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1. Introduction

The Wiener filter [1] estimates an unknown signal sq [n] from the observation signal y, [n]
in the Minimum Mean Square Error (MMSE) sense exploiting only second order statistics.
Thus, the Wiener filter is easy to implement and therefore used in many applications. How-
ever, the resulting filter needs the inverse of the covariance matrix of the observation. This
means observations y, [n] of high dimensionality imply high computational complexity.

The Principal Component (PC) method 2] was the first approach to reduce the complex-
ity of the estimation problem. A pre-filter matrix composed of the eigenvectors belonging to
the principal eigenvalues of the covariance matrix of the observation is applied to the obser-
vation signal to get a transformed signal of lower dimensionality. An alternative approach
is the Cross-Spectral (CS) metric introduced by Goldstein et. al. [3], where the columns of
the pre-filter matrix are the eigenvectors which belong to the largest CS metric. Thus, it
considers not only the statistics of the observation signal but also the relation to the de-
sired signal. More recently, Goldstein et. al. developed the Multi-Stage Nested Wiener Filter
(MSNWF) [4] which approximates the Wiener filter in reduced space without the computa-
tion of eigenvectors. The MSNWEF shows that dimensionality reduction of the observation
signal based on eigenvectors is generally suboptimal. Applications like a space-time prepro-
cessor for GPS systems [5] and an equalizer filter for a cdma2000 forward link receiver [6]
showed the extraordinary performance of the MSNWF.

Honig et. al. [7] observed that the MSNWF can be seen as the solution of the Wiener-
Hopf equation in the Krylov subspace of the covariance matrix of the observation and the
cross-correlation vector between the observation and the desired signal. Finally, in [8] it is
shown that the Arnoldi algorithm can be replaced by the Lanczos algorithm to generate the
basis vectors for the Krylov subspace since the covariance matrix is Hermitian. The resulting
algorithm is an order-recursive version of the MSNWEF which recursively updates the filter
and the Mean Square Error (MSE) at each step.

The contribution of this thesis is to derive the relationship between the Conjugate Gradi-
ent (CG) method and the Lanczos based implementation of the MSNWF. The CG method
was originally introduced by Hestenes and Stiefel [9] in 1952 to solve a system of linear equa-
tions. It searches for an approximate solution in the Krylov subspace similar to the Lanczos
based MSNWF. We transform the equations of the Lanczos based MSNWF algorithm to
yield a formulation of the CG algorithm, and finally present a new implementation of the
MSNWF where the weight vector and the Mean Square Error (MSE) between the estimated
and desired signal is updated at each iteration step.

In the next chapter, we recapitulate the derivation of the Lanczos based MSNWEF. Before
we show the relationship between the considered algorithms in Chapter 4, we review the
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basics of the CG algorithm in Chapter 3. Finally, in Chapter 6, we apply the new formulation
of the MSNWF algorithm of Section 4.2 as a linear equalizer to an EDGE system and compare
its performance to the PC and CS method, which we briefly introduce in Chapter 5. Due to
high bit error rates using correlation to estimate the covariance matrix of the observation
and the cross-correlation vector between the observation and the desired signal, we derive a
least squares method to estimate the statistics in Section 6.2.
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2.1 Wiener Filter

One general problem in estimation theory is to regain an unknown desired signal sq [n] € C
from the known observation signal y,[n] € CV by using a linear filter w € CV so that the
estimate §q[n] = wy, [n]. In this thesis, we assume that the desired and the observation
signal are zero-mean and multivariate zero-mean Gaussian processes, respectively.
The error between the desired signal sy [n] and the estimate S, [n] can be written as
g0 [n] = 5o [n] 30 [n] = 5o [n] Swy, [n], (2.1)
whose variance is the mean square error

MSEy = E {|50 [””2} = ‘7520 <:>’1‘1H7a.74(),8() @?“5 w+ ’wHRyO’w, (2.2)

050

where

o2 =E{]so [n]|2} (2.3)

S

is the variance of the desired signal sq [n],

Tyeso = E{Yo [n] 55 [n]} (2.4)

is the cross-correlation vector between the observation signal y,[n] and the desired signal
so [n], and

Ry, = E {y,[n] i [n]} (2.5)

is the covariance matrix of the observation y, [n].

