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Abstract— The problem of determining asymptotic bounds on
the capacity of a random ad hoc network is considered'. Previous
approaches assumed a threshold-based link layer model in which
a packet transmission is successful if the SINR at the receiver
is greater than a fixed threshold. In reality, the mapping from
SINR to packet success probability is continuous. Hence, over
each hop, for every finite SINR, there is a non-zero probability
of packet loss. With this more realistic link model, it is shown
that for a broad class of routing and scheduling schemes, a fixed
Jfraction of hops on each route have a fixed non-zero packet loss
probability. In a large network, a packet travels an asymptotically
large number of hops from source to destination. Consequently, it
is shown that the cumulative effect of per-hop packet loss results

in a per-node throughput of only O () (instead of © (ﬁ)
as shown previously for the threshold-based link model).

I. INTRODUCTION

The problem of determining the capacity of such ad-hoc net-
works was first systematically analyzed by Gupta and Kumar
in [1]. This work has motivated several works under additional
assumptions such as node mobility ([6] and references therein),
network information theoretic view of network capacity [3],
ultra-wideband links [8], etc.

In [1], Gupta and Kumar derive asymptotic bounds on the
capacity of a random ad hoc network. In a random ad hoc
network, nodes are deployed randomly and uniformly over
the surface of a sphere of unit area. Each node picks a
random node as its destination node, and sends packets to
that node by using multi-hop communication. The authors
then demonstrate that under certain simplifying link layer
assumptions for successful packet reception, each node can

achieve a throughput of © g\/nllom
authors also provide a scheduling and routing strategy in order
to achieve this throughput. The authors assume a link layer
model in which, if the Signal to Interference and Noise Ratio
(SINR) at the receiver is greater than a certain threshold 3,
then the packet is received successfully by the receiver with
probability one.

In reality, for a given modulation and coding scheme, as
long as there is some noise and interference, i.e., as long as
the SINR is finite, there is always a non-zero probability of
packet error, and this probability of error approaches zero as

) packets per second. The

'A more detailed version of this work is currently under review in IEEE
Transactions on Information Theory, [7].
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the SINR approaches infinity [2]. In other words, over each
hop, the mapping from SINR to packet success probability is a
continuous function that approaches one only asymptotically
as the SINR approaches infinity. While the threshold-based
packet reception model used in [1] is a reasonable choice
for successful packet reception in a single hop network such
as a cellular network, we argue that it needs to be refined
when applied to a multi-hop network. In an adhoc network,
each packet traverses multiple hops. The links of these hops
receive interference from other ongoing transmissions which
could potentially corrupt the packet transmission over the
given link. When a packet is relayed over a large number
of links, each of which is likely to drop the packet with a
certain probability, the end-to-end throughput depends on the
probability of end-to-end packet delivery. In [1], the capacity
determining constraint is the number of source-destination
paths that pass through a cell, i.e., the relaying burden of a cell.
However we show that other factors such as interference, and
the end-to-end packet error probability also have a big impact
on network capacity. We show that these factors can bring
down the network capacity to O (}L), instead of previously

reported achievable bound of © ﬁ )

The paper is organized as follows. We motivate the problem,
and outline our approach in Section II. We discuss some of the
related work in Section III. In Section IV, we formulate and
solve the capacity problem. Finally, we present our conclusion
and future directions in Section V.

II. MOTIVATION AND APPROACH

The arguments in this section are only meant to provide
intuitive insights about the problem and our approach. We
provide precisely proved results for all the arguments in
Section IV.

For the routing and scheduling scheme proposed in [1]
to achieve a per-node throughput of © (ﬁgn) it can be

n
logn

shown that a packet traverses © ( ) intermediate hops

on its way from a source node to its destination node. Thus
asymptotically, the number of hops that a packet has to travel
from source to destination goes to infinity as n scales. The
authors assume that since the SINR over each hop is at least
0, every packet transmission is always successful. Let us call
this the ideal link model.



Consider another link model in which every link in the
network is reliable with a probability p < 1, i.e., each packet
transmitted on the link is received successfully at the receiver
with a probability of p. Let us call this the probabilistic lossy
link model. For simplicity, assume that there are no retrans-
missions (this aspect is considered later in subsection IV-B).

