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ABSTRACT

The Multi-Stage Nested Wiener Filter (MSNWEF) and the Conjugate Gradient (CG) method yield the solution of
the Wiener-Hopf equation in the Krylov subspace of the covariance matrix of the observation and the crosscorrelation
vector between the observation and the desired signal. Using the Lanczos algorithm instead of the Arnoldi algorithm
for the MSNWF simplifies the computation of the Krylov subspace basis.

In this paper, we show the relationship between the CG method and the Lanczos based MSNWEF and finally
derive that the MSNWF may be mathematically transformed into the CG algorithm. Consequently, we present a
new implementation of the MSNWF where the weight vector and the Mean Square Error (MSE) is directly updated
as each new stage is added.

The new algorithm is applied to an Enhanced Data rates for GSM Evolution (EDGE) system where it linearily
equalizes the received signal. Simulation results demonstrate the ability of the MSNWF to reduce the receiver
complexity while maintaining the same level of system performance.

Keywords: adaptive filtering, conjugate gradients, reduced-rank equalization, space-time processing, wireless com-
munications, EDGE, multipath propagation.

1 Introduction

One general problem in estimation theory is to regain the unknown signal dg [n] from an observation signal xg [n].
The Wiener filter (WF) solves this problem in the Minimum Mean Square Error (MMSE) sense exploiting only
second order statistics. Thus, the WF is easy to implement and therefore used in many applications. However, the
resulting filter needs the inverse of the covariance matrix of the observation. This means observations x [n] of high
dimensionality imply high computational complexity.

The Principal Component (PC) method [1] was the first approach to reduce the estimation problem. A pre-
filter matrix composed of the eigenvectors belonging to the principal eigenvalues of the covariance matrix of the
observation is applied to the observation signal to get a transformed signal of lower dimensionality. An alternative
approach is the Cross-Spectral (CS) metric introduced by Goldstein et. al. [2], where the columns of the pre-filter
matrix are the eigenvectors which belong to the largest CS metric. Thus, it considers not only the statistics of the
observation signal but also the relation to the desired signal. More recently, Goldstein et. al. developed the Multi-
Stage Nested Wiener Filter (MSNWTF) [3] which approximates the WF in reduced space without the computation
of eigenvectors. The MSNWF shows that dimensionality reduction of the observation signal based on eigenvectors
is generally suboptimal.

Honig et. al. [4] observed that the MSNWEF can be seen as the solution of the Wiener-Hopf equation in the Krylov
subspace of the covariance matrix of the observation and the crosscorrelation vector between the observation and
the desired signal. Finally, in [5] it is shown that the Arnoldi algorithm can be replaced by the Lanczos algorithm to
generate the basis vectors for the Krylov subspace since the covariance matrix is Hermitian. The resulting algorithm
is an order-recursive version of the MSNWF which recursively updates the filter and the Mean Square Error (MSE)
at each stage.



Our contribution is to derive the relationship between the Conjugate Gradient (CG) method and the Lanczos
based implementation of the MSNWF. The CG method was originally introduced by Hestenes and Stiefel [6] in
the year 1952 to solve a system of linear equations. It searchs for an approximate solution in the Krylov subspace
similar to the Lanczos based MSNWEF. We transform the equations of the Lanczos based MSNWF algorithm to
yield a formulation of the CG algorithm, and finally present a new implementation of the MSNWF where the weight
vector and the Mean Square Error (MSE) between the estimated and desired signal is directly updated as each new
stage is added.

In the next section, we briefly derive the Lanczos based MSNWEF. Before we show the relationship between the
considered algorithms in Section 4, we review the basics of the CG algorithm in Section 2. Finally, we present a new
formulation of the MSNWF algorithm in Section 5 and apply it to an EDGE system in Section 6.

