ON ORBIT DIMENSIONS UNDER A SIMULTANEOUS
LIE GROUP ACTION ON n COPIES OF A MANIFOLD.

MIREILLE BOUTIN

ABSTRACT. We show that the maximal orbit dimension of a si-
multaneous Lie group action on n copies of a manifold does not
pseudo-stabilize when n increases. We also show that if a Lie
group action is (locally) effective on subsets of a manifold, then
the induced Cartesian action is locally free on an open and dense
subset of a sufficiently big (but finite) number of copies of the
manifold. The latter is the analogue for the Cartesian action to
Olver-Ovsiannikov’s theorem on jet bundles and is an important
fact relative to the moving frame method and the computation of
joint invariants. Some interesting corollaries are presented.

1. INTRODUCTION

The moving frame method [10, 11] provides an algorithmic way to
compute invariants of Lie group actions on manifolds. A necessary and
sufficient condition for the existence of a (local) moving frame is that
the action be (locally) free. If this is not the case, one can consider
the induced action on the k* order jet bundle, for some k& € N, and
try to compute a moving frame on this bigger space. A theorem by
Ovsiannikov [12] (later corrected by Olver [7]) states that if a group
acts (locally) effectively on subsets, then there exists an integer &y such
that the prolonged action of the given group is locally free on an open
and dense subset of the k§" order jet bundle. Such a prolongation leads
to the computation of differential invariants.

Another way to prolong the action is to let the group act on many
copies of the manifold (Cartesian action). In many cases, it has been
observed that considering the action on two, three, four, ... copies of
the manifold eventually leads to an action that is locally free on an open
subset of the manifold. The main goal of this paper is to guarantee
that for group actions which are (locally) effective on subsets this will
always be the case, so a local moving frame always exists. Such a

prolongation leads to the computation of joint invariants.
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Besides direct implications concerning joint invariants [8], joint dif-
ferential invariants [3, 6] and numerically invariant numerical algo-
rithms [9], this result is important in computer vision, in particular
for solving the problem of curve recognition modulo Lie group action
1, 2].

2. ABOUT STABILIZATION OF THE CARTESIAN ACTION

Let G be a Lie group acting on a m-dimensional manifold M. Let
M*®) .= M x M x ...x M (k times) be the Cartesian product of &
copies of M. The action of G on M induces an action of G on M*®)
namely g-(z1,...,2x) = (9-21,...,9-x¢) forg € Gand x4, ...,z € M.

Definition 2.1. We say that a Lie group action on a manifold M is
semi-regular if all the orbits have the same dimension. If in addition
we have that for every point x € M there exists an arbitrarily small
neighborhood U such that the intersection of U with the orbit through
x is connected, then we say that the action is reqular.

Definition 2.2. We say that a real valued function I : U C M — R
is an invariant if I(g-x) = I(x), for all g € G and all z € U. We say
that a real valued function I/ : U C M — R is a local invariant if there
exists a neighborhood N of the identity e € G such that I(g-z) = I(z),
forallg e N and all x € U.

The results we will derive are based on the following important the-
orem. See [4] for a proof.

Theorem 2.3. If G acts on an open set O C M semi-regularly with
s dimensional orbits, then VYzy € O there exist m — s functionally in-
dependent local invariants I, ..., I,_s defined on a neighborhood U of
o such that any other local invariant I defined near xy is a function
I = f(Ly,...,I ). If the action of G is regular, then the local in-
variants can be taken to be invariants in a neighborhood of xq, and two
points x1,z9 € U are in the same orbit if and only if I;(x1) = I;(z2),
Vi=1,...,m—s.

The set of invariants I, ..., I,,_, is often called a complete funda-
mental set of invariants.

Denote by s, the maximal orbit dimension of the Cartesian action
of G on M*®)_ and by 9M* the set of points z € M*®) for which the
orbit through z has maximal dimension s;. Observe that the action of
G on 9F is semi-regular, for any k. Observe also that 9* is open, for
any k € N.
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Definition 2.4. The minimal integer ny such that s, = s,,, for all
n > ng is called the stabilization order. We call s,, the stabilization
dimension.

