng > n* — 1. By considering sets of fundamental invariants on open subsets of
(M2)* (") (M2 HD - (M2)* (o) (M2)*(not1) gyccessively, we can cook
up a set of two invariants Iy and I that are suitable for parameterizing a signature
curve. Recall that § denotes the dimension of G.

Lemma 3.8. Let s, denote the orbit dimension of the prolonged Lie group action
on (M?)*(™), Then the following relations hold:

Sp = 2n,foralln <n*,
Spn = Sp_1+1,forallng >n>n*,
Sp = Sp_1,for allm > ng,

(and therefore) ng = d+1—n".

Proof. By definition of n*, we have s, = 2n, for all n > n* and s,» < 2n*. By
Lemma 3.5, s, — sp,—1 = 1 or 2, whenever n < ng, while s, — s,_1 = 0, whenever
n > ng. However, it turns out that s, — s,,_1 < 2 for any n > n*. Here is why.

e For n = n*. If s+ — sp«_1 = 2, then s,+ = 2n* which contradicts the
definition of n*.

e For all n > n*. The number of n-point joint invariant #,, is #, —#n-1 > 1,
since if I(z1,...,Ty+) is an n*-point joint invariant, then I(z1,...,2,) =
I(xzp—n+41,---,%,) can be used as a fundamental n-point joint invariant.

Therefore we have sp«_1 = 2(n* —1), 8, —8,—1 = 1, for all ng > n > n* and finally
Sn — 8n—1 = 0, for all n > ng. We conclude that 6 = 2(n* — 1) + (np —n* + 1) =
n*+ng— 1. O

3.2. The algorithm. For simplicity, we divide the exposition of our algorithm into
two distinct cases.
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Case 1: ng = n*—1. Observe that, by Lemma 3.8, this case requires the dimension
of the group 0 to be even. It includes the similarity Lie group SIM (2) generated
by dilations, rotations and translations in the plane, which is discussed in [3]. The
distinguishing property of such group actions is that there are exactly two funda-
mental invariants defined in some neighborhood U of any point zq € (M?)*("")
belonging to an orbit of maximal dimension s, = §, as proved by Theorem 3.4 and
Lemma 3.8. These invariants can be obtained using the moving frame normalization
method.

Lemma 3.9. Assume ng =n* — 1. Let xg € (M?)*0+1) be ¢ point belonging to
an orbit of mazimal dimension s,,41 = 0 and let Ji, Jo : U C (M?)*(motl) 5 R
be a complete fundamental set of invariants defined in a neighborhood of xo. There
ezists a meighborhood U C U of zo such that on {(21,...,2n,+1) € U}, the last
point Zn,41 can be expressed as a function

Znot1 = F (21, -3 2ngs J1(Z15 - - s Zng+1)s J2(215 - -« s Zng+1)) -
Proof. Consider the 2-by-2(ng + 1) Jacobian matrix
O(Jv, Jay
021, -+, Zng+1)

which, by functional independence of J; and J», has rank two on an open and dense

subset of U. Since there are no ng-point joint invariants, the 2-by-2 sub-matrix
9(J1, J2)

6zno-i-l

must also have rank two on an open and dense subset of U and the conclusion
follows by the implicit function theorem. |

Assuming that ¢ acts transitively on the restriction
Hl,---anoﬁ = {(zla ) zno) € (MQ)X(HO)EIZTL()-H s.t. (ZI; LR Zno+1) € 0}7

then we can simply use I; = J; and I = J> to parameterize a signature for curve
segments.

Given a curve segment C' = {«a(t)} with ng = n*—1landmarks ({1, ..., (s,) in the
direction of the parameterization and the same number of landmarks (A1, ..., An,)
in the other direction, we write these landmarks as [(C1, .-+, Cng)s (A1, - -5 Ang)]- We

define the joint invariant signature of X(C) of the curve segment C as the pair of
planar curves