Throughout the paper the covariance matrix of a vector @ [n] is denoted by R, = E {x [n]x™ [n]}, the cross-
correlation of a vector x[n] and a scalar d[n] is ryq = E{x[n]d*[n]}, and the variance of a scalar d[n] is

o2 = E{|d[n]|2}
2 Lanczos Based MSNWF

Applying the linear filter w € €V to the observation signal x [n] € CV leads to the estimate do [n] = w™a, [n] of

the desired signal dg [n] € ©. The power of the estimation error g [n] = do [n] — do [n] = do [n] — wHag [n] is the

mean square error

MSEy =E {|50 [n]|2} =05, — Wirg, 4 — rgodow + w Ry, w. (1)
The Wiener filter (WF) minimizes MSE, thus, we get the design criterion
wo = arg min MSE, (2)
which leads to the Wiener-Hopf equation
Rwow() = Txg,do- (3)
Its solution, the WF w,, achieves the minimum mean square error
MMSEo = 03, — Th 40 Rae Pao.do- (4)
dy [n] + ~¢1n] .
zo[n] —— > i ~P—> o —dn]
ds [n] + _ &2(n] .
= t3 P di [n]
dy [n]
u dN [n] N
:> t;\‘r = an dj\ul [’ﬂ]
=EN [n]

Figure 1: MSNWF as a Filter Bank

Figure 1 shows the block circuit diagram of the Multi-Stage Nested Wiener Filter (MSNWF) as a filter bank
that solves Equation (3). Its derivation [3, 5] is not shown in this paper due to space limitations. The basis vectors
for the observation space, t; € CV, i € {1,..., N}, are defined as

t; = (1:[ BE) h,. (5)
k=1



h; € CVN~(~1) is the normalized matched filter

h Te,_1,di_1 ’ (6)

,L‘ =
Ires.aiall,

which maximizes the real part of the crosscorrelation between the new desired signal d; [n] = hilz; ; [n] € C at
stage i and the desired signal d;_; [n] at the previous stage i — 1 of the MSNWF. B; € CWN-OxWN=(-1) for
i €{l,...,N — 1} are the blocking matrices satisfying the following equation

B,h; =0 <& span (B?) = null (h?) . (7)

Thus, the rows of B; are chosen to be orthogonal to the matched filter h; and the new observation signal x; [n] =
B;xz; i [n] € CN~% at stage i is minimum correlated to the desired signal d;_; [n] at stage i — 1. Finally, a; € R
are scalar WF which estimate the desired signal d;_; [n] from the error ¢; [n] of the new desired signal d; [n] to its
estimate d; [n], i.e. &; [n] = d; [n] — d; [n]. Thus, it holds for i € {1,... ,N}

Q= U;2r6i,di_1v (8)

where 7, 4, , =E{e;[n]d;_; [n]} = ||ra,_,.a., H2 [3] and en [n] = dn [n].
Note, that the pre-filtered observation vector

T

dn]=[di[n] --- dnin] | 9)

has a real tri-diagonal covariance matrix Rq [3, 5] because the matched filters h; and h;;1 of two arbitrary adjoining
stages of the MSNWF are designed to maximize the real part of the correlation between d; [n] and d;_; [n], and
between d; 1 [n] and d; [n], respectively, whereas the blocking matrix B; ensures that d;11 [n] is uncorrelated with
di—l [n]

To obtain a reduced rank MSNWF we only use the first D basis vectors ¢;, ¢ € {1,..., D}, to build the pre-filter
matrix

TP =[t; ... tp | eCV*P, (10)
which yields the observation vector d*) [n] € CP of reduced length

dP) [n] = TP e [n]. (11)

Its tri-diagonal covariance matrix R&D) € RPXP and its crosscorrelation vector with the desired signal dg [n),

rt(:i[ji)o € RD, may be written as

.0
(D-1),H (D-1)
R e e R SR R (12)
o” TD-1,D ' rpp
rt(ind)D = T(D)7Hrw0,do = |: HrmoddOH2 :| : (13)
The new entries of R&D) are simply

erl,D = t%_lRmotD and TD,D = t%RmOtD (14)

(D)

(D-1)
d

if we use the knowledge of R . It can be proved that the elements of R; "’ are real-valued but the proof is

omitted due to space limitations. Next, we have to compute the WF 'wfiD) € R which estimates do[n] from d')[n],
ie.

