POLYGON RECOGNITION AND SYMMETRY DETECTION

MIREILLE BOUTIN!

ABSTRACT. We introduce an approach based on moving frames for polygon
recognition and symmetry detection. We present detailed algorithms for recog-
nition of polygons in R2 modulo the special Euclidean, Euclidean, equi-affine,
skewed-affine and similarity Lie groups. We also solve the case of polygons in
the Poincaré half-plane under the action of SL(2) and explain a method appli-
cable to Lie group actions in general. The time complexity of our algorithms
is linear in the number of vertices and they are noise resistant. The signatures
used allow the detection of partial as well as approximate equivalences.

1. INTRODUCTION

This paper is devoted to equivalence of polygons under Lie group actions. As
a subproblem, we also consider symmetries of polygons, which are nothing but
self-equivalences, i.e. group transformations leaving the polygon unchanged. We
are interested in global, partial and approximate equivalences. The approach we
suggest is based on the theory of moving frames ([3], [4], [5]) and constitutes a warm
up for a more general method [2] for curve recognition. It consists in constructing
a joint invariant signature (JIS) for every polygon. The signature of a polygon
in an m-dimensional manifold M is a polygon in R™ which is the same for all
polygons belonging to the same equivalence class; symmetries of a polygon manifest
as repetitions in its signature.

Our approach is very simple and fast, but more importantly it is general, having
far more applicability than the particular cases we present here. In fact, it can be
used for detecting equivalences under any Lie group which acts (locally) effectively
on subsets, provided some slight regularity conditions hold. Moreover, it could be
generalized to higher dimensional structures such as polyhedra. Recognition and
symmetry detection algorithms are already known for a few Lie groups actions
(see for example [6, 10, 11]) but, as far as we know, no such general method was
published before. To illustrate its power, we show how this method successfully
applies to some cases where the Lie group action is less intuitive like the similarity
Lie group acting on R? and SL(2) acting on the Poincaré half-plane.

One practical advantage of our approach is that it is noise resistant; it can in fact
be used for the detection of approximate symmetries. Another advantage is that
each point of the signature only depends on a few consecutive points of the polygon.
We are in fact able to build signatures which indicate partial equivalences, i.e. when
two pieces of a polygon are equivalent. Moreover, the dimension of the signature is
optimal and so is the order of complexity of the corresponding detection algorithms.
Finally, the modern method of moving frames provides us with effective tools to
obtain the invariants we need to parameterize a signature.
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School and by NSF grants KDI BCS-9980091 and 0074276.
1



2 M. BOUTIN

In the following, we shall provide a full solution to the problem of detection of all
area preserving affine symmetries in the plane (rotations, reflections, equi-affine and
skewed affine transformations). We shall also provide a full solution to the problems
of planar polygon recognition modulo the special Euclidean, full Euclidean, equi-
affine, skewed-affine and similarity Lie groups, as well as to the problem of polygon
recognition in the Poincaré half-plane modulo SL(2). These examples illustrate a
method applicable to Lie group actions in general which we shall explain in details.

2. MATHEMATICAL FOUNDATIONS

Let G be a Lie group acting on an m-dimensional smooth (Hausdorff) manifold
M.

Definition 2.1. An invariant is a real valued function I : M — R which remains
unchanged under the action of G, more precisely

I(g-p)=1I(p), forall pe M and all g € G.

A local invariant is a real valued function I : M — R which remains unchanged
under the action of a neighborhood N, of the identity in G,

Definition 2.2. We say that G acts freely on M if the identity is the only element
of G that fixes any point of M. In other words, if g - p = p, for some g € G and
some p € M, then g = e, the identity.

Definition 2.3. We say that G acts semi- regularly on M if all orbits have the
same dimension. If, in addition, any point py € M is surrounded by an arbitrarily
small neighborhood whose intersection with the orbit through pg is connected, then
we say that G acts regularly.

Most of our results are based on the following important theorem. See [7] for a
proof.

Theorem 2.4 (Frobenius Theorem). If G acts on an open set O C M semi-
regularly with s-dimensional orbits, then Ypy € O there exist m — s functionally
independent local invariants I, ..., L,_s defined on a neighborhood U of py such
that any other local invariant H defined near po is a function H = f(I1,...,I;n—s).
If G acts regularly on O, then we can choose I,...,In_s to be global invariants
on O. In that case, two points p1,p2 € O are in the same orbit relative to G if and
only if Ii(p1) = Li(p2), for alli=1,...,m —s.

By functional independence of the (smooth) functions I;,...,I,_s on an open
set O, we simply mean that the Jacobian matrix of I3,..., I,,_, has maximal rank
m — s on an open and dense subset of O. The set {I1,...,[;,_s} is often called a

complete fundamental set of invariants on O.
The modern theory of moving frames, as developed by Fels and Olver [4, 5],
defines a (left) moving frame as follows.

Definition 2.5. A moving frame is a map p : M — G such that p(g-p) = g- p(p),
Vp € M, Vg € G. A local moving frame is a map p : M — G such that p(g - p) =
g-p(p),Vp € M, Vg € N, C G, for some neighborhood N, of the identity e € G.

The conditions of existence of a moving frame are very precise.

Theorem 2.6. A (local) moving frame exists in a neighborhood of a point po € M
if and only if G acts (locally) freely and regularly near po.
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Definition 2.7. We say that G acts on M effectively if
{geG| g-p=p, forallpe M} = {e}.
We say that G acts on M locally effectively if
{9€G| g-p=p, forallpe M}
is a discrete subset of G.

Definition 2.8. We say that G acts effectively on subsets of M if, for any open
subset U C M,

{9€G| g-p=p, forallpe U} = {e}.
We say that G acts locally effectively on subsets of M if, for any open subset U C M,

{geG| g-p=p, foralpe M}
is a discrete subset of G.

For analytic Lie group actions, effectiveness implies effectiveness on subsets.
However this is not true for merely smooth Lie group actions.

A moving frame can be used as a tool to compute a complete fundamental set
of invariants. The moving frame normalization method, described in details in [5],
is an algorithmic way to do so. Throughout this paper, we shall assume that the
reader is familiar with that method.

Let M*(™ := M x M x ... x M (n times) be the Cartesian product of n copies
of the manifold M. In the case where the action is not (locally) free, one option is
to prolong the action of G on M*(™) by setting g - (p1,...,0k) = (g-D1s-+-,9 D),
for all g € G and (py,...,pr) € M*(*) and hope that the action then becomes free.

Let § be the dimension of G. The following important result was proved in [1].

Theorem 2.9. If G acts (locally) effectively on subsets of M, then there exists a
minimal integer ng such that, for all integers n > ng, G acts locally freely on an
open and dense subset of M*(™),

Definition 2.10. Let n € N. An (n-point) joint invariant is an invariant of the
prolonged action of G on M*("),

Let H be a finite group acting on M whose action commutes with that of G.
The following theorem will be needed shortly.

Proposition 2.11. Let M be an m-dimensional manifold and z = (21,-..,2m) be
local coordinates near zg € N. Suppose that, in a neighborhood of zy, the action of
G is reqular with s-dimensional orbits and the action of H is continuous and free.
Then there exist a neighborhood U of zg and functionally independent J1, ..., Jm—s :
U — R which are invariant under both G and H and such that two points zy € hy-U
and zo € hy - U, for some hi,hy € H, are in the same orbit relative to G x H if
and only if J;(z1) = Ji(22), foralli=1,...,m —s.

Proof. By freeness and continuity of the action of H, we can choose U so that H
maps U to a finite number of disjoint open sets U;, with ¢ = 1,...,|H|. By hypoth-
esis, we can also choose U so that the action of G is regular with s-dimensional
orbits on U. Since the actions of G and H commute, the group H maps orbits
of G to orbits of G. Moreover, the dimension of the orbits is preserved under the
group action of H (because composition of any group transformation with its in-
verse must give back the identity). So H maps s-dimensional orbits of G in U to
s-dimensional orbits of G in the U;’s. In addition, continuity of the action of H
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insures that connectedness is preserved by H, so the action of G must be regular
on each Uj;.

Let m : M — M/H be the projection map n(z) = =z mod H. Consider the
induced action of G on M/H. More precisely, consider the action of G on U
mod H, which has a manifold structure as a subset of M/H. The map = : U; - U
mod H is a diffeomorphism, for all i = 1,...,|H|. Since our choice of U guarantees
that the action of G on U mod H is regular and s-dimensional, then by Theorem
2.4 there exist I1,..., I, s : U mod H — R functionally independent invariants
(under G).

Define J; : M - R by J; =I;ox fori =1,...,m — s. By construction, all J;’s
are invariant under both G and H. Moreover, functional independence is preserved
by the mere change of coordinates 7. This shows the first part of the statement.
The second part follows from Theorem 2.4. O

3. A SIGNATURE FOR GLOBAL POLYGON RECOGNITION

3.1. Equivalence of ordered sets of points under a Lie group action. In
what follows, we will keep writing M for an m-dimensional manifold and G for
a d-dimensional Lie group acting on M. Let (pi,...,pr) be a point of M*k),
Suppose that G acts on a neighborhood Uy C M*®*) of (pi,...,pi) regularly with
s-dimensional orbits. Then by Theorem 2.4, there exist fundamental invariants
Ii,....Jym_s : Uy CUx = R. The map Sy : Uy € M*) 5 RE™—5 defined by

Il(p17 N 7pk)
SM(p17"'7pk)=
Iim—s(p1,- -, Dk)

is a signature for ordered sets of k points, i.e. it maps all (p1,...,pr) € Upy to a
representative of the orbit through (p1,...,px)-

Theorem 3.1. Let (p1,...,pr) and (qi,...,qx) be two points of Uy C M*(K),
There exists g € G such that g- (p1,-..,p8) = (q1,---,qk) if and only if

SM(p17 vee apk) = SM(qla .. 'qu)‘
Proof. By Theorem 2.4. a

So from the value of a finite set of invariants, one can conclude whether two
ordered sets of points are equivalent. This provides us with a fast and easy way to
recognize ordered sets of points up to a Lie group action.

3.2. Equivalence of polygons under a Lie group action. On a complete man-
ifold, polygons are usually defined as a sequence of points (the vertices) linked by
geodesics (the edges). Two polygons are equivalent if they can be mapped onto
each other by a group transformation g € G. This implies that g must map the
geodesics of one polygon to the geodesics of the other. Observe that, on a complete
manifold for which any two points can be linked by a unique length minimizing
geodesic, two polygons are equivalent under the action of a geodesic preserving
group if and only if their vertices are equivalent under the group. Our method for
polygon recognition consists in testing solely for the equivalence of the vertices. In
that context, we shall define polygons simply in terms of their vertices. Doing so,
we shall have a generalization of the concept of polygon to manifolds that are not
necessarily complete and thus consider a more general problem.
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Let the cyclic group Zy act on M**) by permuting the k points cyclically. Let
7 € Ly act on M**) by reversing the order of the k points, i.e. 7(p1,pa,...,Dr) =
(Pk, - .. p2,p1), for all (p1,pa,...,pr) € M*®) . Together, Zj and Z, generate a
group Hy, =< Zy, Zs > acting on M>*(®) Observe that Z, and Z- do not commute.
However, the action of Hj, is quite simple.

Lemma 3.2. If h € Hy, then either
(1) h € Ly,

or
(2) h = c¢-m, withc€ Zy.