Since there are © i ) hops from source to destination,

logn
the probability that the packet reaches its destination scales as

pV 7 This quantity is O (w/l(’i"), since p™ is O (&) as

m tends to infinity. Hence, under the probabilistic lossy link

model, the achievable throughput is O <

1 % logn
Vvnlogn n

This results in an end-to-end throughput of O (%) for the
probabilistic lossy link model.

A realistic link model lies somewhere between the ideal link
model and the probabilistic lossy link model. In a realistic link
model, the probability of link reliability, p, is a continuous
function of the SINR of the link. The SINR in turn depends
on factors such as transmitter-receiver separation, power of in-
terference from simultaneous transmissions, and noise power.
These factors are different for different links along a path,
and hence packets are lost with different probabilities along
different links depending on the SINR of the link. We show
that even under such a link layer model, due to packet losses
along the intermediate links, the end to end throughput scales
as O (%) for a broad range of routing and scheduling schemes.

III. RELATED WORK

Throughout this paper, we refer to the work of Gupta and
Kumar on the capacity of random ad hoc networks [1]. In
this work, the authors assume a simplified link layer model
in which each packet reception is successful if the receiver
has an SINR of at least 3. The authors assume that each
packet is decoded at every hop along the path from source to
destination. No co-operative communication strategy is used,
and interference signal from other simultaneous transmissions
is treated just like noise. For this communication model, the

authors propose a routing and scheduling strategy, and show
1

vnlogn

In [3], the authors discuss the limitations of the work in

[1], by taking a network information theoretic approach. The
authors discuss how several co-operative strategies such as
interference cancellation, network coding, etc. could be used to
improve the throughput. However under decode-and-forward
communication model, the throughput of a random ad hoc

(ﬁ) In [1], the authors
consider another model of ad hoc networks called arbitrary
networks, and show that a per-node throughput of © (ﬁ)
is achievable. In [4], the authors propose using a backbone-

based relaying scheme that uses power control and achieves

that a per-node throughput of © ( can be achieved.

networks is shown to be ©

the © (ﬁ) throughput bound even for random networks. The
latter approach has also been used in [5].

However, just as in [1], all the above mentioned works
assume that over each link a certain non-zero rate can be

achieved. They do not take into account the fact that in
reality, such a rate is achieved with a probability of bit error
arbitrarily close (but not equal) to zero. Once the coding and
modulation scheme is fixed, the function corresponding to the
probability of bit error is also fixed.

IV. PROBLEM FORMULATION AND SOLUTION

We use the same terminology for ©(.), O(.), Q(.), etc. as
used by Gupta and Kumar in [1]. Consider a sphere of unit
area, say S2, over which n nodes are deployed randomly
and uniformly. Each node picks a random node which is its
destination node, and sends packets to this destination node.
The authors in [1] use the following criterion for successful
packet reception. If the SINR at a receiver is greater than
a certain fixed threshold (3, then the packet is successfully
decoded by the receiver. In other words, a transmission from
node 4 to node j is successful if:
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where T is the set of all the nodes that are transmitting
simultaneously with node ¢, and o > 2 is the propagation
loss exponent.

In our analysis, to begin with, we make the following
assumptions:

1) The region S? is partitioned into a Voronoi tessellation
such that each cell contains a circle of radius p,, and
each cell is contained inside a circle of radius 2p,,. We

assume that p,, is at least Q / 105 ) to ensure network

connectivity with high probability [1]. To ensure that the
cell sizes shrink as n scales, p, — 0 as n approaches
infinity. Each node transmits at a fixed power level P.

2) For a given modulation and coding scheme, the prob-
ability of a successful packet reception is a continuous
increasing function of SINR that approaches one as the
SINR approaches infinity. Hence, for every finite SINR
value, we assume that there is a non-zero probability of
packet loss. Even as n scales, the modulation and coding
scheme is fixed. We also assume that over each hop, if
a packet is not received successfully by the receiver, the
transmitter does not retransmit the packet, and the packet
is lost. We comment on how retransmission strategy can
be taken into account in our analysis in subsection I'V-B.

3) A scheduling algorithm that guarantees each cell a
transmission opportunity at least once every K slots,
where K is a finite number that is independent of n. In
other words, the length of the schedule is bounded even
as n scales. In [1], it was shown that such a scheduling
strategy exists, and it guarantees an SINR of at least 3
for all the scheduled transmissions.