-1 —1
W = (RP) " 4p) = (108 R, 70) " g0y, (15)



to get finally the rank D approximation of the WF
-1
,wéD) = T(D)wElD) = T(D) (T(DLHR‘EOT(D)) T(D)’Hrwo,dov (16)
which yields the mean square error

-1
MSE®) = 62 — ¢l T(P) (T(D)’HRMT(D)) TPy (17)

Note that the rank D MSNWF is equivalent [4, 5] to solving the Wiener-Hopf equation in the D-dimensional
Krylov subspace K(P) = span ([ Taodo RaoTzedo R;ﬁ)_l)rwmdo ]) if the filters ¢; for ¢ € {1,...,D} are
mutually orthogonal. Consequently, the columns of the pre-filter matrix TP) are basis vectors for K(P) and may
be computed by the Lanczos algorithm since we assume that [|t;||, = 1 for all ¢ € {1,...,D} and remember that

the covariance matrix Ry, is Hermitian. Thus, we get the recursion formula

_ _PiaPi oRgiti
[Pi-1Pi—2Ra,ti—1]|,

_ Rgti1— t Ry tiitio —t Ry ti 1t
|Raoti—1 — th g Ratioitio — t | Ry ti 1ti_1]],

t;

(18)

with the projectors Py =1 — tktg, k € {i — 1,7 — 2}, onto the space orthogonal to ¢;. 1 denotes the N x N identity
matrix.
To finish the derivation of the Lanczos implementation of the MSNWF, define
D),—1
c? =R = [ P D (19)

and use the inversion lemma for partitioned matrices to get

D—
cP = [ C(OT ! g ] + B85 6P PH (20)
where
5 _cw-v| 0 DD
b = TD-1,D = [ b=1,b%p— (21)
1 1
and
_ 0 D-1
Bp=rpp—[0" rp_1p | cP-v [ D10 } =TD,D —7”12371,DCS:>_1,/)3—1~ (22)
The variable Cst:qu denotes the last element of the last column cSDD:ll) of CP~V at the previous step. Recall

that only the first element of rffii)o is unequal 0 (cf. Equation 13), thus, only the first column ch) of the inverse

c®)

(D-1) 2 (D-1)
D c 1 (D=1 | T c
cg ) _ [ 10 } +5chg,pj [ D-1,D¢D-1 } , (23)
—TD-1,D
where chD__li denotes the first element of cst__ll), is needed for the computation of the WF wfiD) using Equation (15).
We observe that the filter at step D depends upon the first column ciDil) at step D — 1, the new entries of the
covariance matrix rp_1,p and rp p, and the previous last column cSDD__l). Using again Equation (20), we get the

following recursion formula for the new last column

D—1)

_ (
i) = gyt [ romrwe ] 2



which only depends on the previous last column and the new entries of RfiD). So, we only have to update the vectors
(D) (D)
and ¢

entry cg 1) of ¢j

at each iteration step. Moreover, the mean square error at step D can be updated using the first

(P) as follows (cf. Equation 17)

D
MSE®) = 62 — |7 .00l ¢t (25)

Finally, substituting c1 ) and c; @) by cﬁrst and cl(;)st, repectively, and using the last elements of the vectors in Equa-

tion (24), i.e. cngD = ,BDl, to replace cngilb)jfl in Equation (22), yield the resulting Lanczos based implementation

of the MSNWF éiven by Algorithm 1 which is used in Section 4 to show its relationship to the CG method.

Algorithm 1 Lanczos Based MSNWF
to=0
t1 = TEOydO/ ”Tito,don
101 =0, 711 =01 =t Rty
) (1) -1

Cﬁrst = Clast 7"1 1
(1) _
5. MSE 0’ — |\rwo7do|\2 cﬁrst
for i =2 to D do
v=Rpti 1 —ri—1,i—1ti—1 —Ti—2,i—1ti—2
ri—1,i = |[vll,
ti=v/ri—1;
10: Tii = t?Rthi
_ 2 -1
Bi =rii —Tiq JiPi—1

1 (i—1)
= [ b’ | e [ use” |

0 —7"1 1,0
Cl(a)st =B" [ i 1fCIaSt ]
MSE(Z) = U - Hrwo,dng Clgilrst 1
15: end for
T(D)—[tl tD]
D D
( ) — = H’I"mo,doH2 )Cf(irs)t

3 Conjugate Gradient Algorithm

The iterative Conjugate Gradient (CG) algorithm was developed by Hestenes and Stiefel [6] for solving a system
Ax = b of N linear equations in N unknowns. The solution is given in N steps. If we stop the algorithm after
D steps, we get an approximate solution. One possible realization is given by Algorithm 2, where the matrix
A € CV*N has to be symmetric and positive definite. Other implementations may be obtained [6] by replacing
Lines 4 and/or 7 of Algorithm 2 by

Vi = (rHrl) / (ppri) and/or (26)
6 = (riyarisa) / (ri'r) (27)

respectively. These formulas reduce computational complexity as can be seen in Section 5.