Example 2.5. Let the special Euclidean group SFE(2) act on the plane
by rotating and translating the points in the standard way. More pre-
cisely, for g € SE(2) and z € R?, let

cosf sinb

=g -x=Rx+0b, with R= ( _sinf cosf

) and b € R?.
The group SE(2) has dimension three while the plane is a two dimen-
sional manifold. In fact, the Euclidean action on one copy of the plane
is transitive so the dimension of the orbit through any point is equal
to two.

If we consider the Cartesian action of SE(2) on two copies of the
plane, namely

g - (21,22) = (Rw1, Rzo) + (b, )

for R and b as defined above, then the dimension of the space acted
on is four while the dimension of the orbits is two for the points on
the diagonal Dy := {(z,z)|z € R?} and three everywhere else. Since
the maximal orbit dimension s; is equal to the dimension of the group,
then for all n > 2, s, is also equal to the dimension of the group.
Therefore two is the stabilization order and three is the stabilization
dimension.

Example 2.6. Consider the projective group PSL(3) acting on the
plane as

Ax + b . A b
110 (49 cony

for g € PSL(3) and = € R?. We have dim PSL(3) = 9 while dimR? =
2 is equal to the dimension of the orbits. In fact, this action is transi-
tive. Also for n = 2,3 and 4, the Cartesian action of PSL(3) is tran-
sitive on {(zy,...,2,) € M™|zy, ..., z, are distinct }. However, the
dimension of the orbits is bounded by eight because PSL(3) contains
a one-dimensional subgroup that acts trivially on the plane. Therefore
the stabilization order is four and the stabilization dimension is eight.

Definition 2.7. If there exists an integer n such that s, = s,41 < sp49,
then we say that the Cartesian group action pseudo-stabilizes at order
n.

The next lemma states that Cartesian group actions do not pseudo-
stabilize. Note that the analogue for the action on the jet bundle is
not true.
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Lemma 2.8. If s,_1 < s, = sp11 then n is the stabilization order.

Proof. Let p € 9M™. By Theorem (2.3), there exists {I1,..., Lym—s,}
a complete fundamental set of invariants in a neighborhood U,, N 91"
of p. Of course, nm — s, might be zero but that is not relevant to
our proof. Let I;(z1,...,2p41) = Li(z1,...,2,), fori = 1,...,nm —
. Since s, = sp41 and the invariants I, ..., I_nm_sn are functionally

independent on an open set U,,; N 9M" ! there exist m invariants
Jiyeoisdm :Upir C M*(+1) 3 R such that

{1_1(21, .. .,Zn+1), .. .,I_nm_sn(zl, . -;Zn—i—l);
J1(21, E 'azn—H)a LRI Jm(zla E '7zn—|—1)}

is a complete fundamental set of invariants on an open set Uy NI,
Define J; : M"*2 — R by

(1) Ji(Zl,...,Zn+2) = Ji(zl,...zn,zn+2),
fors=1,..., m. Since I,....,Lym 5., J1, .-, Jy are functionally inde-
pendent and Iy, . .., Iy,—s, only depend on the first n points z1, ..., z, €

M, then the invariants

I_l(Zl,...,Zn_H), ,I_nm_sn(zl,...,an)
Jl(zla---azn+1)a aJm(zla"'azn—H)
Jl(zla---azn—ﬂ)a aJm(zla"'azn+2)

are functionally independent on an open set U, o N OM"+2,

By Theorem (2.3) the number of functionally independent (n + 2)-
point joint invariants in a neighborhood of p is equal to (n+2)m — s, 2.
Therefore

(n+2)m — spi2 nm — s, +2m

>
<

<~ Sn+4-2 Sn-

But s,12 > s,, so we conclude that s,.2 = s,. We can repeat the same
argument infinitely many times to show that s, = s, for all £ > n, and
therefore n is the order of stabilization. O