4) A routing scheme in which packets are routed along
straight line paths between source-destination pairs, i.e.,
every cell that intersects the straight line joining a




source-destination pair, relays the packets of that pair
(the routing policy used in [1]).

The key assumption that distinguishes our work from the
previous approaches is assumption (2). The remaining three
assumptions are also used by Gupta and Kumar in [1]. We
later on relax some of the above assumptions.

A. Per-node Capacity under Assumptions (1) to (4)

Consider Fig. 1. Let L; be the line segment along the surface
of S? that connects the ith source-destination pair (henceforth
referred to as the ith connection). We also use L; to denote the
length of the line segment joining the ¢th source-destination
pair. As per assumption (4), the packets of the ¢th connection
are relayed hop-by-hop by every cell which intersects line L;.
Over each hop, any node in the relaying cell may forward
the packet. The scheduling algorithm, and the uniform cell
sizes ensure that communication between any two nodes in the
neighboring cells is possible by guaranteeing that the SINR at
the receiving node is greater than or equal to 3 (see [1] for
more details). We require the following three lemmas to obtain
the capacity of a random ad hoc network under assumptions
(1) to (4).

Lemma 1 shows that the number of hops from source to
destination in bounded asymptotically.

Lemma 1: For the routing scheme in assumption (4), the
number of hops H; for connection ¢ is © 5713
cisely,

. More pre-

Proof: Since, each Voronoi cell is contained in a circle of
radius 2p,,, the maximum distance between a point in a given
cell, and a point in its neighboring cell is 8p,, (see Fig. 1).
Thus, over each hop, the maximum distance that a packet can
cover is upper bounded by 8p,,. Hence the lower bound. For

Fig. 1.

Bounding the number of hops H; for connection 1.

the upper bound, if we look at a strip that is 4p,, wide on
either sides of L; (see Fig. 1), we observe that if a cell is
used as a relay cell, then it must lie entirely within this strip.
Using this observation, and the fact that the size of each cell
is lower bounded, we can upper bound the number of hops
(see [7] for details). [ |

The following lemma shows that not all hops of a con-
nection are arbitrarily short. Or equivalently, at least a fixed
fraction of hops of each connection are longer than a certain

distance. This in term implies that the power received by the
receivers of these hops is upper bounded.

Lemma 2: Fix t such that 0 < ¢ < 1. For connection 7, out
of H; total hops, let h; hops be such that each of these hops
covers a distance of less than ¢p,,. Then

/1 — 16t
Hi_hiZLz< W)
Pn 88—t

Thus, for the above H; — h; hops, the signal received at the
receiver is at the most P(tp,)~%, where P is the transmit
power common to all the nodes, and « is the propagation loss
exponent (o > 2).

Proof: Since h; hops each cover less than tp,, distance,
the leftover distance, which is at least L; — h;tp,, has to be
covered by the rest of the H; — h; hops. Each of these H; — h;
hops can cover a distance of at the most 8p,,. This gives the
desired lower bound on the number of hops that are longer
than tp,,. Clearly, for these hops, the received power is upper
bounded by P(tp,)” . The details of the proof have been
omitted due to space constraints. See [7] for details. |

Having shown that the received power is upper bounded,
we now show that the interference is lower bounded for these
hops. These two claims together imply that the SINR of these
hops is upper bounded, and hence there is a fixed non-zero
packet loss over these links.

In [1], it was shown that there exists a scheduling policy
that ensures an SINR of at least § at the receiver of every
scheduled transmission. This scheduling policy corresponds
to a graph coloring problem, and it was shown in [1] that
the maximum number of colors required to color all the cells
is upper bounded by 1 + c;, where c¢; is a fixed constant
that is independent of n (see Lemma 4.4 in [1]). Using this
scheduling scheme, each cell gets a transmission opportunity
at least once every 1 + c; time slots. Thus, with respect to
assumption (3), K =1+ c;.

The objective of the following lemma is to show that except
for a small fraction of hops, all the remaining hops of a
connection receive a certain minimum amount of interference
from other ongoing transmissions.