Let (pi,...,pr) be a point of M*®). TLet ¥ = M*(*)/Z; be the set of k
ordered points in M**) modulo the action of Zy . If (p1,...,pr) € M*®) the
corresponding point in §3* will be written as [py, . .., px]. The action of G on M *(¥)
naturally induces an action of G on ¥, namely g - [p1,-.., ] = [9-P1,---,9 - Dk;
for g € G and py,...,pr € M.

Let P* = M*(*) /H, be the set of k ordered points in M modulo the action
of Hy. If (p1,...,px) € M*®) the corresponding point in P* will be written as
(p1,...,pr). The action of G on M*®*) naturally induces an action of G on P*,
namely g-(p1,...,p) ={(g-p1,...,9 D), for all g € G and p1,...,pr € M.
Definition 3.3. A k-vertex polygon, or k-gon, is a point (p1,...,px) of Pk,

Definition 3.4. We say that two k-gons P = (p1,...,pr) and Q = {q1,...,qx) are
equivalent under G if there exist g € G such that g- (p1,...,pk) = {q1,-..,q). In
that case, we write P = mod G.

Definition 3.5. We say that a polygon P = {p1,...,pr) has a non-trivial G-
symmetry if there exists g € G \ {e} such that g - {p1,...,pr) = (P1,---,Dk)-

In other words, if a polygon P = (p1, ..., pr) has a non-trivial G-symmetry, then
there exists g € G \ {e} and h € Hj, such that g- (p1,...,pr) = h- (p1,---,Dk)-
According to Lemma 3.2, either h € Zy or h = ¢ -7, with ¢ € Z and ® € Zo
as defined above. Similarly if P = (p1,...,pk) is equivalent to Q = {(q1,---,qx)
modulo G, then g - (p1,---,px) = h-(q1,---,qx) for some g € G and h € Zj, or
h = cm with ¢ € Zj. These simple facts will be used in our polygon recognition
algorithms later on.

If G acts regularly with s-dimensional orbits on some open set U C M*(%) then
by Theorem 2.4 , in a certain neighborhood Uy, of any point (pi,...,px) € U,
there exists a complete fundamental set of invariants {I1,...,Imk—s} : U —
R under G. Assuming that Hj, acts freely on U (which can be guaranteed by
taking py,...,px distinct for example), then by Proposition 2.11, there also exists
{L,...,Lnk—s}, a complete fundamental set of invariants under G x Zy, as well
as {fl, . ,fmk_s}, a complete fundamental set of invariants under G x H, all
defined on some neighborhood of (pi,...,px). Define Sop : Uy C IMF — REm—¢
and Sp : Up C P¥ — RF™—% by

Tl(p17 .- 7pk)
Sm(lpe, .- pe]) = : ;
jmkfs(pla LR ka)
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Li(pi,...,pk)
Sp({p1,---,pe}) = :
fmk—s(pl, <5 Dk)

The maps Son, Sp and Sys can be used as signatures.

Theorem 3.6. Let P = (p1,...,pr) and Q = {(q1,...,qr) be two k-gons. Assume

that (p1,...,pk) € Unm, [P1,---,Dk] € Usm and that (p1,...,pr) € Up. Then P =Q
mod G

< Su(pt,---pk) = Swm(h-(q,...,qr)) for some h € H
< So([pr,---50k]) = So(lar,---5>qk])
or
So([p1,p2,---,ok]) = Som([ar,---,q2,q])
& Sp((p1,--pe)) = Sp({gr,---, )

Proof. The necessity of the first and third statements follow from the invariance of
the signature. For the second statement, we also use Lemma 3.2.

To prove sufficiency of the first statement, assume that Sy (p1,...,pr) = Si(h
(g1,---,qr))- Then by Proposition 2.11, there exists g € G such that g-(p1,...,pr) =
h- (QI:---7Qk)' So g- {pla"'apk} = {fha---;%}-

To prove sufficiency of the second statement, assume that Sa([p1,...,px]) =
Sa([z - (q1,---,qr)]) for some z € Zo. By Proposition 2.11, this means that there
exist g € G and ¢ € Zj, such that

g'(pla"'apk)=C'(z'q1:"'az'qk)7

and therefore g - {p1,...,pe} = {q1,---,qx}. The proof for sufficiency of the third
statement is similar. O

3.3. Equivalence of point configurations under Lie group action. Let Sy
be the symmetric group. The elements of S; act on {(pi1,...,pr) € M*®} by
permuting the points ps, ..., k-

Definition 3.7. A k-point configuration is a point of M *®*) /S,

In other words, a k-point configuration on M is a finite set of k¥ points on M
which are not ordered in any way. We shall use the notation |pi,...,px| for the
k-point configurations corresponding to pi,...,px € M. The action of G on M
naturally induces an action of G on k-point configurations. The previous polygon
recognition method is easy to extend to point configuration recognition. In fact,
we can repeat the same arguments as before to claim the existence of a complete
set of fundamental invariants Il, . Imk s : U = R under G x Sy. Also, the map
S:UC M**) /S, — RF™=5 defined by

jl(pla .- 7pk)
Imk—s(pla EER ;pk)

is a signature for k-point configurations.
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Theorem 3.8. Let |p1,...,pr| and |g1,-..,qk| € U be two k-point configurations.
Then there exists g € G such that g - |p1,.-.,pk| = |q1,-- - k|

& S(lp1s--->pel) = S(lar, - - -, ar])-

We can go even further of course. For example, we can consider a finite number
of polygons (without any order). In a similar manner, we can define a signature
which will characterize these polygons up to a Lie group action. This can be used
for recognizing objects made of a finite number of disconnected polygons.

4. A SIGNATURE FOR PARTIAL POLYGON RECOGNITION

The previous section presented a way to recognize polygons globally. However,
we are also interested in the case where a piece of a polygon is equivalent to a piece
of another polygon. In particular, we would like the signature to indicate whether
two pieces of polygons are equivalent under a group action, or if a polygon has a
certain symmetry. This would be a complex task using the previous signatures. In
the following, we explain a simpler method.

Recall that m is the dimension of the manifold M. We would like to parameterize
asignature with no more than m invariants, since this would be the optimal number.
We will explain shortly how to choose suitable invariants. But first let us give some
definitions.

Let n,k € N with & > n. Given m invariants I, ..., I, : M*(" — R of the
action of G on M*(™ and (py,...,pr) € M**) define

I,-’T:Mx(k)—HR, fori=1,...mandr=1,...,k,

by I’iﬂ'(pla ... ka) = Ii(prapr-l-la .. JpT+n*1)‘

setting pp4+1 = P1, Dr42 =DP2, ---» Dktn—1 = Pn—1- For example, if I; (p1,p2,p3) =
|ps — p2|, then
Lai(pi,...,px) = ©Li(p1,p2,p3) = |p3—p2l,
Liap1,...,px) = TLi(p2,p3,pa) = |pa—ps3l,
Lispi,---pr) =  L(ps,pa,p5) = |ps—pal,
Il,kfl(pl;---:Pk) = Il(pk—l,pk,pl) = |p1 _pkla
Li(pi,--0e) = L(pr,p1,p2) = |p2—p1l

Define S : M*(*) — (R™)*(k) by

Il,l(pla"'vpk) IR Il,k(pla"'vpk)
(3) S(p1,---,0k) = : :
IM,l(pla"'apk) ey Im,k(pl:"'apk)

Let Zy act on S(p1,...,pr) by permuting its columns. If we let & be the map
S BF = (R™)**) mod Zy, given by

&([p1,---,pk]) = S1,- -, px) mod Zy,
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then the following diagram commutes.
Mxk S (Rm ) < (k)
mod Zkl l mod Zp,

Bk T(Rm)x(“ mod Zj,

The maps S and & can be used as signatures in the following instance.

Theorem 4.1 (For global recognition). Let P = (p1,...,px) and Q = {q1,-- -, qx)
be two k-gons. Assume that the set {I1 r,.. .,Im,r}f:1 contains a complete funda-
mental set of k-point joint invariants defined on an open set Uy C M*®) on which
G acts regularly and that (p1,...,pk),(q1,--.,qr) € Ux. Then P = Q modulo G

& Su,...,p,) =5 (q,...,q)), for some h € Hy,

& S(p,---me]) =6(ar,--- %))

S([pr,---,pe]) =6(gk,---,q1)])
Proof. This follows from Theorem 3.6. O

Corollary 4.2 (For symmetry detection.). Let P = (p1,...,pr) be a polygon.
Assume that the invariants {I1 r, ..., Im»}*_, contain a complete fundamental set
of k-point joint invariants defined on an open set Uy C M**) on which G acts
regularly and that Hy - (p1,...,pr) C Ux. Then P has a non-trivial G-symmetry if
and only if

S(p17"'7pk) = S(h (pl:---apk))a fOT some h € Hk \{6}

We will explain shortly how to construct m suitable invariants I,. .., I, suit-
able in the sense that {I1 ..., I }¥_; contains a complete fundamental set of
k-point joint invariants on some open set. But before we present the general method
for polygon recognition, let us consider two instructive examples.

5. AN EXAMPLE OF AN ORIENTATION PRESERVING LIE GROUP ACTION

5.1. Construction of the signature. As a first example, consider SE(2), the

group of orientation preserving rigid motions in the plane (rotations and trans-

lations). We call it the special Euclidean group. It is generally accepted to call

the corresponding symmetries of polygons rotational symmetries, since any such

symmetry corresponds to a rotation around some interior point of the polygon.
This well known result can be proved [9] using the moving frame method.

Theorem 5.1. For SE(2) acting on R?, we have the following.

(1) There are no one-point joint invariants.
(2) There is one fundamental two-point joint invariants J°(py,ps) : R2 x R? —

R, namely J°(p1,p2) = |p2 — p1|-
(3) There are three fundamental three-point joint invariants

Jll(plap25p3)a J21(p15p2ap3)5 J31(p17p27p3) :RQ XR2 XR2 _>]Ra
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namely
J11(P1;p2;p3) = |P2 —p1|,
J21(p17p27p3) = |p3 _p2|7
1
J3(p1,p2,p3) = Argg:= 3 det[ps — p1,p2 — p1].

We are looking for two suitable joint invariants I; and I» to build a signature.
Again, by suitable we mean that {I1 ,,I> ,}*_; should contain a complete set of
fundamental k-point joint invariants on some open set. For that, we can take
Li(p1,p2,p3) = |ps — p2| and L (p1,p2,p3) = Aias, the signed area of the triangle
with vertices p;, p2 and p3. This is a natural choice, according to our general
method to be explained later (see Theorem 7.17).

Given a k-gon P = (py,...,pr), we choose an orientation and a starting point
for P, given by say {p1,-..,pr}, and we define its special Euclidean joint invariant
signature (SEJIS) as the sequence of k points given by

(4) SEJIS(p1,...,pk) = {ai,Ai}lea

where a; = [piy2 — piy1| and A; := Aji11)iy2) is the signed area given by the
determinant of the 2 x 2 matrix %[p,-H — Pi, Pi+1 —Ppi)- See the illustration in Figure
1. The reasons why the invariants a and A can be used to build a signature are

FIGURE 1

a i+2

contained in two properties.