Y+

So [n]

Yo [n] /> wy 5o [n]

Fig. 2.1. Wiener Filter

The Wiener filter wy whose design structure is shown in Figure 2.1 minimizes the mean
square error MSEy. Thus, we get the design criterion

w, = arg min MSE, (2.6)
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which leads to the Wiener-Hopf equation

Ry wy =17y, - (2.7)

Its solution, the Wiener filter
w) = R;;Tyo,so, (2.8)

achieves the minimum mean square error

MMSEy = o7, &ry o Ry 1y 5. (2.9)

Yo,50

2.2 Multi-Stage Nested Wiener Filter (MSNWF)

Goldstein et. al. [4] developed the Multi-Stage Nested Wiener Filter (MSNWF') which ap-
proximates the solution of the Wiener-Hopf equation (cf. Equation 2.7) without computing
the inverse of the covariance matrix. For its derivation, we have to introduce a pre-filter
matrix T, € CV*N as shown in Figure 2.2 so that the transformed observation signal z; [n]
becomes

2 [n] = Ty, [n]. (2.10)

2z [n]

Yoln] —> TV ——> wi 35,11

Fig. 2.2. Wiener Filter with Pre-Filter

The new Wiener filter w,, estimates the desired signal sy [n] from the transformed ob-
servation signal z; [n], i.e.

ws, = Rz 0, (2.11)
where
R, =E{z[n]2}'n]} =T{R, T, (2.12)
is the covariance matrix of the transformed observation signal z; [n| and
Porso = E{z1[n] 5§ [n]} = T'ry, s (2.13)

is the cross-correlation vector between the transformed observation z; [n] and the desired
signal s¢ [n].

Theorem 2.1 If the pre-filter matriz T has full rank, the output $,, [n] = w} z1[n] of
the new Wiener filter w,, is the same as the output So[n] of the Wiener filter wy without
pre-filtering. Thus, the minimum mean square errors of both filters are the same.
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Proof. Replacing R,, and r,, 5, in Equation (2.11) by Equation (2.12) and (2.13), respec-
tively, yields

w,, =T{'R,'T""'Try . (2.14)
Hence, the output of the Wiener filter w,, may be written as
A —1/H,—1 . S
S0 [n] = w21 [n] = 7y, R, T Ty [n] = wi'y, [n] = 5 [n],

and the first part of Theorem 2.1 is proven. In order to complete the proof, use Equa-
tion (2.14) to compute the minimum mean square error (cf. Equation 2.9) as follows

2 H -1 2 H —1 p—1rpH,~ 1ol
MMSE,, = 03, <7y, o R, 1250 = 05, &1y JT1TT R, T "Try . = MMSE,.

Z1,50

O

In order to end up with the MSNWF, we restrict ourselves on the special pre-filter matrix
T, defined as

T,=[m; B;]. (2.15)

Thus, the transformed observation signal z; [n] becomes

21 [n] = {""?1"0 ] } _ [ 5110 } | (2.16)

B{Iyo [n] Y, [n]

We choose the vector m; € CV to have unit norm, i.e. |m|[, = 1, and the real part
of the correlation between the filtered signal s; [n] = mily,[n] € C and the desired signal
So [n] is maximized by my, hence,

m, = arg mrng {Re (s;[n]s;[n])} s.t. mfim=1. (2.17)

By replacing s; [n] as defined in Equation (2.16), we get

1 H H H
m; = argmax o (m Tyo.s0 T ry0,50m> st. mm =1, (2.18)
which leads to the normalized matched filter
my = Yo (2.19)
[7y0u50]

Note that the matched filter defined by the optimization criterion in Equation (2.17) does
not suppress any interference.

The columns of the matrix B; € CV*(N=1 in Equation (2.15) (in the following called the
blocking matrix) are chosen to be orthogonal to the matched filter m,. Thus, the blocking
matrix B satisfies

B'm; =0 < span(B;)=nul(m). (2.20)
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The obtained signal y, [n] = By, [n] € CV~" is uncorrelated with the desired signal s [n]
but includes interference.