The key of our proof lies in the use of (n + 1)-point joint invariants
in order to define exactly m new (n + 2)-point joint invariants (Equa-
tion 1.) In the case of the jet bundle, the situation is slightly more
complicated but in a sense very similar. Given a differential invariant
D, : J*(M,p) — R one can obtain a differential invariant of higher
order D, ; : J"™'(M,p) — R by differentiating D, with respect to
some invariant arc-length. In order to obtain enough new invariants
by differentiation so to guarantee stabilization at order n, it is enough
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to assume that o, 1 < 0, = 0,41 < dim J"(M, p), where o; denotes
the maximal orbit dimension of the prolonged action of G' on the jet
bundle J¢(M, p). In fact, under these more restrictive hypothesis, the
previous result also holds for prolongations on the jet bundle. (See [5]
Theorem 5.36.) It is not true in general, as illustrated by the case of
the elementary similarity group acting on {(z,y) € R? x R?} as

(Z,9) =M +a, y+0b), fora e RP, beR!), NeR,

which pseudo-stabilizes at n = 0. However, one can show that pseudo-
stabilization cannot happen more than once. (See [5] Theorem 5.37.)
Let 7 be the dimension of G.

Corollary 2.9. If ng s the stabilization order of the Cartesian action,
thenng <r—s;+1<r—+1.

Proof. By Lemma (2.8), we have

S 2> s1+1
83 > s1+2
(2) :
Spg = S1+mno—1.

But s,, < r, therefore ny < r —s; + 1. In addition, since s; > 0, we
haver —s; +1<r+1. O

3. ABOUT LOCAL FREENESS AND EFFECTIVENESS OF THE
CARTESIAN ACTION
Let S be a subset of M.
Definition 3.1. The isotropy subgroup of S is the set

Gs = {g € G such that g- S = S}
The global isotropy subgroup of S is the set
s =19 € G such that g-z =z, for all z € S}

Definition 3.2. We say that G acts on M effectively if G%, = {e}. We
say that G acts on M locally effectively if G%, is a discrete subgroup of
G.

The action of the special Euclidean group described in Example 2.5

is an example of effective action, while the action of the projective
group described in Example 2.6 is not effective.

Definition 3.3. We say that G acts on M effectively on subsets if, for
any open subset U C M, GF; = {e}. We say that G acts on M locally
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effectively on subsets if, for any open subset U C M, G7; is a discrete
subgroup of G.

Observe that (local) effectiveness on subsets implies (local) effective-
ness. However, the converse is not true as illustrated by the following
example (kindly provided by Professor P. J. Olver.)

Example 3.4. Let h: R — R be the function defined by

0 ifz <0
h(i)_{e—% ifz>0 "

Consider the action of the plane on itself given by
(z,9) = (z,y + vh(z) + vh(-z)),

for u,v € R. This action is effective since the only trivial transforma-
tion is (u,v) = (0,0). However, it is not effective on subsets since it is
not effective on {(z,y) € R?|z > 0} for example.

The previous example corresponds to a smooth action that is not
analytic. For analytic actions, (local) effectiveness implies (local) ef-
fectiveness on subsets.

Lemma 3.5. A Lie group G acts on a subset S C M (locally) ef-
fectively if and only if the Cartesian action of G on S*™ is (locally)
effective.

Proof. Since
g-z = z, forallze S
S g-(z1,20) = (21,29), for all z1, 29 € S,
then G5 = G, (). Therefore
5 ={e} & Goxm = {€}
and also
G’ is a discrete subgroup < G is a discrete subgroup .
O
Recall that r is the dimension of the Lie group G. We now give a

necessary and sufficient condition for the maximal orbit dimension of
a prolonged Lie group action to reach r.

Theorem 3.6. A Lie group G acts (locally) effectively on subsets of M
iof and only if for any open subset S C M, the stabilization dimension
of the action of G on S is equal to the dimension of G.
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Proof. The necessity of the (local) effectiveness on subsets is a direct
corollary of Lemma 3.5.