First, when evaluating a; and A; for ¢ = 1,...,%, one obtains (among other
things) all fundamental joint invariants which only depend on the first two points
p1 and ps. In this particular case, there is only one, namely J°(p1,p2) = |p2 — p1]-
In other words, we have

{Ip2 = p1l} C {ai, Aty

with {|p2 — p1|} a complete fundamental set of two-point (p;,p2) joint invariants.
This guarantees the first property called two-point projectability (x) which we shall
define precisely a bit further. The idea behind demanding this property is to be
able to use the fact that, if J%(py,ps) = J°(q1, g2), then there exists g € SE(2) such
that g- ¢4 = ¢1 and g - po = @2, so that equality of the signatures will imply that
one can map the first two points of the respective polygons together by a Euclidean
transformation.
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Secondly, given p; and ps with p; # ps, then ps is uniquely determined by the
value of a; = |ps — p2| and A; = %det[prg — p1,p2 — p1]- In other words, ps is a
function

p3s = f(p1,p2, a1, A1),
provided that p; # ps. In fact, p;1o is a function p;y o = f(pi, pit1, @i, A;) for all
i’s, whenever p;,1 # p;- This guarantees the (soon to be defined) second property
called third point reductivity (+x) when consecutive points are distinct. Demanding
this property insures that any transformation g which maps the first two points
(p1,p2) to (q1,¢2) must also map the rest of the polygons together, provided that
their signature is the same.

As will be proved in Theorem 7.10, n = 3 is the minimal number of points for
which we can find two n-point joint invariants I; and I which are (n — 1)-point
projectable and nt* point reductive on some open set. Any two other invariants
I, I, satisfying (*) and (x*) are guaranteed to encode all the relevant information
contained in a polygon modulo SE(2) and thus to parameterize a signature S =
{6, L »}}_, containing a complete fundamental set of k-point joint invariants.

Definition 5.2. Choose an orientation (i.e. a traveling direction on the vertices)
for P = (p1,--.,pr)- The special Euclidean joint invariant signature curve (SEJIS
curve) of P with respect to this orientation is the piecewise linear curve obtained
by joining the points of the signature which correspond to consecutive vertices of
the polygon by a straight oriented line segment.

The SEJIS curve represents the special Euclidean signature up to cyclic per-
mutations of its k points. This takes care of the ambiguity about the starting point
p1. There remains one ambiguity: the traveling direction. In fact, the points of
the SEJIS are not invariant under the action of reversing the order of the vertices
of the polygon. However, if we restrict ourselves to simple polygons, i.e. polygons
whose edges do not cross each other, then one can choose an orientation (clockwise
for example) and this orientation shall not be affected by the action of SE(2). In
fact the SEJIS curve characterizes all simple polygons.

Theorem 5.3 (For simple polygon recognition modulo SE(2)). Two planar poly-
gons whose edges do not cross and whose vertices are labeled clockwise (counter-
clockwise) are equivalent under the action of SE(2) if and only if their SEJIS
curve with respect to the clockwise (counterclockwise) orientation is the same.

Proof. Since the points of the signatures are functions of the basic S E(2)-invariants,
they are SFE(2)-invariant themselves. Moreover the order of the vertices is chosen
in an invariant way, except for the starting point. Therefore if two polygons are
equivalent under the action of SE(2), then their signature will be identical, up to
cyclic permutation. Now suppose that P = (py,...,px) and @ = (q1,.-.,qx) are
two polygons with the same SEJIS = (s1,...,Sk). Assume that s; corresponds to
(plap25p3) and (qla q2, q3)5 that s, corresponds to (p27p37p4) and (q27 4as, Q4); and so
on. Since the signature of the two polygons is the same, we have |ps —p1| = |2 — ¢1]
(by (%)). So we can find g € SE(2) which maps p; to ¢1 and ps to g2. Moreover
since p;12 is uniquely prescribed by p;, pi+1 and the value of a; and A; (by (¥%)),
we have that g also maps p3 to g3, and p4 to g4, and so on. Therefore g-P = @Q. O

However, in practice we do not need to restrict ourselves to simple polygons.
All we have to do in order to characterize non-simple polygons is to use our very
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same SEJIS curve while taking into account the fact that we might have chosen
a different orientation and starting point.
Theorem 5.4 (For polygon recognition modulo SE(2)). Two planar polygons P =

(p1,---,pk) and Q = {q1,--.,qr} with distinct consecutive vertices are equivalent
under the action of SE(2)

& SEJIS(p1,...,pr) = SEJIS(h-(q1,--.,qk)), for some h € Hy.

Unfortunately, the fact that we only characterize polygons up to Hy, is inherent
to the construction of the signature. However, Lemma 3.2 facilitates the search for
a possible h € Hj,. In facts, since the SEJIS commutes with rotations, we have
the following useful lemma.
Lemma 5.5. Let SEJIS(p1,...,px) = (81,---,8k), SEJIS(q1,---,qr) = (01,---,0%),
and SEJIS(qk,.-.,q1) = (0k,--.,01). Then SEJIS(p1,...,px) = SEJIS(h -
(q1,---,qxr)) for some h € Hy, if and only if

(517"'7515:) = C'(Jl7"'70k)
or
(s1,--,88) = ¢ (Ok,--.,01)
for some ¢ € Zy,.

Since a symmetry is a self-equivalence, we can modify the previous theorem in
order to detect symmetries. In fact in this case, the ambiguity about the direction
is waived and the orientation of the polygon can be chosen arbitrarily.

Theorem 5.6 (For SE(2)-symmetry detection). If P = (p1,...,px) is a planar

polygon and SEJIS(p1,...,pr) = (81,...,8k), then P has an f-fold rotational
symmetry if and only if

(S%H,...,sk,sl,...,s%) = (S1,.--, k),
in other words, if and only if the signature curve winds f times on itself.

Proof. The polygon P has an f-fold symmetry if and only if there exists g € SE(2)
such that g-(p1,...,pk) = (p%ﬂ, e s DksD1y - - ,p%). By invariance of the signature,
this means that

SEJIS(plaapk) = SEJIS(p%+17'"7pk7p17---7p?)
& (81y.--,8k) = (S%H,...,sk,sl,...,s%),

which proves the necessity of the statement.

Now if (s1,...,8k) = (S%H,...,sk,sl,..., ), then by property (x) and (%),

Sk
7
there exists g € SE(2) such that g- (p1,...,pr) = (p%H,...,pk,pkH,...,p%). This

proves sufficiency. O

So a k-gon P has an f-fold symmetry if and only if the signature curve is traced
f times in the same direction as one travels along the curve. This can be checked in
O(k) by a computer. We implemented the algorithm using the software MATLAB
and computed the results for a number of examples. One of them is the four-branch
star of Figure 5. For a counterclockwise orientation of this octagon, the program
gives the following SEJIS (rounded to 4 digits).
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2.236 2.236 2.236 2.236 2.236 2.236 2.236 2.236
4 -3 4 -3 4 -3 4 -3

The SEJIS curve, represented in Figure 5, is obtained by joining these points
with a straight oriented segment. Although the polygon has eight vertices, the
graph of the signature shows only two vertices: the signature curve winds four
times on itself. This reflects the fact that the four-branch star shown has a four-
fold symmetry.

SEJIS =

5.2. Advantages of this SEJIS. This is clearly not the only way to build a
signature. So why do we prefer this method to others?

First of all, this signature indicates whether two pieces of polygons are the same
up to rigid motions (partial equivalences as defined below). This is because the
invariants used depend on very few points and they are chosen so that partial
equivalences correspond to specific similarities of the signature curves. More pre-
cisely, we have the following theorem.

Theorem 5.7 (For partial equivalences modulo SE(2)). Let P = (p1,...,Pk)
be a planar polygon with distinct consecutive vertices and SEJIS(p1,...,pr) =

(s15---58k). Let@Q = {q1,-..,q) be another planar polygon with dﬁ'stinct consecutive
vertices and SEJIS(q1,-..,qx) = (01,-.-,01). Letn € N, let P = (ps,-- -, Pitn)
and let Q = (gj,---,qj+n)- Let s} be the first component of s;, namely |pit2 —pit1],

and similarly for o}.

o For n=1. There exists g € SE(2) such that g - (p;, pi+1) = (g;,¢j+1) if and
only if st = s;_l.
e Forn > 1. There exist g € SE(2) such that g-(pi, . .., Pi+n) = (@js-- > qj+n)
if and only if (si,...,Siyn—2) = (0j,---,0j4n—2) and s;_; = s}_,.
We call the (n + 1) consecutive vertices of P given by P = (p;, ..., piyn) a piece
of P. If a piece of P is equivalent to a piece of ¢}, more precisely if

(pia .. api—f—n) = (qk: Qk+1;5---, q]+n) mod G
or (p27 .. 7pi+n) = (qj+n7 w5 qQkt1, qk) mod G7

then we say that P is partially equivalent to Q.

It is easy to modify our method in order to recognize what we call polygonal
segments (or open polygons). Given an ordered set of points (p1,...,pr) in the
plane, define its signature as the ordered set of points given by

SEJISopen(p1; - - -, pk) = {(Ip2 = p1],0)} U {as, A}
Corollary 5.8 (For open polygon recognition). There exists g € SE(2) such that
g+ (p1;---,pk) = (- - qk) if and only if
SEJISopen(p1> e DE) = SEJISopen((IIJ e Qk)-
Another advantage of our signature is that it is noise resistant. We are using
joint invariants and, in general, the value of such invariants does not change much
when the points are slightly perturbed (as opposed to say differential invariants).

In fact in this specific case, if we measure each point p; as p;, and if the noise is
such that the measures are within a certain error say

ﬁi = Di + (67 6)5
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then one can verify that the measured signature {&i,Ai}le will have an error
bounded by:

;i = a;+2V2
< V2
A = A+ 7(|p¢+1 — pi| + [Piy2 — Di| + |Pi+2 — Pit1])e

6. AN EXAMPLE OF A NON-ORIENTATION PRESERVING LIE GROUP ACTION

A slightly more complicated case is the recognition of planar polygons up to
rotations and reflections. The corresponding group is called the (full) Euclidean
group E(2) and consists in all rigid motions in the plane: translations, rotations

and reflections.
The following theorem can be obtained using the moving frame normalization

method.
Theorem 6.1. For E(2) acting on R2, the situation is as follows.
(1) There are no one-point joint invariants.
(2) There is one fundamental two-point joint invariants J°(p1,p2) : R2 x R? —
R, namely J°(p1,p2) = |p2 — p1l.
(3) There are three fundamental three-point joint invariants

Jll(p17p27p3)7 J%@17p27p3)7 J31(p17p27p3) :RZ XR2 XR2 _)RJ

namely

Ji(p1,p2,p3) = |p2—pil,

Jo(p1,p2,p3) = |ps —pel,

J3(p1,p2,p3) = %| det[z3 — 21,22 — 21]|, the area of the triangle
= |Aja3].

Again we are interested in finding two joint invariants I; and I such that
{Ii,r, I+ }¥_, contains a complete fundamental set of k-point invariants. In other
words, we want I; and Iy to record all the information contained in the polygon
modulo E(2). We proceed similarly as for SE(2) to construct a Euclidean joint in-
variant signature (EJIS for short). According to our general method (see Theorem
7.17), the invariants that are naturally prescribed by the results of our normaliza-
tion are

I (p1,p2,p3) = |p3 — 2| and Ly(p1,p2,p3) = |Aas].
These two invariants are such that
k
{lp2 — p11} € {11 (s, Pig1, Piv2), L2 (Pis Pig1,Piv2) by

with {|p2 — p1|} a complete set of fundamental invariants only depending on the
first two points p; and ps. This guarantees the first property called two-point
projectability (x).