The fundamental recursion formula which updates the approximate solution of the system Az = b is Line 5 of
Algorithm 2, where p, is the search direction at iteration step i and +; is its weight factor. To understand Line 4 of
Algorithm 2, we introduce the error function as the A-norm of the error of the approximate solution x to the exact
solution ™), i.e.

f(z)= Hm(N) - mHA = (az(N) - w)H A (az(N) - ac) =z Az — 2 — bz + V) Hp, (28)



Algorithm 2 Conjugate Gradient Method
z® =0
pp=-rT1=>
fori=1to D do
vi = — (pfr:) / (pFAp;)
5 2@ =200 4 yp,
Tit1 = Ti + Vi Ap;
b6 = (pi'Arit1) / (Pi'Ap;)
Pit1 = —Tit1 +0p;
end for

The choice of v; ensures that the approximate solution (Y minimizes the error function f (x) on the line =
(=Y 4+ yp,. It holds

~; = argmin f (w(i‘l) - vpi) : (29)
Y

Line 6 of Algorithm 2 updates the residual r; = Az(*~1) —b. Note that the residual r; belongs to the approximation
(=1 The index mismatch is useful for the derivations we make in Section 4. The recursion formula for the
residuals can easily be derived as follows

riga=Az) —b=A (w(i_l) + 'yipi) —b=r;+vAp, (30)

by using Line 5 of Algorithm 2.
The CG algorithm belongs to the Conjugate Directions (CD) methods because the search directions are mutually
A-conjugate, i.e.

pilAp, =0  Vj<i<D, (31)

which follows from Lines 6, 7, and 8 of Algorithm 2. Moreover, the CG method is a special family within the CD
methods because the residuals are mutually orthogonal. It holds

riri=0 Vj<i<D. (32)

The proofs of Equations (31) and (32) [6] are not shown in this paper due to space limitations.

4 Relationship Between CG and MSNWF

In numerous papers and books [5, 7] it was mentioned that the Lanczos algorithm which is used by our special
implementation of the MSNWF is only a version of the CG algorithm. If we compare the optimization function in
Equations (1) and (28), we see that they are the same except for a constant which does not change the minimum
computed by Equations (2) and (29), respectively. Moreover, the solution at each step 4 is searched in the same
Krylov subspace KD) spanned by the column vectors of the matrix T = [ ti, --- tp ] as shown in [7]. To
establish the equivalence of both algorithms, we transform the formulas of the Lanczos based MSNWF to those of
the CG algorithm.

Assume that D > ¢ > 2. Using Lines 17 and 12 of Algorithm 1, and by setting T = [ 70D ¢, ], it holds

for 'wéi) that
, N - L -
Wl = [7eg.aoll, T efhe = wh ™ + miwi, w = [rag aolly it (33)
where 7; and u; are defined as
10— i—1
M= Irao.doly 07 B7 rims il (34)

U; = pP; (Ti_lﬂ‘T(iil)Cl(;;tl) — tz) y (35)



and where p; € R\ {0} is so far an arbitrary factor which meaning is established later. Multiplying Line 13 of
Algorithm 1 on the left side by T and using Equation (35) leads to

T0e), = -5 (TiflviT(i_l)cl(;;;l) - tz‘) = —p; B ui. (36)

Substituting ¢ by ¢ + 1 in Equation (35) and replacing T(i)cl(:;t by using Equation (36) yields a recursion formula

forujy; and D—1>i>1

Uit1 = i — Gy, U1 = —pity, (37)

where
Vi = —pis1p; By it (38)
git1 = Pitrtiv1. (39)

In Equations (33) and (37) we observe the analogous terms in Lines 5 and 8 of Algorithm 2. The vectors u;
and g, are seen to be equivalent to the search direction p, and the residual r; of the CG algorithm, respectively. In
the Lanczos based MSNWE, the linear system to be solved is the Wiener-Hopf equation (cf. Equation 3) where the
solution is the WF wy. In the sequel, we prove that the MSNWF can be transformed into the CG algorithm.