With the special pre-filter T'; and the transformed observation z; [n] defined by Equa-
tions (2.15) and (2.16), respectively, the cross-correlation vector r,, 5, between z; [n] and
s [n] and the covariance matrix R,, of z; [n] (cf. Equations 2.13 and 2.12) may be written
as

mH
Tee T [ BY } Pyoo = [Tusol[, €1 (2.21)
P TP U B S
RZI_E{[%M][SIM ! [nl]}—{rm e (2.22)

with the variance of s; [n]
o2 =E{|s; [n]|2} = m; R, m, (2.23)
the cross-correlation vector between y, [n] and s [n]
Ty, = E{y [0] 5] [n]} = BY Ry m., (2.24)
the covariance matrix of y, [n]

Ry, =E{y,[n]y) [n]} = B Ry, B, (2.25)

and e; denotes a unit norm vector with a one at the i-th position. Because of the sparse
structure of the cross-correlation vector r, ., only the first column of the inverse of the
covariance matrix R, has to be computed. Replacing R,, and 7, 5, in Equation (2.11)
by Equation (2.21) and (2.22), respectively, and using the inversion lemma for partitioned
matrices (e.g. [1]) leads to

1 1
_ p-1 _ _
Wy, = fz,z1 Tzi,50 = 01 |: <:>R;11ry1751 :| = |: cw, :| s (226)
with the factor
~1
a1 = [rypnlly (3 STl By ) (2.27)

and the reduced dimension Wiener filter
wy =R, 'ry, , € CV7 (2.28)

Applying the new Wiener filter w,, to the transformed observation z; [n] yields finally
the estimate

ol =wly | 20 a1 et ]| 20 ] —a () sty o). @229

Figure 2.3 shows the resulting block diagram, which we derived from the Wiener filter w,
shown in Figure 2.1. The reduced Wiener filter w; can be replaced in exactly the same way
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s1[n] + ~é1ln]
Yo [1] mfl {P ~ o =[]
yl[”]
)2 L — Y V1 51 [n]

Fig. 2.3. MSNWF after First Step

as the original Wiener filter wy. This procedure can be repeated until the last Wiener filter
wpy_1 18 a scalar.

The resulting filter structure, the full-rank MSNWF, is shown in Figure 2.4 and can also
be seen as a filter bank [8] as depicted in Figure 2.5. Note that both structures have the
same behavior as the Wiener filter wy. In the sequel of this section, let i € {1,2,... , N}. It
follows from the derivations above that the pre-filter vector t; € C" may be written as

t; = (ﬁ Bk> m,. (2.30)

m; € CV-0-D ig the normalized matched filter

ryi—l »Si—1

m; = —2ie (2.31)

i =
Iryysically

which maximizes the real part of the cross-correlation between the new desired signal s; [n] =
mily, ;[n] € C at stage ¢ and the desired signal s; | [n] at the previous stage i <1 of the
MSNWF equivalent to m, in Equation (2.19). r,._ .., denotes the cross-correlation vector
between y,_, [n] and s; 1 [n], i.e.

Ty, 15021 — E {yi—l [TL] S:—l [n]} = B?—lRyifzmi—l

— ( ﬁ BE) R (ﬁ Bk> m_;. (2:32)

k=i—1

By € CW=k=I)x(N=k) 'l ¢ £1,2, ..., N <1}, is the blocking matrix satisfying the following
equation:

B/m; =0 < span(Bj)=nul(m)). (2.33)

Thus, similar to B; above, the new observation signal y, [n] = Bjy, ,[n] € CVF at
stage k is uncorrelated with the desired signal s, ;[n] at stage k < 1. By the way, with
the knowledge of By and m; in Equation (2.30), it can easily be shown that the filters
ty, t3,... ,ty are orthogonal to the filter ¢;, but the set of vectors {#;,¢s,...,ty} is not
necessarily an orthogonal basis of CV. Finally, o; is a scalar Wiener filter [8] which estimates
the desired signal s;_; [n] from the error £; [n] of the new desired signal s; [n] to its estimate