I(0) = (34(0),2-(C))
where ¥, (C) is the curve parameterized by I ((1, ..., (ny,@(t)) and
I (C1y- -, Gy, @(1 — t)), while £_(C) is the curve parameterized by
LM, eeyAng,a(1—1) and I (A1, ..., Apg, (1 — 1)), for 0 <t < 1. Let Zs act on
the signature X(C') by permuting its two curve components.
Theorem 3.10 (For curve segment recognition). Let U C be an open set as de-
scribed in Lemma 3.9. Assume that G acts transitively on the restriction Hl,,,,,noU’ .
Consider two curve segments C' and C with landmarks [(Ci,- .-, Cng)s ALy -+ v 5 Ang)]
and [(C1,- -+ Cno)s (Ats - -5 Ang )] Tespectively. If, for all 0 <t < 1, we have
(Cla LR Cno:a(t)) ) (C_‘la LR 5”076‘(7:)) € 0: as well as
Aty Ang, a1 =1), (M-, Ang,@(1—t)) € U. Then C = C mod G if and
only if £(C) = £(C) mod Zs.
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Proof. Invariance of the signature follows from the fact that it is parameterized by
invariants and that the landmarks are equivariant up to a permutation of the ¢ and
A components corresponding to reversing the direction of the parameterization.
To prove that the signature of C' completely characterizes the equivalence class
of C, observe that, by transitivity of the action of G on 2, there always exists
g € G such that g - (C1,---,Cno) = (C1,---,Cno)- Assuming that ¥4 (C) = X, (C)
(reparameterize C if necessary), then by Lemma 3.9, g- C = C. m|

We can also use I1 = J1 and Iy = J» to parameterize a joint-invariant signature
Y(C) for a closed curve C' with k > ng = n* — 1 landmarks ((i,...,(). Setting
(Ck-i—lv RN CQk) = (Cla LR Ck)7 we let E(C) = (E+(C)7 Z—(C)) where

S1(0) = (B14(0), .., Tt (O))

is a string of k curves X;; (C) parameterized by I; ((;, - - -, Cnot+i—1,2) and

I (gu R Cn0+i717 z) with z € C gOing from Cn0+i to Cno+i71 and E*(C) = 24_({(1(1—
t)}). As a corollary of 3.10, we have the following theorem.

Theorem 3.11 (For closed curve recognition). Let U C be an open set as de-
scribed in Lemma 3.9. Assume that G acts transitively on the restriction Hl,...,noﬁ-
Consider two closed simple curves C' and C with k > ng landmarks (i, ..., () and
(C1,---,Ck) respectively. Setting (Cky1,---,Cok) = (C1,---,Ck) and (Crt1,-- ., Cor) =
(C1y---,Ck), assume that, for all i = 1,...,k and for all z € C between (pyti and
Cnorie1 we have (Gi,-- -, Citng—1,2) €EU. Then C = C mod G if and only if either

£,(C) = 24(C) mod Zy, or £_(C) = £4(C) mod Zy.

Case 2: ng > n* — 1. In addition to the equi-affine group action on the plane
discussed previously, this case includes the action of the (full/special) Euclidean
group acting on the plane and the action of SL(2) on the Poincaré half-plane
which were discussed in [3]. It is characterized by the fact that there exists a single
fundamental invariant .J defined in some neighborhood of any point zy € (M?2)*(%")
belonging to an orbit of maximal dimension s, < d. Again, this invariant can be
obtained following the moving frame normalization method.

Lemma 3.12. Assuming that ng > n* — 1, let (21,...,2n,) be local coordinates
for (M?)*(m0) and let {.J} be a complete fundamental set of invariants defined in a
neighborhood of a point xo € (M?)*("0) belonging to an orbit of mazimal dimension.
There exists an open set U,, C (M?)*("0) sych that

{J(zis s 2mei )}y

is a complete fundamental set of invariants on Uy, .

Proof. Let J; = J(ziy...,2n+4i-1), for i = 1,...,n9 — n* + 1. By Lemma 3.8,
the maximal orbit dimension s,, = § = ng + n* — 1. So, by Theorem 3.4, there
are 2ng — Sp, = 2ng — (ng + n* — 1) = ng — n* + 1 fundamental invariants in a
neighborhood of xy. The conclusion follows by observing that the Jacobian matrix
0Ji,. .., Jnofn*+1
6(21,...,Zn0) )

has rank ng—n*+1 on an open and dense subset of an open subset U, of (M?)*(m0),
0O
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Lemma 3.13. Assuming that ng > n*, let {J} be a complete fundamental set
of invariants defined in a neighborhood of a point xo € (R%)*(m0) belonging to an
orbit of maximal dimension. There exists an open set U, 41 C (R2)*(mot1) gnd an
invariant H : Upy+1 — R such that