Proposition 1. The vectors g; for D > i > 1 can be updated by the recursion formula
git1 = 9; tniRayui, g1 =pit1, p1=—||Paq.dolls (40)
where the definition of n; is given in Equation (34) and where
m = Tii' (41)

Proof. We prove by induction. First, set ¢ = 1. Recall that u; = —p1t; = —g; and we get by using the initialization
of Equations (40) and (41), and Lines 7 to 9 of Algorithm 1

g1 + mRaur = prm (07 't — Ragts) = [Pag.dolly 711712t = pata = go.
The last equality holds if we define py as
p2 = |Tagdlly r1a712- (42)
Now assume that Equation (40) holds for ¢ = n — 1. This leads to
Ry up—1 = 77;; (Qn - gn—l) . (43)

To prove Equation (40) for ¢ = n if it holds for ¢ = n — 1, we need a transformation of Equation (37). Substituting
i + 1 by n and multiplying the equation on the left side by R, yields

Rwoun = d}nflRmounfl - Rmogn' (44)
Finally, we get by using Equations (44) and (43)

g, + nanoun =9, — Uanogn + nnwn—lRmoun—l
=gy — M Rao G + 115 101 (9 — Gn1)
= _pnnanotn + pn (1 + n;ﬁlnnwn—l) t, — pn—l'ﬂﬁilnnlﬁn—ltn—l- (45)

On the other hand, multiplying the recursion formula in Lines 7 to 9 of Algorithm 1 by p,,4+1 on both sides yields

—1 —1 —1
Prniitni1 = pn+17ﬂn7n+1Rwotn - pn+1rn,n+1rn,ntn - pn+1rn,n+1rn—1,ntn—1- (46)



Recalling Equation (39) and comparing Equation (45) with (46), Proposition 1 is proved if the following three
equations are true:

~Pnlln = pn+17‘;,1l+1, (47)
Pn (1 + nrjilnnd’nfl) = _Pn+17'q;,1p+17'n,m (48)
pn—ln;ilnnwn—l = pn+17“,;,1l+17“n—1,n- (49)

Using Equations (47), (34), and Line 13 of Algorithm 1 to calculate p,11 yields for D —1>n > 2

_ -1
Pn+1 = —PnlinTnntl = — Hrwo,do”2 B 1rn,n+1rn71,ncl(:st,l) = ||rwo,do||2 rn,n+lcl(:s)t,1'
If n+ 1 =4 and we include Equation (42) for ¢ = 2, p; for D > ¢ > 2 is given by the formulas
i-1
pi = 7ol Tietici ) (50)
Pi = —Pi—1Mi—1Ti—1,i- (51)
If we plug Equations (50) and (51) in Equations (34) and (38), respectively, we get simpler formulas for n; and ;
bi=B "l D-12ix1 (53)
To prove Equation (48) use Equations (51), (52), (53), and Line 11 of Algorithm 1. It follows

pr (141, M0 ¥n—1) = —pnsany ey (L4 878042 1)

-1 2 -1 -1
= "Pn+1Tp nt1 (/Gn + rnfl,n/gnfl) = ~Pn+1Tp nt1Tnn-

With the same equations, we get
Pnflﬂﬁiﬂ?rﬂﬁnq = pn+1n;31¢n717';i1,nr;,}1+1 = pn+1r;}1+17‘n71,no
Thus, Equations (47), (48), and (49) hold and Proposition 1 is proved. O

Note that with the definition of 1; by Equation (41), Equation (33) holds for ¢ = 1, where w(()o) = 0, as well as for
D>i>1.

Proposition 2. The vectors g, are residual vectors for D +1 >4 > 1. Thus,
=Ry w! Y — 54
g; xo, Wo Tzo,do- ( )

Proof. Again, this proposition can be proved by induction. Set i = 1. It holds that

0
Rwow(() - Txo,do = — ||rwo,doH2t1 =491

Assume that Equation (54) holds for ¢ = n — 1. Hence, we get for ¢ = n (cf. Equation 33)
(n—1) _ (n—2) — —
Rmowo — Txy,do = Rwowo — Taq,do + nnflRwounfl =9g,-1 + nnflRmounfl =4,

The last equality holds because of Proposition 1. O

Up to now we showed, in addition to Equations (33) and (37), that the residuals g, are updated by a similar
formula as the residuals ;. To derive the remaining problem, we need to show that the computation of the weight
factors ¢; and 7; is the same as for those in the CG algorithm. First, we prove the following proposition.