To prove sufficiency, suppose that G acts (locally) effectively on sub-
sets of M and suppose there exists an open subset S C M*® such
that the stabilization order n of the action of G on S is s, < r. Let
G™ be the set of points 2™ € S such that the orbit through z(™ has
maximal dimension s,,. The set & is open, so for all (") € & there
exists a neighborhood N (™) C &".

Let v, ..., v, be a basis for the Lie algebra of G and let vy), cee, N
be the corresponding vector fields on M*®). Assume that v%n), e ,vgz)
are linearly independent on N (z(™).

If s, < r, we can write

3) o™, Cforallk=1,...,7 — sp,

(21502092n) i1 (215-20y2n)
where At = Ai(z,...,2,). Since the same relationships hold on
M*+1) e can also write
() s
(n+1) i (n+1)
v = Al v, ,foralk=1,...,r —s,,
sn+k (zla"'azn+1) Z:Z]. kT (Zl,...,zn+1) n

with the same coefficients A%. Indeed, both sides of Equation 4 project
down to their counterpart in Equation 3 and therefore the coefficients
must be the same.

We have
(n+1) N EY (1) -
v; = (v; ey Us forj=1,...,r
(21-02n+1) ( I 1) J (Zn+1)) J
In particular, for k =1,...,r — s,
(n+1) 1) ‘ 1)
v v ey U ,
R T T " )
Sn
but also vV = AL oW )
Stk (2150ey2n41) Z:ZI k( bl ! (2n+1))
If we fix 27 = 20,...,2, = 2% in M, then all AL’s are constants.
Therefore
&) i (1)
) v = AL v ,
( ) Sn+k (zns1) ; k Yi (zn41)
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with constant coefficients A%’s, which contradicts the effectiveness of
the action of G’ on open subsets of M. Therefore s, = r. O

Examples 2.5 and 2.6 illustrate this result. Observe that the last
argument of the proof would not hold in the case of a merely effective
action: Equation 5 contradicts effectiveness on subsets, not effective-
ness, which is a weaker condition. In fact, a similar observation led to
the correction by P. J. Olver in [7] of a similar theorem by Ovsiannikov
[12]. This theorem, which in fact does hold for analytic actions, states
that a Lie group acts effectively if and only if there exists n € N such
that the maximal orbit dimension of the prolonged group action on the
n'" order jet bundle J"(M,p) is equal to the dimension of G. In the
corrected theorem, the word effective is replaced by effective on subsets.

Definition 3.7. We say that G acts freely on M if for all z € M,
G, = {e}. If for all z € M the set G, is a discrete subgroup of G, then
we say that G acts locally freely on M.

Corollary 3.8. If a Lie group G acts (locally) effectively on subsets of
M, then there exists n € N such that G acts on the open set IM" locally
freely and 9N™ s dense.

The exact analogue holds for the case of a group action prolongation
on the jet bundle.

One may ask whether it is possible to replace local freeness by free-
ness in the previous statement. The answer is unfortunately negative,
as illustrated by the following counterexample (kindly provided by Pro-
fessor P. J. Olver.)

Example 3.9. Consider the action of the real line on the plane given
in polar coordinates by

(7,0) = (r,0 + 1),

for t € R. This action is locally free and effective. But for all n € N,
the Cartesian action is not free on the dense subset

{(r1,01,72,02,...,7,0,) € (]RQ)X(")|ﬁ €EQfori=2,...,n}.
1

4. SOME INTERESTING COROLLARIES

Let vy, ..., v, be a basis for the Lie algebra of G and let vy), cee,Up
be the corresponding vector fields on M*®). Let z = (z1,...,2n) be

local coordinates for M and write v{") = S>™, &i(z) 5 = S €L (2)0;
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for k =1,...,r. Consider the matrix

&(2), - L E1(2)
V(z) = : :
&), o M)

defined by the coefficients of the v,(cl)’s. We define the analogue of the
Lie matrix of order n for the jet bundle as