{J(2iy - s Znrim1) J20 " Y2U{H (21, 2n011)}
is a complete set of fundamental invariants on Up,y1, while
{J(zia Tty zn*-i-i—l)}?:ol_n +
is a complete fundamental set of invariants on the restriction
I, ngUngt1 = {(zh ) zno) € (M2)X(no)|3zno+ls't-(zla ) zno-i-l) € Uno-‘rl}'

Moreover, we can choose Up,+1 such that, on Upy41, the last point zp,4+1 45 a
function

Zno+1 = f (Z]_, <3y 2ngy J(Znofn*+2, . ,Zn0+]_), H(Z]_, .. ,Zn0+1)) -
Proof. By Lemma 3.12, there exists Uy, C (M?)*(") on which {J(z;;, ..., zn*+i_1)}?:°1_"*+1
is a complete fundamental set of invariants. Let J; (21, ..., 2Zngt1) = J(Ziy- -+ Znr4iz1)-

Observe that there exists an open subset of (M?)*("0+1) on which the rank of the
Jacobian matrix
O(J1, -, Jng—n-+42)
6(21, ey Zn0+1)
is equal to ng —n* +2. This open subset can be taken as U,, x Uy, where U, C U,
and U; C M?2. The number of functionally independent invariants on (IR?)*(7o+1)
is

2(”0 + ].) — Spo+1 = 2(“0 + 1) -4,
= 2(no+1)—(ng+n*—1), by Lemma 3.8,
= ng—n"+3,

so there exists another invariant H and an open subset Uy, 41 C Uy, x U; such that
{J1,- -y Jng—n++2, H} is a complete fundamental set of invariants on Upy1.
To show the second part of the statement, observe that the Jacobian matrix

6(Jno—n*+27 H)
6(21, ceey Zn0+1)

must have rank two, otherwise one could write an ng-point joint invariant I as

I(zh LN Zno) = f(']no—n*-i-?(zla .- 7zn0+1)7 H(zla ) Zn0+1))7
a function of J,,_p+42 and H, which would contradict the fact that J,,_p+42 and
H are functionally independent of { Ji,. .., Jn,_n*+1}, & complete fundamental set

of ng-point joint invariant. The conclusion follows by the implicit function theorem.
O

Again, note that we can use the moving frame normalization method to obtain
both the invariants J and H. We can use I} = Jp,_n*4+2 and Iy = H to param-
eterize a signature characterizing closed curves or curve segments modulo G. The
recognition algorithms are just slightly different that those of Case 1.

Given a curve segment C' = {a(t)} with ng landmarks ((i,...,(y,) in the di-
rection of the parameterization and the same number of landmarks (Ay,...,Ap,)
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in the other direction, we define its signature as the pair (C) = (£4+(C),2_(C)),
where

S(0) = { (T (G55 Gne)s TGy Gnogn)s oy T (oo 15+ -5 Gno)) »
{J(Cno—n*-i-% s aCnova(t)) :H (Clv s 7Cno:a(t))}0§t§1}

and X_(C) = 4 ({a(1—t)}o<i<1). So each component of the signature is a set con-
taining the string of ng —n* +1 real numbers given by evaluating J on all n* consec-
utive landmarks together with the curve parameterized by J(Cng—n*+25--->Cngs 2)
and H((i,. .., Cny,2) With z varying along the curve. Let Zs act on the signature
¥(C) by permuting ¥, (C) and ¥_(C).

Theorem 3.14 (For curve segment recognition). Assuming that ng > n* + 1, let
J, H and Upy41 be as defined in Lemma 3.18. Consider two curve segments C

and C with landmarks [(C1y- -+, Cng)y My - -+ Ang)] and [(Ciy- vy Cng)s Aty e v vy Ang)]
respectively. If, for all 0 < t <1, we have
(Cla"')Cnoaa(t))7 (51,...,4_-”0,@(1')) € Un0+1
and (A, Angs (1= 1)), (A1, -, Ang,@(1 = 1)) € Ungts

then C = C' mod G if and only if £(C) = £(C) mod Z.