We also have that given pi,pe,p3 € D = {Aj23 > 0}, then p3 is uniquely
determined by the value of I (p1, p2, p3) and I>(p1,p2,p3). In other words, we have

p3 = f(p1,p2, [1(p1,p2,p3), I2(P1, P2, P3))

for p1,ps,p3 € D. This guarantees the second property, called third point reduc-
tivity (%*) on the restricted domain D. See Figure 2 for an illustration.
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FIGURE 2

N

So we can use I; and I, to parameterize a signature for convex polygons for
example, but not for all polygons. This is due to the domain restriction on ().

Since it is desirable to characterize all polygons, we would like to find a way
around that difficulty. What we need is to find invariants for which (%*) holds on a
bigger domain. But since any three-point invariant is a function of J}, J3 and J}
and, for any p; and ps, there are two choices of p3 which lead to the same value of
Ji, J} and J}, there is no hope to build a signature on a bigger domain using only
three-point joint invariants. We need to use at least four-point joint invariants.

Theorem 6.2. [9] All three-point invariants of E(2) acting on the plane are func-
tions of the distances |p; — p;l, for i,j =1,2,3 and i < j.

All four-point invariants of E(2) acting on the plane are functions of the dis-
tances |p; — pj;|, fori,j=1,2,3,4 and i < j.

Observe that the fundamental three-point joint invariants written here are differ-
ent than those of Theorem 6.1. This illustrates the non-uniqueness of fundamental
sets of invariants.

According to Theorem 6.2, in order to have three-point projectability, it is enough
that the signature contain the invariants

Ip2 —pil, |ps—p2| and [p3—pi].

This way, if the signature of (p1,...,px) is the same as the signature of (q1,...,qx),
then we can map (p1,p2,p3) to (g1,¢2,q3) with a Euclidean transformation. For
example Ji = |ps — p3| and Jy = |ps — p2| would do.

In order to have fourth point reductivity, we need to choose two four-point joint
invariants I; (p1, p2,p3, p4) and Is(p1, pa, p3, p4) whose values uniquely prescribe py,
given p1, p2 and p3. If we take I} = |ps — ps| and I» = |ps — p2| then (of course!)
there still remains some ambiguity about the position of py (as illustrated in Figure
3).
What we need is to know the sign of the triangle defined by ps, ps and ps. So
we look for a four-point joint invariant which, given p;, po and ps, determines the
sign of this triangle. Observe that sign(Ass,) itself is not an invariant. However,
sign(Aj23As34) is an invariant and, provided Ajo3 7# 0 and Assg # 0, satisfies our
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FIGURE 3

requirement. In fact, the invariants

I (p1,p2,p3,p4) = |pa —p3| and  Ix(p1,p2,p3,ps) = sign(A123A234)|ps — P2

can be used to parameterize a Euclidean joint invariant signature

EJIS(p17 B 7pk) = {Il,r: IQ,T‘}le
for polygons for which no three consecutive points lie on a straight line. This is
because the two fundamental three-point joint invariants |ps — p1|, [ps — p2|, and
|ps — p1| are functions

lp2 —p1l = fil{lir Lo }iek o)
Ips —p2| = fol{lir Tor}rep_2)s
|p3 - P1| = f3({Il,ra I2,T}1-:k72)'

This guarantees property (*) called three-point projectability
Moreover, given p;, pi+1 and p;ya, then p;i3 is uniquely determined by I; ; and
I ;. This guarantees property (x*) called fourth point reductivity.

Theorem 6.3 (For polygon recognition modulo E(2)). Two planar polygons P =

(p1,---,pk) and Q = {q1,...,qr) which contain no three consecutive vertices lying
on a straight line are equivalent under the action of E(2)
< EJIS(p1,---,pr) = EJIS(h-(q,---,qk)), for some h € Hy,
& BJIS(p,....p) = ¢ EJIS(q,...,q)
or
EJIS(p1,...,o) = c¢-EJIS(qk,---,q1) for some c € Ly,

Proof. By invariance of the functions chosen to parameterize it, the EJIS of two
equivalent polygons must be the same, modulo the choice of starting point and
direction. This proves the necessity of the first statement. To prove necessity of
the second statement, we use Lemma 3.2 and the fact that EJIS commutes with
rotations.

I EJIS(pr, ., pe) = BJIS(h- (g1, a)); let @1y rdk) = b= (q1,-- >
Property (%) allows us to conclude that 3g € G such that g-(p1, p2,p3) = (41, ¢2, G3
Property (x%) implies that g - (p1,...,p%) = (G1,.-.,Gk).- and therefore P = @

~— —
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mod E(2). This proves the sufficiency of the first statement. The proof of the
sufficiency of the second statement is similar. |

Euclidean symmetries are of two types: rotations, which are the orientation pre-
serving symmetries, and reflections, which are the orientation reversing symmetries.
Both types of symmetries are indicated by the signature, although in general they
cannot be distinguished. However, for simple polygons (i.e. when the edges do not
cross each other) it is possible to distinguish both types of symmetries.

Theorem 6.4 (For orientation preserving F(2)-symmetry detection in simple poly-
gons). If P = (p1,...,pr) s any simple planar polygon which contains no three
consecutive vertices lying on a straight line and EJIS(p1,-..,pK) = (81,---,8k),
then P has a f-fold rotational symmetry, 1 < f <k, if and only if

(s%_}_l,...,sk,sl,...,s%) =(81,---,8k),
that is to say, if and only if the signature curve winds f times on itself.

Proof. For simple polygons, rotations are the only E(2) transformations which pre-
serve the traveling direction on the vertices, since they are the only transformations
which preserve orientation. So the proof is the same as for SE(2) symmetries. O

Theorem 6.5 (For orientation reversing F(2)-symmetry detection in simple poly-
gons). Let P = (p1,...,px) be any simple planar polygon which contains no three
consecutive vertices lying on a straight line. Then P has an axis of reflection if and
only if EJIS(py,...,pr) =c- EJIS(pg,-..,p1), for some ¢ € Zy,.

More precisely, P has an azxis of reflection passing through the vertex py if and
only if

EJIS(pl; .. 5pk—15pk) = EJIS(plapkapk—la .. 7p2)5

and P has an axis of reflection passing in the middle of the edge joining the vertex
p1 to po if and only if

EJIS(p17p27 N 7pk—17pk) = EJIS(p27p17pk7 R 7p3)'

Proof. For simple polygons, rotations are the only E(2)-symmetries which reverse
the traveling direction on the vertices, since they are the only transformations
which reverse orientation. By invariance of the EJIS and since the EJIS com-
mutes with rotations, if g - (p1,...,p¢) = ¢+ (Pk,--.,p1) for some ¢ € Zy, then
EJIS(p1,...,pr) =c- EJIS(pk,...,p1).

Now it EJIS(p1,...,px) = ¢- EJIS(pg,-..,p1), then (x) and (x%) imply that
there exists ¢ € G such that g - (p1,.-.,px) = ¢+ (Pk,---,p1). In particular, if
¢ (pry---,p1) = (P1,Pk,---,p2), then p; is fixed so we have an axis of reflection
passing through p;. Also if ¢- (pg,---,p1) = (p2,P1,Pk, - - -, P3), then p; is mapped
to p2 and py is mapped to p;, so we have an axis of reflection passing through the
middle of the edge joining p; to ps. |

We implemented this algorithm using the software MATLAB and computed the
results for a few examples. One of them is the four branch star of Figure 5. The
program gives the following EJIS (rounded to 4 digits) for one direction.

2.236 2236 2.236 2.236 2236 2.236 2.236 2.236
—4.2426 -2 —4.2426 -2 —4.2426 -2 —4.2426 -23

For the other direction, we obtained the following.

EJIS1 =
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2236 2236 2.236 2.236 2.236 2.236 2.236 2.236

BJIS2=1"_9  _40426 -2 —42496 -2 —4.2426 —23 —4.242

The EJIS curves, represented in Figure 5, are obtained by joining those points
with a straight oriented segment. Again the winding number is four, i.e. this poly-
gon has a four fold rotational symmetry. We also detected four axes of symmetries
which are also graphed on the figure.

In general we have the following.

Theorem 6.6 (For E(2)-symmetry detection). If P = (p1,...,px) is any planar
polygon (not necessarily simple) for which no three consecutive vertices lie on a
straight line, then P has a non-trivial E(2) symmetry if and only if there exists
h € Hy \ {e} such that

EJIS(p1,...,pk) = EJIS(h- (p1,-..,Dk))-

Consider the following instructive example.
Example 6.7. Let

P = (pla v ,P4> = ((27 1)7 (27 _1)= (_27 1)7 (_27 _1))

Observe that this planar polygon is not simple since two edges cross at the origin.
(See Figure 4.) It has an axis of reflection which passes through the y-axis, and the

FIGURE 4

corresponding symmetry maps

(p1,p2,p3,p4) to  (p3,DP4,P1,P2)-

Although this is an orientation reversing symmetry, the traveling direction on the
vertices is preserved.
Also, this polygon has a two-fold rotational symmetry which maps

(p1,p2,p3,p1)  to (P, p3,P1,P2).

So there is an orientation preserving symmetry which reverses the traveling direction
on the vertices.
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This example, brought to our attention by Peter Olver, illustrates the fact that
in general, the EJIS does not distinguish orientation preserving and reversing sym-
metries. However, using the results of the previous section, it is easy to determine
which symmetries are rotations, and which symmetries are not. All one has to do
is to use the result provided by both the EJIS and the EJIS to identify which
E(2)-symmetries are not SE(2)-symmetries: these are the reflections.

7. CONSTRUCTION OF A (G-INVARIANT SIGNATURE CURVE

Now that we have an intuitive idea of how to build a signature curve, we are
ready to describe the general method. This method will help us construct JIS for
less intuitive Lie groups. As illustrations, the examples of the equi-affine, skewed
affine and similarity groups acting on the plane, as well as the action of SL(2) on
the Poincaré half-plane will be presented in the last sections.

7.1. Two Sufficient Properties. Our goal is to characterize k-gons in a m-
dimensional manifold M up to the action of an §-dimensional Lie group G. By
Theorem 4.1, all we need to do is to find m n-point joint invariants Iy,..., I,
such that {I ., ..., I, -}¥_, contains a complete fundamental set of k-point joint
invariants on some open subset of M *(*). We shall do this by demanding that the
joint invariants satisfy two properties, which we call (n — 1)-point projectability
and n* point reductivity on ab open set. For short, we will often denote these
properties by (x) and (%) respectively. It will soon become clear to the reader that
(%) and (%%) are merely one of many ways to achieve our goal of obtaining suitable
invariants. But although these conditions are stronger than needed, they happen
to be satisfied by the output of a simple constructive algorithm.

In order to simplify the following discussion, we introduce some notations. Let
neN let 1 <y <ipg<...<ig<nandlet M, .. ig) M>() 5 MXB) bhe
the restriction on the iy, ...,ig factors, i.e.

Wiy in,..osin) @1 - 5 Pn) = (Piy>Pins - - - Pig)-
For any subset U, C M*(  denote by W (nsiy in,....in) Un the image of U, under
W (nsiy is,....in)- We denote by H’("n;il,ig,m,m)f the pull-back under II(,;, y of
any function f : O ¢ M*#) — R For example, if f : R — R is given by
f(z1,22) = 1 + x2, then H’("3;2,3)f(371,x2,$3) =1z + T3.
Now, let I,n € N with I > n and let U, C N*("). Denote by Un|l the subset of
M*® defined by

12,--1R

l—n
Unll — ﬂ M)((z) x Un x MX(l—'n—i)’
i=0
and by Un|<l> the one defined by

U< = ) - (Un x MX”‘")) .