Lemma 3: Fix M > 9. Let N; be the number of hops of
connection ¢ such that there is no simultaneous interfering
transmission within a circle of radius (M + 8)p,, around the
receivers of those hops. To avoid tedious boundary conditions,
let us not count the hops containing the source and the
destination nodes in N;. Then,

N, < Li (2(1+Cl))’
" Pn M

where c¢; is the constant from Lemma 4.4 in [1].

Proof: The proof exploits the fact that several co-channel
transmit-receive pairs are within M p,, distance of each other
for a fixed M. Since the proof involves a lot of technical
details, due to space constraints, we direct the reader to [7]
for the proof. [ ]



Let A; be the set of hops of connection i for which the
received signal is at the most P(¢p,,)~¢. Then, given ¢; > 0,
we can find ¢ > 0 small enough so that using Lemma 2,

L; (1
|A’L‘ 2 - ( - 61) 5 (2)
Pn \8
where |A;| is the number of elements in set A;. Let B; be the
set of hops of connection % for which there is no simultaneous
transmissions within a distance of (M + 8)p,, of the receiver.
Using Lemma 3, | B;| = N;, and given e > 0, we can choose
M large enough so that
L
|Bi| < —e2 3)

n

Thus using (2) and (3),
|4; N Bi®| = |A] — | Bi

L; <1 ) L;
Z S €1 ) — —€
Pn \8 Pn

If we pick €1 = e3 = 1/32, and choose ¢ =ty and M = M
corresponding to this choice of ¢, €2, then
L.

A; N Bl > — 4

40 By 2 g5 @
Note that A; N B;€ is the set of hops over which the received
signal is no more than P(top,)”®, and there is at least one
simultaneous transmitter within a distance of (Mg + 8)p, of
the receiver. This in turn means that for these hops, the SINR
is upper bounded by

SINR < (MOJLS) =By )
0

v
|

Thus we have proved the following Proposition.

Proposition 1: There exist fixed constants ¢y and M, that
do not depend on n, such that for at least L;/16p,, hops of
connection 7, the SINR is less than a fixed constant 3y given by
(5). As per assumption (2), since the SINR is upper bounded
by a fixed constant Jy, the probability of successful packet
reception is also upper bounded by a fixed constant ¢(5y) < 1,
where ¢(.) is the mapping between the SINR and the packet
success probability, and this mapping is fixed for the choice
of modulation and coding.

|

Let us assume that time is slotted such that each slot is long
enough to transmit a single packet of fixed length. Let A, (¢) be
the rate in packets/slot at which source node 7 injects packets
in the network. Although the source node injects packets at
a rate of A\, (i) packets per slot, not all the packets make it
to the destination node. The actual end-to-end throughput of
connection ¢, denoted by A,,(7) is given by,

Ay (i) = A\ (i) Prob {packet is received successfully over
all the hops of connection i}
= A\ (0) HJH: 1 Prob {packet is received successfully

over the jth hop of connection i},

where we assume that the interference signal, and noise
observed by a packet at each of the hops are independent.
We know from Proposition 1 that, among the H; hops of
connection ¢, at least L;/16p, hops have a probability of
packet success of no more than ¢(5y) < 1. Thus,

An(i) < Anli) {6(Bo)} 0 ©)

Note that L; are i.i.d. random variables. Hence if we remove
the conditioning on L; by taking expectation with respect to
L;, the end-to-end throughput A,, is,

An =EL[A,(7)]

< ) B2 { (to0) ™)}
=\, (i) Ep [6%7] )

where we have substituted 6 = {q&(ﬂo)}ﬁ. Note that in
determining the average end-to-end throughput A,,, we take
expectations at two levels; once to take into account the
randomness due to the possibility of packet error on each
link, and once to take into account the randomness due to
the locations of the source and destination nodes. Also note
that 0 < § < 1. Since L; is a line connecting two points
picked at random on the surface of 52, we can show that (see
[7] for details).

27 (14 55
By [54] = 5 ( 2 < T ®)
7+ (log d) (log §)?
Using (7) and (8), and substituting § = {gb(ﬂo)}ﬁ,
. 10247p,2
Aﬂ/ )\n 9
<0 oga(a)? )

So far, i.e., in proving Lemmas 1, 2 and 3, Proposition 1, and
(9) we have not made any assumptions about the exact form
of p,. We have just assumed (1) to (4). Let us now study
the per-node throughput bound for for the choice of p, in
[1], i.e., when p,, is chosen to be the radius of a disk of area
100:#. In [1], it was shown through Lemma 4.8, that for this
choice of p,, each Voronoi cell contains at least one node with
high probability, and the network is connected. More precisely,
there exists a sequence d,, — 0, such that

Prob {Number of nodes in cell V' > 50logn, for every
cell V in the tessellation} > 1 — 4,

For the above choice of p,,, we have the following lemma.