Proposition 3. The vectors u; and g; satisfy the relation

ulRy,9,=0, V(j<i—-2Ai<D). (55)



Proof. First, let j =1 and D >4 > 3, but fixed. With Equations (37) and (39) we get
uy Rayg; = —p1pith Rayti = —p1pir1,i = 0.

The last equality holds, because r; ; are the elements of the tridiagonal matrix RfiD) (cf. Section 2) and thus, r;; =0
for all j <i—2 and ¢ < D. Assume that Equation (55) holds for j = n — 1. Then, we get for j =n

Uy Reyg; = Un_1t,_ Rayg; — g Raygi = —pnpity, Reyti = —pppitn,i = 0.

O
Proposition 4. The factor ¢; in Equation (37) satisfies the relation
uiIR.. a.
V= St (56)
and thus, {u1,... ,up} is a set of R, -conjugate vectors, i.e.
ufRgou; =0, Vj<i<D. (57)
Proof. Use Equation (37) to get
Uil | Rayg; = Yi2W s Ry 9; — 91t 1 Ry = —pic1PiTi1,i- (58)

The last equality holds because of Proposition 3.
To optain a similar expression for the denominator on the right side of Equation (56), substitute u; given by
Equation (37) and use Equations (39), (53), (58), and Line 10 of Algorithm 1.

H _.H H H 2 _H
u; Ryoui = g; Reog; — Vi-19; Ragwi—1 — Yic1u,_ 1 Raog; + i 1u; Ry ui

H
u; Ry w;_
— 2 2 -1 2 —1 Wi—1fbgpy Wi—1
= p; (W =2 B B )
pi_lﬁz—l

Comparing the equation above with Line 11 of Algorithm 1 leads to
ul Ry u; = p} ;. (59)

Substituting ¢ by i+1 in Equation (58) and dividing it by the left side of Equation (59) yields Equation (56). Thus,
similar to §; in Algorithm 2, ¢;, Equations (37), and (40) ensure that the vectors u; are mutually R,,-conjugate. [

Proposition 5. It holds for D > i > 1 that

H
u; g,

- idi 60
i U?Rwoui ( )

Thus, with w = 'wgil) + n;u; the value of n; above minimizes the error function
f(w) = wHRmow — erwmdo - rgoﬁdow. (61)

Proof. Replacing g, by Equation (54), ul! R, u; by Equation (59) and using recursively Equation (33) yields

H
utlg, i
L9 = —p;2/6';1u? (Rwow((; - Tmo,do)

i—1
= p; 2B ui! (rmo,do ~ Rq, anuk>

k=1

— S
u; Ry u;

9,1 H
=p; "B U Ty dy-



The last equality holds, because the vectors u; are mutually R, -conjugate (cf. Equation 57). First, set ¢ = 1. Tt
holds by using u; = —p1t; and Equation (52) that

P U T = B =m.
Then, set D > i > 2 and substitute u; by Equation (35)

—2,5—1, H —1,5-1 (i—1),TAn(i—1),H —2 H—14H
Pi By Wi Taodo = P By Tio1,iClagt T g 4, —pi Bt Tagdo
_ ~1p-1 (i-1) _
- ”T’wmdonz Pi /81 Ti—1,iClast,1 — i+
For the second equality remember, that t!r4, 4, = 0 for all D > i > 2. O

Thus, we see that the remaining Equations (60) and (56) which compute the weight factors v; and 7); are similar
to Lines 4 and 7 of Algorithm 2. To put it in a nutshell, the Lanczos based MSNWF uses the same formulas as the
CG algorithm if we make the following equivalences

approximate solution: wéi) PEPARE N < Vi, (62)
search directions: u; & p;, Wi <> 05, (63)
residuals: g, & T (64)

5 A New Implementation of MSNWF

In Section 4 we have derived that the Lanczos based MSNWF can be expressed by the CG algorithm. Thus,
Equations (60) and (56) can be replaced in the same manner as Lines 4 and 7 of Algorithm 2 by Equations (26)
and (27), respectively. It follows

H
9: 9
o i 65
i U?Rmoui ( )
9H+19‘+1
iy = 22T (66)
" g,

This reduces computational complexity because the matrix vector multiplication Rz,g;,,; in Equation (56) is avoided.
Besides, the only product left, Rz, u;, which is needed in Equation (40) has already been computed in Equation (65).
Therefore, the resulting computational complexity for a rank D MSNWF is O (N 2D), since a matrix vector multi-
plication with O (N2) has to be performed at each step.