Ln(zla SRR Zﬂ) = (V(Zl)? V(ZQ)i SRR V(Zﬂ))
Example 4.1. Consider the action of SE(2) as described in Example
2.5. For simplicity, we use coordinates z = (z,y) € R%2. The infin-
itesimal generators of the action of this three dimensional Lie group
are

N .
v, = —yg-i-.@a—y,
0
Vo = %a
0
Vg = 8_y
We have
—y T
0 1

which is a rank two matrix. Writing z; = (21, 41) and 2o = (22, o), We
also have

. % 1 Y2 X2

Ly(21,22) = 1 0 1 0 )

o 1 0 1

which is a rank three matrix whenever z; # 2o, and a rank two matrix
otherwise. Observe that, for any n € N, the dimension of the orbit
through (21,..., 2,) is equal to the rank of the matrix L,(z1,..., 2,).

This last observation holds in general: the number of functionally
independent infinitesimal generators of the group action at a certain
point is equal to the dimension of the orbit through this point.
Lemma 4.2. The orbit through (z1,-..,20) € M*™ has dimension
equal to the rank of the matriz Ly, (21, ..., 2,).

Therefore if a group action stabilizes at order ng, then

Sng = zl,..I.I,lean(eM{ rank Ly, (21, - - -, 2Zno) }-
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Corollary 4.3. The action of G on M 1is locally effective on subsets if
and only if for all open subsets S C M, there exists n € N such that the
rank of the matriz L,(z1,...,2,) is equal to r for some z1,...,2, € S.

Combining Lemma 4.2 with Corollary (2.9) we get the following:

Corollary 4.4. The action of G on M 1is locally effective on subsets
if and only if for all open subsets S C M, the rank of the matriz
Lyi1(2z1,- -, 2041) is equal to r for some z1,..., 2,11 € S.

Example 4.5. As an illustration of Corollary 4.4, consider the action
of R? on R? defined in Example 3.4. The infinitesimal generators of
this action are

0
V1 = h(CC)a—y,
0
v9 = h(—x)=—.
2 = h(-a)y

Writing z; = (x;,y;), for i = 1,2, 3, we have

Lr+1(Z1,---,Zr+1) = Zzs(Z1,Z2,Z3)

The rank of ig(zl,zg,zg) is equal to one whenever z;, o and x3
have the same sign. In particular, it is equal to one on the open set
{(z1, 22, 23)| 1,22, 23 > 0}, thus corroborating the fact that this ac-
tion is not effective on subsets.

Combining Lemma 4.2 with Lemma 2.8, we have the following:

Lemma 4.6. A group action stabilizes at order ng if and only if

max  {rank L, (z1,...,2n,)} = max {rank L, 1(z1,. .., Zne+1)}
z1,...,znOEM 21,...,zn0+1€M

For n € N, define the projection 7(IM") = {21 € M|3z9,...,2, €
M with (z1,...,2,) € M"}.

In the case of an action prolonged on the jet bundle, one studies
the notion of singular points [7], which are nothing but points whose
jet of arbitrarily large order does not belong to an orbit of maximal
dimension. The following facts tells us that the analogue of singular
points for Cartesian group actions does not exist.

Lemma 4.7. Let ng be the order of stabilization of a group action.
Then M = m(9Mno+!).
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Proof. If z; € 7(9M™), then z; € w(IM™ ). Now if z; € m(9M™), then
consider (zg,...,2no41) € M. We have (z1,...,2n041) € oMmrotl go
21 € W(ﬂﬁ”"“). O

Considering det L,, we obtain the analogue to an important result
[7] concerning the Lie determinant.
Proposition 4.8. If L,(z1, ..., 2,) is a square matriz, then the equa-
tion }

det L,(z1,...,2,) =0
s tnvariant under G.
Proof. A point (z1,...,2,) ¢ 9™ if and only if the determinant of
L,(z1...,2,) is zero. But if (21,...,2,) & 9™ then g - (21...,2,) is
also not in 9", for all g € G. Therefore
det L,(g-2,...,9-2,) =0 forall g € G.
O