Cci€Zy

For example, if Us C (R?)*(®) is the set of triples of points (py,p2, p3) such that the
area A(p1,pe2,p3) # 0, then U3|4 is the set of quadruples of points (p1,p2,P3,P1)
such that A(p1,p2,p3) # 0 and A(p2,ps,ps) # 0, whereas U3|<4> is the set of
quadruples of points (p1,p2,Ps3,ps) such that A(p1,p2,p3) # 0, A(ps,ps3,ps) # 0,
A(p3, ps,p1) # 0 and A(ps, p1,p2) # 0.
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Given an m-point joint invariant I, : U, — R, we can construct two (n +
1)-point joint invariants Jy, J» on U,|"™ by setting J; = 0 i1,y In and
Jo = H’(*n +12,m Jrl)In. This notation will come handy in the following as such
constructions will be used repeatedly in order to obtain suitable invariants. The
notation Un|<l> will mostly be used with [ = k, the number of vertices of a polygon,
in order to designate k-gons for which all n consecutive vertices lie in an open set
U, (as in Lemma 7.3 for example). This will allow us to successively evaluate a set
of n-point joint invariants I,...,I, : U, — R on all consecutive n points of the
k-gon in order to obtain the signature as defined by Equation 3.

Observe that U,|<"” C U,|" and that both sets can potentially be empty. How-
ever, by symmetry of the Cartesian action of G on M *(") we will be able to simply
replace U, by U, = Uciezn ¢; - Oy, for some open subset O,, C U,. By taking the
<>

DU, # 0.

Let m € N (perhaps but not necessarily equal to m) and let ¢;» € R, for i =
1,...,mand r = 1,..., k. Denote by C the matrix C' = {c;-}. Given m invariants
Liy...,In : U, € M*(™W — R, we define the set L% = LE({I1,r, ..., In,}5_;) by

L’é ={(p1,.-.,pk) € Un|<k> such that I, (p1,...,Pk) = Cir,
for i=1,...,m and r=1,...,k}c M*®),

The set L% is called a level set of {I1 ;, ..., Is }F_,.

The first property that we will demand is that, for any k& > n, all level sets
Ltk c M x(k) project down to subsets of M*("=1) which locally correspond to
orbits of the action of G on M(*~1). More precisely, we demand the following.

union of all cyclic permutations, we are guaranteed that U,

Definition 7.1. Let m,n € N with n > 1. We say that m n-point joint invariants
I,..., Iy : U, C M*(" — R are (n — 1)-point projectable (x) on U, if for any
k > n and for any C € R™*" with LE, = LE({I1r,..., ;s }F_1) # 0, the set
k1, n—1) L% can be written as
H(k;l,---,n—l)Lé’ =Uno
with U an open subset of M*("~1) and O an orbit of G acting on M *("—1),
A different way to look at (n — 1)-point projectability is the following.
Lemma 7.2. Let U, C M*(") and assume that G acts regularly on Oips1,2,....n—1)Un-

The n-point joint invariants Iy, ..., I : U, = R are (n—1)-point projectable on U,
if and only if for any k > n, the pull back Hz‘k,l nfl)J of any invariant J defined
k
on I, n—1)Un is a function of the invariants {Il’r, RUNY A Un|<k> — ]R}
r=1
Proof. This follows from Theorem 2.4. a

The reason why we demand (n — 1)-point projectability is shown in the next
lemma.
Lemma 7.3. Let the invariants Iy,...,I5 : U, = R be (n — 1)-point projectable
on U, C M*™") and assume that G acts reqularly on Oin;12,....n—1)Un- For k> n,
consider the map S : Un|<k> — R™** defined by Equation 3. Let P = (py,...,px)
and Q = {q1,...,qk) be two polygons such that (p1,...,pr), (¢1,---,qk) € Un|<k>.
IfS(p1,---,px) = S(q1,---,qK), then there exists g € G such that g-(p1,--.,pn—1) =
(q17 feey qn—l)-
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Proof. This follows from Theorem 2.4. a

The second property we demand is the following, which can only hold for a
number of invariants m = m.
Definition 7.4. The n-point joint invariants Iy, . .., I, : U, C M*(™ — R are said
to be nt® point reductive on U, if given any (p1,...,pn_1) € Mpi1,....n-1)Un and
real numbers ¢; € I;(Uy,) for i = 1,...,m, then there exists a unique p, € I(p;n)Un
such that I;(p1,...,pn) = ¢, foralli =1,...,m.

In other words, we ask that p,, € Il(,;, U, be a function

Pn = f(pl;---7pn—17]1(p17---7pn)7 7IM(p17"'7pn))'

Together, properties (x) and (xx) will guarantee that Iy, ..., I, record all the
relevant information about a polygon, i.e. all the information contained in the
polygon modulo G. We thus define the following.
Definition 7.5. We say that m n-point joint invariants are recorders on U, C
M (") if they are both (n — 1)-point projectable (x) and n** point reductive (x%)
on U,.
Proposition 7.6. Let U, C M*(™ be an open set and assume that G acts on
O(ps1,....n—1)Un regularly. If Ii,..., L, are recorders on U,, then for any k > n,
the set {ILT,...,I,,W},’?:1 contains a complete fundamental set of invariants on
Un|<k>.

Proof. Let s,_1 denote the orbit dimension of the action of G on I(y,;1, . n—1)Un.
By (*) and Theorem 2.4, we have

n—1
8{-[1,1‘7 I Im,’l‘ r=1

rank
6(pl7 .- ;pn—l)

=m(n—1) —sp—1

on an open and dense subset of Un|<k>. Observe that, by (xx), we also have

6{[1’714_,', ... ;Im,n+i}
6(pn+i)

k
on an open and dense subset of Un|< ” . Therefore, on an open and dense subset
k
of U,|<*”, we have

Iy -y Iy }ra
6(}’1; v apk)
However, the number of k-point fundamental invariants is less than or equal to

mk — s,_1. So there must be exactly (mk — s,_1) k-point fundamental invariants!
and we must have equality in the previous inequation. O

rank =m, foralli=0,...,k—n,

rank >mn—1)—s, 1+mk—n+1)=mk—s, 1.

Corollary 7.7 (For global recognition modulo G.). Let U, C M*™ be an open
set such that G' acts on .y . n—1)Un regularly and let Iy, ..., I, be recorders on
U,. Let k > n and consider S : Un|<k> — (R™)*(¥) g5 defined by Equation 3. Two
polygons P = (p1,...,pr) and Q = {q1, - - -,qx) such that (p1,---,p),(q1,---,qr) €
Un|<k> are equivalent modulo G if and only if

S(pla---7pk):S(CI1;---;Qk) mOde

ISee Corollary 7.18.



POLYGON RECOGNITION AND SYMMETRY DETECTION 21

The converse of 7.6 is not true as illustrated by the following examples. Take G
to be the special Euclidean group acting on the plane. Let p;, p2, and p3 be three
consecutive points on a polygon. Then the signed area of the triangle defined by
p1, P2, and p3 together with the distance between ps, and p3 satisfy (x) and (%*)
and therefore can be used to recognize polygons modulo orientation preserving rigid
motions. However, the signature given by the signed area of the triangle defined by
p1, P2, and p3 together with the distance between p;, and ps does not satisfy (xx)
but obviously still generates a complete fundamental set of k-point invariants for
any k > 3.

Although n** point reductivity is not necessary, it is an easy condition to satisfy,
as will be shown later. Moreover the inverse function theorem provides a simple
test for making sure this property is locally satisfied. Finally, it is a very natural
property to require for detecting partial equivalences in polygons.

Theorem 7.8 (For partial recognition modulo G). Let U, C M*(™ be an open
set such that G acts on I,y . 1)Un regularly. Let Ii,..., I be n-point joint

invariants which are n*" point projectable on U, and let Jy,...,Jn be a complete
fundamental set of invariants on .y, n_1)Un. Letpi,...,p; bel > n consecutive
vertices of a polygon P and q1,. .., q bel consecutive vertices of a polygon Q. There
exists g € G such that g - (p1,-..,01) = (q1,-..,q) if and only if
(5) Ji@i,. . ypn—1) = Jil@qr,.. . qn-1), forallj=1,...,N
and

(6) Ii(pla"'apn) = Ii(qla"'aqn)a

Ii(p2a"'7pn+1) = Ii(q2a"'aqn+1)

Iz’(Pl—m---:Pl) = Ii(Qlfna-"aql)7 fO?" alli:l:"'am

Proof. By invariance of the I’s and J’s, “=" is true.

To show “«<”, assume J;(p1,...,Pn-1) = Ji(q1,---,qn—1), for i =1,..., N. Then
by Theorem 2.4, there exists g € G such that g- (p1,---,Pn-1) = (g1,---,qn_1)- By
(#*), condition (6) implies that g - (p1,---,m) = (¢1,---,q)- O

If I,..., I, are m joint invariants which are recorders on U, C M*(™ then
the signature S as defined by Equation 3 can be used for partial recognition or
partial symmetry detection whenever G acts regularly on Il ., 1)Un. In-
deed, () guarantees that the pull back by II(4;;, .. ,—1) of a complete fundamental

set of invariants Ji,...,Jn : Il(n;1,. n—1)Un — R yields k-point joint invariants
M, n—1yJ15 - s Mgy gy which can be expressed as functions

Wi, no)di = fi{Lis, o I}k ), fori=1,...,N.
Therefore the value of Jy,...,J, can be determined from the signature. One can

thus determine whether condition (5) is satisfied by looking at the signatures. Con-
dition (6) is indicated by a partial superposition of the signatures. So both condi-
tions can be checked given the signatures.

7.2. Construction of recorders I,...,I,. In this section, we will determine
how and in what circumstances moving frames can be used to construct m n-point
joint invariants which are recorders on some open set.
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Assume that the -dimensional Lie group G acts (locally) effectively on subsets
of M. Denote by s, the maximal orbit dimension of the prolonged action of G
on M*(")_ Let n, be the minimal integer such that for all n > ng, the maximal
orbit dimension s,, = §, the dimension of G. We call ng the stabilization order. By
Theorem 2.9, such an integer exists.

Lemma 7.9. Let n € N. Assume that G acts regularly on both an open set
Upp1 C€ M*(HYD) and its restriction Oy, ,n)Unya- Let Ji, ..., N be a com-
plete fundamental set of invariants on U,y n)Uny1- Then, in a neighborhood
Upy1 of any point 2"V € U, 11, there exist R invariants I, ..., Ig such that

{Hz‘n—i-l;l,...,n)‘]l’ AR H?n+1;1,...7n)JN: Ila s ;IR}

is a complete fundamental set of invariants on [7”+1. If n > ng, then R = m.
Otherwise R < m. In any case, these R invariants can be obtained by the (partial)
moving frame normalization method.

Proof. By Theorem 2.4, there are exactly nm — s, fundamental n-point joint in-
variants and exactly (n + 1)m — spy1 fundamental (n + 1)-point joint invariants.
The difference is

(n+1)m — spq1 — (nm — 8p) =M + 8p — Sp41-

Let R =m + 8, — Spy1. Observe that R < m, unless s, = s,y1. It is shown in [1]
that s,, = s,41 if and only if n > ng. So if n < ng, then R is strictly smaller than
m, otherwise R = m.