Proof. Invariance modulo Z, follows from the invariance of the construction up to
the choice of direction for the parameterization.

Assume that ¥(C) = £(C) (reparameterize one of the curve segments if neces-
sary). This implies that the vector value of

(J(C—la .- -:Cn*); J(C27 .- -:Cn*-i—l) LR J(Cno—n*-i-la .. '7(”0))

and (J(Eh s 7En*)7 J(Eb LERE Cn*+1) R J(C_‘n07n*+17 s 75”0))
are equal. By Lemma 3.12, this means that there exists ¢ € G such that g -
(C1y---,Cng) = (C1y---5Cny)- By Lemma 3.13, we have g- C = C. O

Given a closed curve segments C' = {a(t)} with k£ > ng landmarks, we define its
signature as X(C) = (X4 (C),X_(C)) where X, (C) is the set of k curves

T1(0) = (B14(C), -, Bt (O))

parameterized by

Bit = (J(Gitno—n*s -« +sCnoti—152)H (Cis - + s Cnoti—152))

for z € C going from (,,y4; t0 (noti—1- As a corollary of 3.14, we have the following
theorem.

Theorem 3.15 (For closed curve recognition). Assuming that ng > n* +1, let J,
H and Upney1 be as defined in Lemma 3.13. Consider two closed (simple) curves
C = {a(t)} and C' = {a(t)} with k > no landmarks (i,...,Ck) and (C1,---,Ck)

respectively. Set (Cry1,---,Ck) = (C1y---5C) and (Cox1y---,Ck) = (G1y---5C)-
If, for all0<t<1land alli=1,...,k, we have

(Ci) Ty Cn*-{-i—l) a(t)) ) (El) Ty gn*-i-i—l) C_“(t)) € Uno—i—l;

then C = C mod G if and only if £, (C) = £, (C) mod Zj or £, (C) = Z_(C)
mod Zy,.
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Observe that, in all cases presented, the main tricks used consisted in finding two
invariants Iy (21,...,2n),I2(21,...,2,) such that given z1,...,2,_1, then the last
point z, is uniquely prescribed by the value of I1 (21, ...,2,) and I»(z1,. .., 2,). The
natural question to ask, of course, is whether one could build a signature in a similar
fashion using invariants that depend on less than ng+1 points. Unfortunately, there
is no way to repeat our trick with such invariants.

Lemma 3.16. Whenever n < ng+1, there do not exist two invariants Iy, I : U, C
(M2)x(") — R such that, on U,, the last point z, can be expressed as a function

Zn = f(zl,...,zn_l,Il(zl,...,zn),IQ(zl,...,zn)) .

Proof. This is because the rank of the Jacobian matrix

7= 3(21; )
Zn
is never equal to two on an open and dense subset of any open subset of (M 2)X("),
since the number #,, of n-point fundamental invariants is #, — #,_1 = 0 or 1, but
never 2, as discussed in the proof of Lemma 3.8. |

4. CONCLUSIONS

Based on a method described in a warm up paper [3] on polygon recognition, we
proved the existence of two suitable joint invariants which can be used for parame-
terizing a signature curve for curve segments or closed curves in a two-dimensional
manifold. These two invariants can be obtained by the moving frame method. The
signature curve is such that two curves are equivalent modulo a Lie group G if
and only if their signature is the same up to the choice of orientation of the curve.
We provided a full solution for the group of area preserving planar transformations
(equi-affine). Suitable invariants for other important cases, including the Euclidean
group and the similarity group (scaling, rotations and translations), are given in
the warm up paper. The construction of our signature requires a minimal number
of landmarks (ng, the stabilization order of the prolonged group action on many
copies of a manifold), which can themselves be used for testing the equivalence of
curves, and thus ruling out the unlikely candidates.

The two main advantages of this method are: the invariants used are more robust
than differential invariants and the dimension of the signature is optimal. For lack
of space, we did not discuss the use of this signature for G-symmetry detection,
although this is just a subproblem of curve recognition. However, a method for
symmetry detection in curves can be easily deduced from the method for symmetry
detection in polygons described in details in the warm up paper.
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