2. Multi-Stage Nested Wiener Filter

8

o] s s o] 175 ST

Fig. 2.4. Full-Rank MSNWF

s e
u]'A
s L e Y s L T
[u] s - <
)4
o " Rt s
[u] s =— o yartw
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Ss1|n + erln| ]
yoln] ———> ¢} & >C> | L a5 [n]
A —
So N +
—> ty d >$ % 51 [n]
[ Y N B
=en[n]

Fig. 2.5. MSNWF as a Filter Bank

§i[nl], i.e. g;[n] = s;[n] <3;[n] for i < N, and ey [n] = sy [n] for i = N, respectively. Hence,
it holds

Q= O-;-QTEi,si_U (234:)

with the variance of ¢; [n] (cf. Equation 2.9)

2erl R'r, . fori<N
<é=EﬂamW}={? Poor TR Ty DL (2.35)
Ty fori =N,
and the cross-correlation between ¢; [n] and s;_ [n]
Teisi1 — E {5i [n] 5:71 [TL]}
_ milry . @w?B?ryi_l,sifl = Hryi—lasifl H2 for i < N, (2.36)
m?\fry]v_l,s]v_l = ‘TyN_l,sN—l‘ for i = N.

The last equality holds because of Equations (2.31) and (2.33). R,, i < N, is the covariance
matrix of y, [n] which may be written as

R, =E {yi [n] y' [n]} = B?Ryi,lBi = (H BkH> R, (H Bk> , (2.37)

and

. s fori < N &1,
w,; = {R Tyosi ot (2.38)

0.72

v Tun_1sy_y = myay  fori =N &1,

is the Wiener filter which estimates s; [n| from y, [n]. Note that «; € R for all i because
ol e Raswellas ., , € R.

For later derivations, we need the characteristic of the MSNWEF that the pre-filtered
observation vector s [n], defined as

sin]=[s[n] ssln] -~ swn] ], (2.39)
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has a tri-diagonal covariance matrix R, [4, 8]. This is because the matched filters m,; ; and
m; of two arbitrary adjoining stages of the MSNWF are designed to maximize the real part
of the correlation between s;_; [n] and s;_5 [n], and between s; [n] and s;_; [n], respectively,
whereas the blocking matrix B;_; ensures that s; [n] is uncorrelated with s;_5 [n].

In order to obtain a reduced rank MSNWF, we only use the first D < N basis vectors
ti,ts, ... ,tp to build the pre-filter matrix

TP =t t, - tp]eCV”, (2.40)
which yields the observation vector s(P)[n] € CP of reduced length
sP) [n] = TPy ] (2.41)

This is equivalent to stopping the replacements, we mentioned in the derivations above, after
D <1 steps where the remaining Wiener filter wp_; is approximated by the matched filter
mp. Next, we have to compute the Wiener filter of length D, 'w(SD), which estimates s [n]
from s() [n], i.e.
-1
w®P — RD)—1,.(D) _ (T(D>,H RyOT<D>) Ty (2.42)

8 s 8,50

in order to get finally an approximation of the Wiener filter wy, the rank D MSNWF

-1
wiP) = T(P)gy(P) = (D) (T<D>,H Ry0T<D>> TOHy, (2.43)

which yields the mean square error

-1
MSE(D) - 0—30 <:>’I°;IO, T(D) (T(D)’HRZIOT(D)> T(D)’HryOaSO' (2'44)

50

The covariance matrix RgD ) and the cross-correlation vector rg]?sg) are defined in Section 2.3.

2.3 Lanczos Based MSNWF

In the following of this thesis, let the singular values of the blocking matrix B;, i €
{1,2,...,N <1}, be o, = 0 for k > N <i and otherwise be unequal to 0 and the same,
i.e. oy = ... = ony_; = o. In addition, we assume that the pre-filters have unit norm, i.e.
|ti]|l, =1 for alli € {1,2,...,N}. Thus, the set of filters {£;,t,... ,tx} in Figure 2.5 is an
orthonormal basis of C.