For the construction of Iy,...,Ig, let 2("*Y) € U, 1, and let us first assume
that n + 1 > ng. Then we can build a local moving frame p(p1,...,Ppt1) In a
neighborhood of z("*+1), Consider the group action equation pn4+1 = g - ppyi. As
explained in details in [8], setting g = p(p1, .. .,Pnt1) into this equation gives

ﬁn"’_l'g:p(pl,...,pn) = (Ila R Im);

a vector made of m (n + 1)-point invariants. Among those m invariants, there are
exactly R, say I, ...Ig, such that {H?n+1;1,...,n)‘]1’ .. "an+1;1,...,n)JN’Il’ ..., Ir}
are functionally independent on an open subset of U, 1.

When n +1 < ng, then a local moving frame doesn’t exist in any neigh-
borhood of z("t1). However, following the partial moving frame normalization
method described in [8], we can obtain a map p(p1,...,pn+1) such that if we set
g=p(p1,---,Pns1) in the equation p,11 = g - ppy1 then we get

pn+1|(g=ﬁ(1)1,...,pn)) = (Ila LR Im):

a vector made of m (n+1)-point invariants containing the R invariants we want. [

Corollary 7.10. There do not exist m n-point joint invariants which are nt" point
reductive with n < n,.

Theorem 7.11. Let n > ng. If G acts on on open set Upyq C M > regularly,
then in a neighborhood of any point 2("*tY) € U, 11, there exist m (n+1)-point joint
invariants which are (n+ 1)t point reductive. These invariants can be obtained via
the moving frame method.
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Proof. Obtain R = m (n+1)-point functionally independent invariants {I;,..., I}
as described in the proof of Lemma 7.9. We claim that, on an open subset of Uy 41,
we can express p,1 as a function

DPn+1 = f(p17 R 7pna-[1(p17 s 7pn+1)7 R 7Im(p17 R 7pn+1))-

This is because if that were not the case, then the Jacobian matrix

olL,...,Iny)
o(p1,-->Pnt1)

would contain a sub-matrix

oly,...,In)

O(pr+1)

with rank strictly smaller than m on any open subset of U,,1, which would contra-
dict the fact that, since n > ng, the invariants {I1,..., I,,} are (by construction)
functionally independent of the pull back by II(,,11;1,... n) of invariants defined on
H(n+1;1,...,n)Un+l- O

Let n* be the minimum integer n such that G acts on M *(") with maximal orbit
dimension s, < nm. In other words, n* is the minimum n for which non-trivial
n-point joint invariants exist. Observe that ng > n* — 1.

Lemma 7.12. Let Ji,...Jn be functionally independent invariants defined on
Upe C M*™) . The invariants

?n*+1;1,...,n*)‘]17 T Hz(n*+1;1,...,n*)JN7
¥ J: * J
(n*+1;2,...,n*+1)Y1> - > (n*+1;2,...,n*+1) YN
are functionally independent on an open subset of Un~|"*+1.
Proof. Observe that N < m. The Jacobian matrix
6(H?n*+1;1,...,n*)‘]1’ ) H?n*—l—l;l,...,n*)JN’ H?n"—i—lﬂ,...,n*—i—l)‘]l’ SR H’(kn*+1;2,...,n*+1)JN)
6(p13 v apn*—i-l)
— A(p17"'7pn")701xm
01Xm7 A(p27 s 7p71*+1)
where A : M*(") — RVNX"™ ig an N x nm matrix. The rank of A(py,...,pp) is

equal to N at any point (p1,...,pn+) of an open and dense subset of Up,«. Since
there are no (n* — 1)-point joint invariants, the sub-matrix

B(H?n*—i—l;Q,...,n*-i—l) Jl’ T ’H?n*+1;2,...,n*+1) JN)
Opn*41
also has rank N at any point (p1,...,Pn«+1) of an open and dense subset of
Up+|" +1, thus proving the fact that the Jacobian matrix has maximal rank 2V on

an open and dense subset of Up« |"*+1. a

Let N; = (n* 4+ i)m — sp»4; be the number of fundamental invariants of the
action of G on M*(" +9 In particular, N_y = N_; = 0. We can actually refine
the previous lemma.
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Lemma 7.13. Let n > n* and let {J1,...n} be a complete set of functionally
independent invariants defined on U, C M x(n) | Then there exist exactly (Np_p» —
Nn—n+—1) invariants among {II¢,. 10 ey Jts- - a1 eig) I, say the
first Np_p» — Npy_pe_1 ones

* J * J
(n*+1;2,...,n*+1) IR (n*+1;2,...,n*+1) Ny px—=Np_px_19
such that the invariants

* *
H(n*+1;1,...,n*)‘]17 trey H(n*+1;1,...,n*)JN7
* *
H(n*+1;2,...,n*+1)‘]15 ) (n*+1;2,...,n*+1)JNn_nx—Nn_n*_1

are functionally independent on an open subset of Un|"+1.

Proof. This follows from the fact that the rank of the sub-matrix
O(J1,...,JIN)
Opn

is equal to (Np—pn+ — Njp—pn+—1) on an open and dense subset of Un|n+1. O

As a corollary, we have the following,.

Lemma 7.14. Letn > n* and let Jy,...Jn be a complete set of functionally inde-
pendent invariants defined on U, C M*™), Define I, ..., Ir with R = Ny_p«i11 —
Np_pn+ as in Lemma 7.9. There exist

L=R- (Nn—n* - Nn—n*—l) = Nn—n*+1 —2Np_p+ + Nppr_1 20

invariants among {I1,...,Ir}, say I ..., IL, such that the invariants
Hzn+1;1,...,n)J17 LRRE] H?n+1;1,...,n) JNJ
H?n+1;2,...,n+l)‘]17 R H?n+1;2,...,n+1) JN
I, ..., It

, . ) 1
contain a complete fundamental set of invariants on an open subset of Un|"Jr .
More precisely, one can find R invariants among

* *
{ (n+1;2,...,n+1)‘]17 LR H(n+l;2,...,n+1) JN} ’

say the first R ones,

* *
H(n+1;2,...,n+1)‘]17 R H(n+1;2,...,n+1)JR7
such that
* *
(n+1;1,...,n) Jl’ Tt (n+151,...,n) JN’
* *
H(n+1;2,...,n+1) Jl’ R H(n+1;2,...,n+1)JR7
L, ... I

is a complete fundamental set of invariants on an open subset of Un|n+1.

The proofs of the next three theorems constitute the core of this paper as they
contain the algorithm for the construction of recorders. Theorem 7.15 is a warm
up. It concerns a very common case for which the construction requires very few
steps. We deal with the general case in a similar manner. For clarity, we present
the general construction in two parts corresponding to Theorem 7.16 and Theorem
7.17 respectively. The examples of the special Euclidean and full Euclidean Lie
groups already discussed illustrate this construction.
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Theorem 7.15 (Case ng = n* or ng = n* — 1). Assume that G acts transitively
on an open set Up,—1 C M>*(=1) and locally freely and regularly on Uno—1]".
There exists an open subset of Uno,1|"0+1 and m invariants I, ..., I, which are
recorders on this open subset. These invariants can be obtained via the moving
frame normalization method.

Proof. By transitivity of the action of G on Up,_1, there are no invariants on any
subset of Up,—1. By local freeness of the action of G on U,,—1|"°, we can use the
moving frame normalization method to obtain a complete set of ngm —4 > 0 invari-
ants defined in a neighborhood of any given point of Uy,,_1|"°. To do so, we begin
by normalizing the equations {g-p;}12;, for g € G and (p1,...,Pny) € Uny—1]"° as
described in [8]. More precisely, we set § of the equations equal to constants, solve
them for g = (91,.-.,95) = p(P1,---,Pn,) and evaluate the remaining equations at
9=p(p1,-..,Pn,)- Doing so, we obtain ngm—4 functionally independent invariants
JP, .y IR m_s defined on an open subset of Up,—1|™. Observe that ngm — ¢ < m

n

by Lemma 7.9. We set

— * 0
L = H(n0+1§2,~~~7"0+1)‘]1’

— * 0
L, = H(n0+1;2,...,n0+1)J2a

* 0
Ingm—é H(n0+1;2,...,n0+1)Jnom—é’

thus guaranteeing property (x) whenever k > ng, for then the set

{Il,Ta R Inom*Tﬂ" 11‘"::17
contains a set of invariants depending solely on the first ng of the k points which,
when restricted to M *("0) explicitly contains a complete fundamental set of in-
variants on an open subset of Uy,,—_1|"®. We then evaluate the m functions given by
the components of g pp,+1 at g = p(p1,-- -, Pn,) to obtain m invariants Ji,..., JL

1 ; .
defined on an open subset of Uy,_1|"°*". The invariants
* 0 * 0
H(ng—i—l;l,...,no)‘]l’ T H(no—{—l;l,...,no)‘]nom—é’
1 1
JLo T

form a complete set of fundamental invariants on an open subset of Up,_1|™*".
By Lemma 7.12, the invariants
0 0
>gno—i-l;l,...,ng)Jl yoott >gno-i—l;l,...,ng)Jnomfé’
* JO * JO
(no+1;2,...,no+1)Y1> = *> (no+1;2,...,n0+1)Ynom—4¢
are functionally independent on an open subset of Uy,,_1 |"°+1. By Lemma 7.14, we
can choose L = m — (ngm — 6) = § — (ng — 1)m > 0 invariants among J{,...,J},
say Ji,...,Ji, such that the set
* 0 * 0
{H(no+1;1,~~~,no)Jl’ Tt (no+1;1,---,no)Jnom—67

* 0 * 0
H(no+1;2,~~~7no+1)‘]1’ Tt (no+1;2,---,no+1)‘]nom—6’
1 1
9 JL}
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is a complete set of functionally independent invariants on an open subset of
Uno—1]"". We set

Ingm—d—i—l = J11;
Inomf6+2 = J217
I, = J.
By the same argument as in the proof of Theorem 7.11, we can show that {I,..., L, }

are (ng + 1)* point reductive on an open subset of Up,_1|""". O

Observe that (n — 1)-point projectabilitily holds for any set of n-point invariants
with n < n* . (All invariants are constants in that case.) The next theorem takes
care of the remaining cases, n > n*. We are thus guaranteed that, for any n € N,
we can obtain a set of cardinality at most m containing n-point joint invariants
which are (n — 1)-point projectable, provided that some slight regularity conditions
hold.

Theorem 7.16. Let d € {0,1,2,...}, let k > n* +d and let U, ¢ M*"). If G
acts regularly on Up«|" + fori=0,1,2,...,d, then there exist m < m invariants
L,... I defined on Uy |™ % such that the set

{II,T; .- 7-[771,T}£:17

contains a subset of invariants which only depend on the first n* +d — 1 of the k
points and which, after restriction to the first n* +d — 1 factors, form a complete

n*+d—1

fundamental set of invariants on an open subset of Up«| These can be

obtained via the (partial) moving frame normalization method.

Proof. We begin by normalizing the equations {g-p; ?;1, forge Gandpy,...,pp €
M as described in [8]. More precisely, we set s,» of the group transformation
equations equal to constants, solve these equations for s, components of g =
(91,---,95), say (91,---,9s,.) = po(P1,.-.,Pn+), and evaluate the remaining equa-
tions at (g1,...,9s,.) = po(P1,-..,Pn+). Doing so, we obtain Ny functionally inde-

pendent invariants J?, ..., J3, defined on an open subset of Uy~. We set
0
L = =€n*+d;d+1,...,d+n*)Jla
0
L = >E‘n*—i-d;d—i-l,...,d—{—n*)‘]2 )
0
In, = ?n*+d;d+1,...,d+n*)JNo'
(We could also pull back with II(;« 4 gpt1,...,r4n+) for any other r € {1,...,d + 1}.
However, the choice of » = d+1 insures that all invariants Iy, . .., Iy, explicitly de-

pend on the last point pp+4q € H(n*+dm*+d)Mx(n*+d), a condition that is necessary
in order to obtain (%x) later on.)