Lemma 4: Assume that p,, is chosen as the radius of a circle
of area %. If A\, (7) is the rate in packets/slot at which
every source node injects packets in the network, then with
high probability,

An(i) <

50logn

Proof: The scheduling algorithm proposed in [1] guar-
antees each cell a time slot at least once every 1 + c; slots.
However, since each cell contains at least 50 log n nodes with



high probability, even if each node were to transmit only its
own packets, and not relay packets, it would still get no more
than one transmission opportunity every 50 log n slots. Hence,
the rate at which a node injects its own packets into the
network can never be more than 1/50logn. [ ]

Using the above Lemma to bound A, (7) in (9) we get

1 10247 p,>
A, < 2
501ogn (log ¢(Bo))

Also, since p,, is the radius of a circle of area 1001% on S2,

(10)

2 1001
7rp2 ogn (see [7] for details.)
Substituting the above in (10),
212 1
A< ———— (11
(log ¢(B0))* n

Thus we have proved the following proposition which is the
main result of this paper.

Proposition 2: Under assumptions (1) to (4), and with p,,
chosen to be the radius of a circle of area 1001% on S? (as
in [1]), the per-node throughput that can be achieved, A,,, is

O(2) instead of © (ﬁ)
|
The upper bound of O (%) on per-node throughput can

also be extended to any other choice of p, that satisfies
assumption (1). These results can also be generalized to the
case of arbitrary routing, i.e., if assumption (3) in Section IV
is relaxed. These general cases are dealt with in [7]. Thus,
under a realistic link layer model, the per-node throughput of

. 1\ : 1
a random ad hoc network is O (H) instead of © (\/Tgn .

B. A Remark about Retransmission Strategy

In our analysis so far, we have assumed that over each hop,
a single attempt is made to transmit the packet. This is because
the original Gupta-Kumar work in [1] did not take into account
retransmissions at the link layer. If a packet transmission fails,
then the node does not make a retransmission attempt. In
reality, a multi-hop link layer employs a hop-by-hop acknowl-
edgment and retransmission strategy in which the transmitter
retransmits the packet if its previous transmission fails. If up
to R retransmissions are allowed over each hop, and if p is
the probability of packet success over each transmission, then
the probability that the packet will be transmitted successfully
within R attempts is simply given by 1 — (1 — p)¥. This
quantity is strictly less than one for finite R. Thus, even in this
case, there is an upper bound on the packet success probability
which is strictly less than one. Consequently, all the arguments
in this paper still go through with slight modifications. We can
now think of replacing p as the packet success probability by
1 — (1 —p)%, which is still a constant independent of 7, and
strictly less than one. As a result, the per-node throughput still
remains O (%)

The impact of a retransmission scheme that scales with n,
on the network capacity is an interesting problem that will be

addressed in an extension of this work. This problem is not
easy to analyze, since unlike the work in [1], we cannot merely
count the number of simultaneous packet transmissions in the
network to determine capacity. We must also track packet
losses from source to destination.

V. CONCLUSION AND EXTENSIONS

The key observation in this paper is that for a broad range of
routing and scheduling schemes (including the one proposed in
[1]), the number of hops of each connection scales to infinity
with n. In a realistic link layer model, for a given modulation
and coding scheme, the probability of packet loss over any
given link is non-zero for finite SINR values. With the above
link layer model, we show that for a broad class of routing and
scheduling policies we cannot achieve a per-node throughput
of more than O () due to the cumulative probability of packet
loss over all the hops of the connection.

Our results show that packet loss due to interference, and
large number of hops are the key parameters that may deter-
mine the network throughput. These parameters do not require
any additional assumptions on the communication paradigm
such as any-to-any communication (as in [1]), many-to-one
communication (as in sensor networks), etc. Thus our results
can be generalized to more generic network architectures such
as [4], [5], and this will be addressed in an extension of this
work.
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