In order to get a simpler formula for the computation of these basis vectors as by Equa-
tion (2.30), recall the optimization problem for the first step of the MSNWF development
given by Equation (2.17). Applying it to an arbitrary stage i € {1,2,..., N} of the MSNWF
means maximizing the real part of the cross-correlation between the signals s; [n] = 'y, [n]
and s;_; [n] =t |y, [n], i.e.

t, = arg rnfuxE {Re (s;[n]s;_ [n])} or
1
t; = arg mtax 3 (tHRyOti,l + tZH_lRyOt) st: tht=1 and (2.45)
tht, =0, ke{l,2,...,ie1).
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We derive the solution of this optimization problem by using the Lagrange function

1 i—1
L(t, iy, o, s i) = 5 (t"Ry i1+t | Ry t) @Z ity o (Tt e1). (2.46)
k=1
Therefore, solving the equation
aL(tnu’lnu’?a"' 7/‘L) 1 —
T L SRy tio &>ty St =0, (2.47)
k=1

yields the argument ¢ which optimizes L (&, j1, pi2, - - . , ;). Choose the Lagrange multipliers
pp for k€ {1,2,... i< 1} as

1
[ = §tERy0ti,1, (2.48)

in order to fulfill the constraint that ¢ is orthogonal to t; for the given k. Besides, remember
that ¢, are mutually orthonormal. Finally, we end up with

i—1 i—1
1
<1N &> :tktkH> Ryt = — (H Pk> R, ti i, (2.49)
k=1 k=1

i

t =

1
244
if we substitute the sum with a product of projection matrices defined by
P = 1y &tt,. (2.50)

Py, ke {1,2,...,N <1}, is the projector onto the space orthogonal to ¢ and 1y denotes
the N x N identity matrix. In order to finish the derivation, we have to choose p; so that
the second constraint, i.e. t'¢ = 1, holds. This yields the result of the optimization

i1
(H pk) Ryt
PR k=1
[ i—1
H <kH1 Pk) Fyotics

(2.51)

2

Note that the recursion formula in Equation (2.51) is the well-known Arnoldi algorithm [10,
11]. Hence, if the recursion is initialized with ¢; = m; and stopped after D <1 steps, the
produced set of vectors {¢1,t,...,tp} is an orthonormal basis of the D-dimensional Krylov
subspace

IC(D) (Ry07 T?JO:SO) = Span ([ T?JO:SO R?Jory()aso e R;l?oilryo,so ]) . (252)

Consequently, the rank D MSNWF where the filters £, %o, ... ,tp are mutually orthogonal,
is equivalent [7, 8] to solving the Wiener-Hopf equation in K”) (R, , 7y, s,). Finally, since
the covariance matrix R, is Hermitian, the basis may also be computed by the Lanczos
algorithm

. P, P, 2Ryt 1 Ryt St Ry tiitio St Ry ti it (2.53)
' HPiqPFQRyOtiAHQ HRyOtifl St Ry ti 1t o ﬁt?,lRyotiqtquZ’
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which has much less computational complexity and is therefore used in the algorithm pre-
sented at the end of this section.

Next, remember that the rank D MSNWF is w{”) = T R ~1p{) (cf. Equations 2.42
and 2.43). The tri-diagonal covariance matrix of the pre-filtered observation s [n], R
RP*P and the cross-correlation vector between s [n] and the desired signal sq [n], r‘sﬁ& € RP,
may be written as

o~z | TR
o" rD-1,D ' Tp,p
r(?) =7, = { HT!%SO“? ] . (2.55)
The new entries of R(SD ) are simply
rp-1,p =th_ 1Ry tp and rpp=tHRy tp. (2.56)

The fact that RgD ) is real-valued, and therefore wi” € R can easily be derived. The
covariance matrix is real-valued if its entries r;_;, = tElRyoti and 7;; = tlHRyOtz- (cf.
Equation 2.56) are real numbers for all € {1,2,..., D}. It holds

7“:1 = tzHREOtz' = t?RyOti = Ti, (2.57)

because R, is Hermitian. Thus, r;; € R. In order to show that r; ;; € R use Equa-
tions (2.30), (2.37), (2.32) and (2.31). It follows

1 i1
Ti-1,i = t?—1Ryoti = miH—l ( H BE) Ry, (H Bk) m;
k=1

k=i—2
= m! R, B; m; = ri m-—Hr H cR
= i—1 i_o 1—1 . Ty, 1,8i—1 1 Yi_1,5i-1||9 .