Comparing to the Lanczos implementation of the MSNWEF, the CG algorithm does not compute the mean square
error MSE® at each step. To get such a recursion formula for MSE® in the CG implementation, consider the first
elements in Line 12 of Algorithm 1. It holds for D > ¢ > 2 that

i i—1 - i—1),2
Ct(?llr)st,l = Ct(?llrst,)l + /6’1' 1r12—1,icl(;st,1) . (67)
Use this equation to replace cgr)sm in Line 14 of Algorithm 1
MSE® = MSEC™Y — [[ray aq 13 8717 seluet * = MSEC™Y — pln, (68)

where MSE() is defined by Line 4 of Algorithm 1. The last equality holds because of Equations (50) and (52). The
fact that the factor p; is the length of the residual g; and that MSE®) = 030 — p3ny yields for D >i>1

MSE®) = MSEU™V — p,gfg,, MSE©® =02 . (69)
Finally, considering Equations (65), (33), (69), (40), (66), and (37) leads to a CG implementation of the MSNWF

which is given by Algorithm 3. In the following section, the resulting CG/MSNWF hybrid algorithm is applied as
a linear equalizer to an EDGE system.



Algorithm 3 CG MSNWF

'wéo) =0
U1 = —g1 = Tay,do
lh = Q{Igl

MSE©®) =52,

5: for i =1to D do

v =Ry u;

i =1;/ (uflv)

w(()i) = w(()i_l) + niw;

MSE®) = MSE“~Y — p,1;
10: g1 =9g; +1Miv

liv1 = giH-&-lgi+1

i = liy1/l;
Uil = —G; 11 + iy
end for

6 Application to an EDGE System

In the following we consider an EDGE system with 8PSK modulation and Laurent pulse shaping. The Laurent
impulse is a linearized GMSK impulse [8] which has a duration of five symbol times. Thus, we have severe intersymbol
interference even without channel distortion. The symbol time T' = 3.69 us and the two antennas of the mobile station
(MS) receive the signal of a base station which propagates over Rayleigh multipath fading channels with a delay
spread of Tyax = 10 us or three symbol times. We assume a constant channel during one burst with 148 symbols
(excluding guard symbols).

The CG based implementation of the MSNWF is used as a linear equalizer filter for the received signal at the
MS. We sample two times during one symbol duration and take 20 samples of each antenna to build the space-time
observation vector xg [n], thus, its dimension N = 40.
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Figure 2: BER for known channel using CG MSNWF equalizer

Figure 2 shows the BER using the CG based MSNWF for D € {6, 8,10} steps compared to the MMSE equalizer
or WF which corresponds to the MSNWF with D = 40 steps. We use the ideal form of the covariance matrix and
the crosscorrelation vector. We observe that the MSNWF with D = 10 steps is very close to the MMSE equalizer
even for high SNR values.
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Figure 3: BER for estimated channel using CG MSNWF equalizer

Using the 26 training symbols of a burst to estimate the channel and therefore the crosscorrelation vector and
the covariance matrix, leads to the simulation results shown in Figure 3. Again, the MSNWF with D = 10 steps is
a good approximation of the MMSE equalizer although it has much less computational complexity.

Figure 2 and 3 plot uncoded BER. Due to error control coding, an uncoded BER of 10! results in acceptable
speech transmission.

7 Conclusion

In this paper we derived the relationship between the Lanczos based implementation of the MSNWF and the CG
method. A new implementation of the MSNWF is obtained by transforming its formulas into those of the CG
algorithm. Simulation results of an application to an EDGE system showed that despite the reduced computational
complexity, the CG based MSNWF yields almost the same results as the MMSE equalizer.
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