We then normalize the equation g - py+41 to obtain m invariants Ji,...,Jk
defined on an open subset of U« |”*+1. More precisely, we set $p»41 — Sp» equations
equal to constants and solve for sp«y1 — s,+ of the remaining components of g =
(gla tee agé)a say (gsn*-l-la tee agsnt+1—8nt) =P (pla s 7pn*+1)- The m components
of g - pp41 evaluated at (gsn*+1>---:gsn*+1—sn*) = p1(P1,-..,Pnr+1) are the m
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invariants (8,+41 — Sp+ of which are, of course, constant). By Lemma 7.9, among
these m invariants there are exactly Ry = Ny — N > 0, say J{,...,Jp,, such that

{H?n*—l—l;l,...,n*)J?J

are functionally independent. By Lemma 7.14, there exist exactly Ny — 2Ny > 0

* 0 1
) H(n*—i—l;l,...,n*)JNOJJla

invariants among {J{,...,Jg, }, say Ji,...,J§, _an,, such that

* 0
(n*4131,...n) J15

*
(n*+1;2,..

contains a complete fundamental set of invariants on an open subset of U,

0
Ln*+1) Jl )

1
Jla

* 0
H(n*+1;1,...,n*)JN05

* 0
H(n*+1;2,.-.,n*+1)JNo’

1
JN172N0

We set
* 1
Ing41 st gsd,.n4d) J1 5
_ * 1
Ingt2 = Uieiga,. nrta)l2s
I p JA
No+N1—-2Ng (n*+d;d,...,n*+d)¥ N1 —2Ng

(Again, we make sure that all I;’s explicitly depend on the last point pp«yq €

(et i 4-a) M (' +d) )-

We have now defined a total of Ny — Ny of the I;’s. Similarly, if we normalize
the equation g - pp»42 We obtain m invariants out of which Ry = Ny — Ny, say

{J?,..., Jg,}, are such that

* 0
(n*+2;1,...,n*)‘]1 s

*
(n*42;1,..

are functionally independent. By Lemma, 7.14, there exist exactly No—2N;+ Ny > 0

1
.,n*+1)J1a

2
le

* 0
(n*+2;1,...,n*)JN,

* JO
(n*+2;1,...,n*+1)Y Ry

2
N

invariants among {J5, ..., Jg,}, say J7, ..., JX,_on, 4N, Such that

* 0
H(n*+2;1,...,n*)J1=

*
(n*+2;2,...
*
(n*+2;3,...
*
(n*42;1,...

*
(n*+2;2,...

yn*+1) J{]’
n*+2) J{]’
i
n*+2) Jll’

Iz,

* 0
H(n*+2;1,...,n*)JN7

* JO
(n*+2;2,...,n*+1)Y N>
* JO
(n*+2;3,...,n*+2)Y N>
* 1
(n*+2;1,...,n*+1) JRl )
* 1
(n*+2;2,...,n*+2) JR1 s

2
JN2—2N1+N0

7J1121}
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. . . *42
contains a complete fundamental set of invariants on an open subset of U,«|" 2

More precisely, the set

{Hz(n*+2;1,...,n*)‘]?5 [ERE} z(n*+2;1,...,n*)‘]1({/'a

>fn*-i-2;2,---,n*+1)J{)’ ) ?n*+2;2,...,n*+1)=71%;

?n*+2;3,---,n*+2) J{)’ M) z‘n*+2;3,...,n*+2) JR{;

?n*+2;1,...,n*+1)J%a EEE! ?n*+2;1,...,n*+1)J11\71—2N07

?"*"'292)"""*4'2) Jll’ Tt ?n*+2;2,...,n*+2) JII\T1—2N0:
T2, ooy TRy aniN

. . . 42
is a complete fundamental set, of invariants on an open subset of U,.|" 2.

We set

— * 2

IN1*N0+1 = (n*+d;d—1,...,n*+d) Jla

— * 2

IN17N0+2 - (n*+d;d—1,...,n*+d) J27

I = * J2
N1—No+N2—2N1+No — (n*+d;d—1,...,n*+d) Y Noa—2N; — Ny -

We have now defined No — N; of the I;’s. Following this procedure d times, we
obtain (N4—1 — N4_2) functionally independent invariants

{Ii, -« IN,—N,_.}s

defined on some open subset of U, |"*+d. We claim that {I1 ..., INy—N,_1 .+ }Foq

contains a set of Ng_1 invariants depending only on the first n* + d — 1 of the

k points and which are functionally independent on I+ yg1,... n*4d—1) Un*|"*+d.
Indeed, by construction, the set
_ d—1 d—1
Q= {Jlﬂ‘ L JNd—1*2Nd—2+Nd—3,T}
d—2 d—2 2
U {Jlﬂ" LA JNd—2—2Nd—3+Nd—4:T r=1
d
U {J?,‘l" et ’J%0—2N_1+N_2,7‘}7‘:1’
which is a subset of {I1 ..., InN,_,—N,_»,r}¥_;, contains exactly Ny_; functionally
independent invariants.
Observe that
Nd—l — Nd_2 = (n* +d— l)m — 8d—1 — ((’I’L* +d- 2)m - Sd_2)
= m—84-1+ Sq-2
< m,
which completes the proof. O
Note that, in the previous proof, the invariants I, . .., Iz, could have been defined
on Up+|™ **! rather than on the bigger set U,.|" ™ since they do not actually

depend at all on the first of the n* 4+ d points. But our goal was to construct a set of
(n* 4+ d — 1)-point projectable invariants to which we could simply add a few more

invariants in order to obtain a recording set. Defining {I,...,I5} on Un*|"*+d
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allows us to do so directly, without having to “shift” the domain of definition of the
invariants {I1,...,I5} we already have. This thus simplifies the proof of the next
theorem, which builds on the results of the previous theorem to prove the existence
of recording m-point invariants for any n > ng + 1.

Theorem 7.17 (General case). Letd € {0,1,2,...} and U,. C M*("")

Assume that G acts regularly on Un*|"*+i c M*'+) - for i =0,1,2,...,d. If
n* +d > ng then, on an open subset of Un*|"*+d, there exists m (n* + d)-point
joint invariants I, ..., I, which are recorders. These invariants can be obtained
via the (partial) moving frame normalization method.

Proof. We start with constructing {I1,...,In, ,— N, ,} as in the proof of Theorem
7.16. Then we normalize the equation ¢ - pp+4q4, for ¢ € G and ppryq € M,
and repeat the exact same procedure as in the previous theorem to obtain a total

of Ny — Ny_1 invariants Ir,...,In,—nN,_,- More precisely, we choose some Ny —
; : d d d d
2Ng-1 + N4-—o invariants among Ji',...,JN, n,_,» s&y Ji, -, IN, on, 4 Ny_o
- : d—1 d—1
such that for the complete set of invariants {J{;", ... ,Jy ~ ;} on some open
*td—1
subset of Uy+|™ 7%, we have that
* del * del
(n*+d;1,...,n*+d—-1)Y1 >ttt (n*+d;1,...,n*4+d—1)Y Ng_1
* del * Jd*l
(n*+d;2,...,n*+d)“1 >ty (n*+d;2,...,n*+d)Y Ng_,
d d
Jl’ Tt JNd*QNd—1+Nd—2

are functionally independent. We set

— d
INg i =Nyot1 = J§

d
INy 1 -Nyost2 = I3

d
INd—l—Nd—2+Nd—2Nd—1+Nd—2 JNd—ZNd_1+Nd_27

this obtaining Ny — Ng4—1 invariants {I1,...,In,— N, .}
Since {f1,...,Im} C{liry--- s IN,—N,_,.r}, the set
(I, ooy INa=Nasair i

explicitly contains (after restriction to the first n*+d factors) a complete fundamen-
tal set of invariants on My« 4 g1, n 4d—1) Un+|" +d, Moreover, since n* + d > nyg,
we have Ny — Ng_1 = m.

By the same argument as in the proof of Theorem 7.11, we can show that
{L,...,L,} are (n* + d)** point reductive. O

An immediate corollary of Corollary 7.10, we also have

Theorem 7.18. If n < ng, then for any open set Upy1 C M*™+Y) | there do not
exist m (n + 1)-point joint invariants which are recorders on U,y .

For the purpose of partial recognition, it is certainly better to use invariants
depending on as few points as possible. One should thus try to build an (ng + 1)-
point signature, which is the optimal number for any Lie group. However, taking
more points than the minimum sometimes allows for (%) to be true on a bigger
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domain, making the detection algorithm applicable in more cases, as illustrated by
the example of the Euclidean group acting the plane.

The following sections contain explicit JIS curves with examples for some less
intuitive Lie group actions, namely the the equi-affine group SA(2), the skewed
affine group SK A(2) and the similarity group SIM (2) acting on the plane as well
as SL(2) acting on the Poincaré half-plane.

8. SA(2) SYMMETRY DETECTION USING SAJIS CURVES

The equi-affine group SA(2) is the group of area and orientation preserving
transformations in the plane. For p € R?, the group transformation can be written
as

g-p=Ap+v,
with A € SL(2) and v € R%2. The Cartesian group action becomes free on some
open set as soon as SA(2) acts on three copies of the plane. It is also regular on
{(p1,...,pn) € (R2)*(M| py,...,p, are distinct and not colinear }, for all posi-
tive integers n. The corresponding maximal orbit dimensions are

2whenn = 1
4 whenn = 2
5whenn > 3

Therefore, there are no invariants of the Cartesian action on one or two copies
of the plane, while there is one fundamental invariant on three copies, and three
fundamental invariants on four copies of the plane. Since ng = 3, we will try to
build an ng + 1 = 4-point equi-affine joint invariant signature (SAJIS).

Let Ajjx = $(pj — pi) A (pj — pr) be the signed area of the triangle spanned by
the vectors p; — p; and p; — py, for p;, pj,pr € R?. The following are the results
obtained directly from the moving frame normalization method [9].

Theorem 8.1. For SA(2) acting on M = R?, we have the following.

(1) There are no one-point joint invariants.
(2) There are no two-point joint invariants.
(3) There is one fundamental three-point joint invariants

J?(plap25p3) : (Rz)X(S) - Ra
which can be taken as Jf(pl,pz,pg) = 2A193.
(4) There are three fundamental four-point joint invariants

Jll(plap23p3ap4)a J21(p15p23p33p4)5 Jsl(plap%p&pll) : (R2)X(4) 4 Ra

which can be taken as

Ji(p1,p2,p3,pa) = 2A1a3,
Aqzy

le(Plap2;P3;p4) = _A ;
123
J3(p1,p2,p3,p1) = 2A124.

According to the construction described in the proof of Theorem 7.17, we take
I = J05 = 2A334. Observe that JP; = J]. So for I, we are free to take any
invariant among the J’s except Ji, as long as I and {J7,}2_, are functionally
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independent. In fact, we could take I, = —%Z‘; or I = 2A;94. For simplicity, we
get rid of the constants and choose to take

Ii(p1,p2,p3,p4) = Daza  and  Ir(p1,p2,p3,p1) = Ai24.

By construction, {I1, I} are three-point projectable (x) and fourth point reductive
(%%) on some neighborhood of any point z(4 such that

2% € {(p1,p2,p3,p4) € (R)*P|  py, pa, ps, ps are distinct and not colinear }.