Example 4.9. Consider the group generated by rotations, translations
and scaling in the plane. Any such transformation can be written as
(6) T = Mzcosh —ysinf + a)
(7) = A(asinf + ycosf + b),
with A, a,b,0 € R. We call this transformation group the similarity

group Sim(2). The analogue of the Lie matrix L, is the square matrix
given by

|

—Yh X1 —Y2 X2
~ 1 0 1 0
Ly (21, 22) = 0 1 0 1 ,

1 Yyr T2 Y2
whose determinant is

det ig(zl, z9) = — (22 —11)> = (y2 — 11)*.
Therefore the equation
f@i,y,20,12) == —(z2 —21)? — (Y2 —y1)* = 0
must be invariant. We can check that
f@n,91,22,5) = —(@—21)" = (42 —41)°
= (@ —21)" + (12 —1)?)
= —/\Qf(xlg Y1, T2, Y2),

so if f(z1,y1,Z2,y2) = 0 then f(Z1,71, T2, ¥2) = 0 as well, thus proving
the invariance of the equation f(x1,y1,x2,y2) = 0.
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More generally, we have
Proposition 4.10. The set of points

{(21,...,2n)rank Ly(21,...,2,) = k}
18 invariant under G.

Let X be a p-dimensional manifold.

Definition 4.11. Given a set of r vector-valued functions fi,..., f, :
X — R? we say that they are linearly dependent on a subset W C X
if there exists a non-trivial relationship of the form ", _, ¢xfi(z) =0,
with ¢, ..., ¢, € R, which holds for all z € W. In the negative, we say
that they are linearly independent on W.

Definition 4.12. We say that a set of r vector-valued functions f, ..., f, :
X — R? are linearly independent on subsets of X if they are linearly
independent on any open subset of X.

Consider the matrix

fi), ..., fl(2)

Fla)=1 | :

fr@), .. fi=)

defined by the functions f;’s. We now define the analogue of the n'”
order Wronskian matrix at z,,...,z, € X as

Wa(z1,...,2,) = (F(21), F(22),...,F(x,))
Theorem 4.13. A set of of r vector-valued functions fi,..., fr : X —
RY is linearly independent on subsets of X if and only if their (r +1)%

order Wronskian W,1(z1,...,%41) has mazimal rank v in a dense
subset of X*+1).

Proof. Let M = X xR? and write z € M as z = (z,v), with x € X and
v € R4. Consider the following action of G = R" on the m dimensional
manifold M:

Z (x,v—i—Ztkfk(x)) , fort = (t1,...,t,) R,
k=1

The vector fields

m
0
!
Vi = r)=—, fork=1,...,r
k lz_l: fk:( )avl

are the infinitesimal generators of this group action.

The functions fi,..., f,. are linearly independent on subsets if and
only if the vectors vy, ..., v, are linearly independent on subsets. The
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latter is true if and only if G acts locally effectively on subsets of M. By
Corollary 4.4, this happens if and only if for any open subset S C M,
the maximal orbit dimension of G action on S*"*1) is equal to r, which
is true if and only if

max  rank L,yq(21,...,2,41) =71,
Z15--y2r+1€S

for any open S C M. But

in(zl, =
O, ,0, fl(l'l), 0, ,0, fl(iL'Q), ,fl(xn)
0, ... ,0, fe(z1), 0, ... ,0, folza), ... ,fr(zp)
and
5 fi(zy), filze), .., fi(zs)
W21, 20) = : : :
fr(x1)7 fr($2)7 :fr(xn)
Therefore the rank of the matrix I~/T+1(zl, ...y Zr41) is equal to the
rank of W, 1(2z1,...,2,41). So fi,..., f, are linearly independent on

subsets if and only if

max  rank W, (21, ..., 2041) =1,
T1ye@r1€U

for any open S C U, which is equivalent to saying that
rank Wy (21, ..., Tppt) = 1,

on a dense subset of X. O
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