In fact, () holds for all planar polygon assuming all four consecutive vertices are
distinct. In order to know exactly where (%) holds, we solve the equations

I (p1,p2,p3,p4) = ¢1, Ia(p1,p2,P3,P1) = C2

for ps. Computations show that a unique solution

ps = f(p1,p2,03, 11 (P1, P2, P3,P4), L2 (P1, P2, D3, P4))

exists, provided that p;, p» and ps do not lie on a straight line. Since SA(2) acts
regularly on Us = {(p1,p2,p3)|A123 # 0} and I; and I, are recorders on Us, our
SAJIS will characterize all planar polygons for which no three consecutive vertices
lie on a straight line.

We wrote a MATLAB routine to test our signature on actual polygons. Using
the SAJIS, we were able to detect equi-affine symmetries on a collection of test
polygons. One of our test polygons is shown in Figure 6. It is an example of a
polygon with some non-trivial affine symmetry. It was constructed by taking a
polygon with a four-fold rotational symmetry and four axes of Euclidean symmetry
and by applying a linear transformation T € SA(2)\SE(2). Therefore, it has a four-
fold equi-affine symmetry and four axes of skewed-affine symmetry which are not
Euclidean symmetries. Indeed the SEJIS and EJIS curves (not shown) confirmed
that there is no Euclidean symmetry. On the other hand, for a counterclockwise
traveling direction, computations gave the following SAJIS.

1 -2 -2 1 -2 -2 1 -2 -2 1 -2 =2

SAJIS=1 5 | 59 9 1 _9 _9 1 _9 _9 1 _9

As one can see from the repetitions in the SAJIS (winding number equal to four),
this figure has a four-fold equi-affine symmetry.

9. SKA(2) SYMMETRY DETECTION USING SKAJIS CURVES

The skewed-affine group SK A(2) is the group of area preserving transformations
in the plane. On any p € R2?, the group action can be written exactly as for the
previous group,

g-p=Ap+v,
where the only difference with the case of SA(2) is that det(A4) = £1. This theorem
can be proved using the moving frame method.
Theorem 9.1. For SK A(2) acting on M = R?, we have the following.

(1) There are no one-point joint invariants.
(2) There are no two-point joint invariants.

(3) There is one fundamental three-point joint invariants JO (p1, pa, ps) : (R?)*() —

R, which can be taken as J?(p1,p2) = 2|A1a3].
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(4) There are three fundamental four-point joint invariants

Jll(plap25p3ap4)a J21(p15p25p3ap4); ng(plap2ap3ap4) : (]R2)X(4) — ]Ra

which can be taken as

Ji(p1,p2,p3.p1) = 2|A12],
Aqzy
Ty (102, p3, 1) = -7
123
J3(1,p2,03,p1) = 2|Apa4l.

We can try to build a ng + 1 = 4 point signature with, for example, I} = |Agz4|
and I = |A124]. But then property (%) only holds for convex polygons, which is a
severe restriction. Inspired by our results with the Euclidean group, we choose to
take

L = sign(A123Az34)IA234| and I, = sign(A123A124)IA124|-

These two invariants satisfy property () because Aia3 = |Io,n|. Moreover,
computations show that we can solve for

pa = f(p1,p2,p3, 11 (P1,---,p4), L2 (p1,---,P4))

provided p;, p2 and p3 do not lie on a straight line. So I; and Iy are recorders
on U4|k, for any k > 4 , where Uy = {(p1,p2,p3,04) € M*®|Aj93 # 0}. Since
SK A(2) acts regularly on {(p1, p2,ps3)|A123 # 0}, I and I can be used to recognize
all polygons P = (p1,...,px) such that (pi,...,px) € Usl".

The polygon contained in Figure 6 gives the following SKAJIS for a counter-
clockwise orientation,

SKAJISlz[_Z 2 -1 -2 2 -1 -2 2 -1 -2 2 —1],

1 2 2 1 2 2 1 2 2 1 2 2
and the following SK AJIS for a clockwise direction,

-2 2 -1 -2 2 -1 -2 2 -1 -2 2 -1
SKAJIS2_[122 1 2 2 1 2 2 122]‘
As one can see from the symmetries and repetitions in the SK AJIS, this figure
has a four-fold equi-affine symmetry (winding number equal to four) and four axes

of skewed-affine symmetry (shown in Figure 6).

10. SIM(2) SYMMETRY DETECTION USING SIMJIS CURVES

Another important group is the similarity group given by all special Euclidean
and scaling transformations of the form

g-p=Ap+1b

with A € R, A € SO(2) and b € R?, for any p € R?. Observe that this group acts
locally freely and transitively on {(p1,p2) € (R2)*(®)| p; # py}. Using the moving
frame method and following the construction described in this paper, we chose to
take the following two invariants

_ (p2—p1) - (p3 —p1)

Il(p17p27p3) - |I)2 _p1|2 )

Ii(p1,p2,p3) = s —pi?’
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which are recorders on {(p1,p2,p3) € (R2)*®)|  p;,py,p3 are distinct }. In order
to test the corresponding similarity joint invariant signature (SIM JIS), we com-
puted the SIM JIS associated to a collection of polygons with some rotational
symmetry and checked that the signature did illustrate the symmetry. Observe
that a polygon cannot have a scaling symmetry. So, of course, only rotational
symmetries are indicated by the SIM JIS; the scaling part of the similarity group
is of interest only when comparing two polygons. An example of two polygons
equivalents under a scaling transformation is presented in Figure 7. The associated
signature for a counterclockwise orientation

0.5 -2

1
SIMJIS = 1 1 1

1 -1 11 -05 2 056 -1 2
11 11 1 1 1 1 1}’

is the same in both cases. For clarity, we did not graph the arrows representing the
direction of each segment joining consecutive points of the signature curve.

FIGURE 5
Polygon Axes of E(2) symmetry
‘ 3 ‘ ‘
2 L
l L
0 L
_1 L
_2 L
-3
-2 0 2 -2 0 2
SEJIS Curve EJIS Curve 1st Direction EJIS Curve 2nd Direction
-15 -15
-2 -2 o
A
-2.5 -2.5
-3 -3
-3.5 -3.5
-4 -4 y
O
-4.5 -4.5
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FIGURE 6
Polygon Axes of SKA(2) symmetry
‘ A ‘
2
0
-2
-4
-5 0 5 -5 0
SA(2) Signature Curve SKAJIS Curve first direction SKAJIS Curve 2nd direction
15 25 25
1
0.5 2 2
0
-0.5 15 15
-15 1 1
-2.5 0.5 0.5
-2 -1 0 1 -2 0 2 -2 0

11. POLYGON RECOGNITION IN THE POINCARE HALF-PLANE

As a final example, let us consider the more challenging case of polygons in the
Poincaré half-plane $ under the action of SL(2). More precisely, let z € C with
Im(z) > 0 and consider the action given by

, = % +b
ezt d’
for ( (CI g ) € SL(2). Note that the Poincaré half-plane is a complete Riemannian

manifold so any two points of §) can be linked by a geodesic. In fact, this geodesic
is unique. Moreover, geodesics are preserved under the action of SL(2) so in this
case, equivalence of the sequence of vertices implies equivalence of the polygon in
the traditional sense (edges mapped to edges).

Since this action is transitive, there are no one-point joint invariants. The pro-
longed SL(2) action on two copies of the Poincaré half-plane has three-dimensional
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FIGURE 7
Polygon 1 Polygon 2
‘ 3
2
1
0
-1
-2
-3 -2 -1 0 1 2 -3 -2 -1 0 1 2
SIMJIS Curve 1 SIMJIS Curve 2
‘ 2 ‘

15}

oO—©6 oO—©O D 1 © < © ©
0.5f

0
-2 -1 0 1 2 -2 -1 0 1

orbits so there is one fundamental two-point joint invariant and the stabilization
order is ng = n* = 2.

To obtain such an invariant, we consider two distinct points 21,22 € §) and the
unique geodesic passing through them. If Re(z1) # Re(22), the geodesic is a circle
with center on the real axis while if Re(z1) = Re(22), then the geodesic is a straight
line parallel to the imaginary axis. Consider 2z} and z3, the two real (or infinite)
numbers lying on the geodesic passing through z; and 22 labeled in such a way that
the orientation of the segment Z1z3 is the same as the orientation of the segment
z}z5. In particular, if Re(z;) = Re(z2) and Im(z;) < Im(zz), then z; = 0 and
zo = 0o. We use the moving frame normalization method to obtain a fundamental
two-point joint invariant JY. We set g -z} = 0 and g - 25 = oo and solve for g. The
solution is given by

(7 b= —az] and d = —czJ.
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Such a transformation will of course map the real parts of both z; and 25 to zero.
We then impose the additional condition that g - z; = ¢, which implies that

) @_azH

c 21 — 27

Equations 7 and 8 define a moving frame. Substituting this moving frame for ¢ in

the expression for g- z», we get the invariant l% For simplicity we take

JO = (:1=2)(==21) 59 ur fundamental two-point joint invariant. Observe that JO

T (z1—z7)(22—23)
is a real positive number. In fact, log JY is the hyperbolic distance between z; and
z9.

On three copies of £, the maximal orbit dimension is also equal to three so
there are 6 — 3 = 3 fundamental invariants. We can take J{ as a first fundamental
invariant and obtain two other invariants by replacing the moving frame into g -
23 = 22240 The norm and argument (or the real and imaginary part) of the

czz+d”®
; ; _ s (m—23)(28—2])
resulting expression &(z1, 22,23) = L) (s —28)

third fundamental invariants J; and J3.
One possible choice for the invariants I1 and I» to be used for parameterizing a
signature is

can be used as our second and

(21 — 25)(23 — 27)
(21— 27) (23 — 28)’
(10) I, = sign (Im £(21, 22, 23)) |E(21, 22, 23)|,

9) L=7,=

where 23 and 23 are the two real (or infinite) numbers lying on the geodesic passing
through 25 and 23 and labeled with the same orientation.

Property (%) is guaranteed by the fact that two pairs of points in the Poincaré
half-plane can be mapped onto each other by a transformation g € SL(2) if and
only if their hyperbolic distance is the same. To find out where (%) is valid, we need
to determine where one can solve for z3 as a function of 21, zo and I;(z1, 22, 23),
I5(21,22,23). Observe that, given distinct z1,22 € $), we can consider the real
numbers z7 and zJ previously defined and find gg € SL(2) such that go-(2],23,21) =
(0, 00,1). By invariance,

Ir(z1,22,23) = Ix(g0 - 21,90 - 22,90 - z3) = —sign (Re (go - 23))[g0 - 23].

So I(z1,22,23) prescribes the quadrant in which gg - 23 lies and the Euclidean
distance from gg - 23 to the origin, provided Re (go - 23) # 0. On the other hand
I1 (21, 22, 23) prescribes the hyperbolic distance between gg - z2 and go - 23. This
means that go - z3 is uniquely prescribed by z1, 22, the value of I (21, 22, 23) and
the value of I1(z1, 22, 23), provided that Re (go - 23) # 0. Therefore z3 is uniquely
prescribed by I1(z1, 22, 23), Is(21, 22, 23) and distinct z1, 23, provided it does not lie
on the geodesic passing through z; and zs.

We conclude that the invariants I; and I as given by Equations 9 and 10 can be
used for recognition up to SL(2) of polygons for which no three consecutive vertices
lie on a geodesic.
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