In order to simplify the derivation of the Lanczos based MSNWEF which we continue in
the following, define

CD) — gD [ D)L D) ] _ (2.58)

The inversion lemma for partitioned matrices [1] yields

o) {C((;)Tl) 8] L A iDpDH (2.59)
where
b — [ <:>1“D1,fcst11) ] : (2.60)
and

Bp =1p,p STH_ 1 pCoih_y. (2.61)
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The variable c([?__&,_l denotes the last element of the last column c(DD__II) of CP~V at the

previous step. Recall that only the first element of r(s?sﬁ is unequal 0 (cf. Equation 2.55),

thus, only the first column ch) of the inverse CP)

(D-1) (D-1)

(D) _ | ¢ -1,(D-1) 7"123—1 pCp_1 ]
c + e ; , 2.62
1 { 0 } Bp 1,D—1 { DoLD ( )

(D—
where ¢;

filter w!” using Equation (2.42). We observe that the filter at step D depends upon the first

D—1 . . )
column cg ) at step D <1, the new entries of the covariance matrix rp_;,p and rp p, and

the previous last column c%j:ll). Using again Equation (2.59), we get the following recursion

formula for the new last column

)

1{ denotes the first element of CEDD:II , is needed for the computation of the Wiener

(D-1)
D) — gt [ <:>’"D—1,1DCD—1 ] : (2.63)

which only depends on the previous last column and the new entries of RgD ). Hence, we only
have to update the vectors ch) and c([f)) at each iteration step. Moreover, the mean square

error at step D can be updated using the first entry cgﬁ) of ch) as follows (cf. Equation 2.44)

MSE®D = 02 & ||ry, o2t (2.64)

Finally, substituting cgi) and c!”

1

by cggst and c”

s> Tespectively, and using the last ele-

ments of the vectors in Equation (2.63), i.e. c%?% = 5", in order to replace 0%3:13)71 in
Equation (2.61), yield the resulting Lanczos based implementation of the MSNWF given by

Algorithm 2.1 [8].
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Algorithm 2.1 Lanczos based MSNWF

t[) - 0
b =Tyqs/ Hryo,SOH2
_ 5 4H
roqn =0, 7131 =p0 =t Ryt

o O _ -1
Chirst = Clast = rl,l

1) _ 2 2 (1)
5. MSE® = T4y <:>H'ry0,50H2 Chirst
for i =2 to D do
v=Ryti 1 Sri_1i1tio1 STicgi1tio
ri-1; = [[vll
ti=v/ri1;
10: Ti; = tZHRyOti
9 1
Bi =rii om0

) (i-1) . 2 (i—1)

Y = | Gt | 4 gtelil | Tic1,iCast
first 0 [ last,1 <:\"ri—1,i
. (i-1)

_ Ti—14C
=gt | e |
MSE® = 07 |7yl e
15: end for
T(D):[tl ty --- tD]

wéD) - Hryo,SOH2T(D)C§i?s)t




3. Conjugate Gradient Method

3.1 Conjugate Gradient (CG) Algorithm

The iterative Conjugate Gradient (CG) algorithm was first introduced by Hestenes and
Stiefel [9] for solving a system Ax = b of N linear equations in N unknowns. The system
is assumed to have an exact solution which is given in /N steps. Contrary to direct methods
(e.g. Gaussian elimination) where we get no solution until all steps of the algorithm are
processed, an iterative method yields an approximate solution at each iteration step and the
approximation improves from step to step. Hence, only iterative methods can be stopped
after D < N steps if we are not interested in the exact solution.

The CG algorithm belongs to the Conjugate Directions (CD) methods because the ap-
proximate solution is searched on mutually A-conjugate search directions. Two vectors x;
and x, are A-conjugate if

il Az, = x) Ax) = 0, (3.1)

where A is assumed to be Hermitian. Moreover, the CG method is a special case of the CD
method because in addition to the A-conjugate search directions, the residuals of different
iteration steps are mutually orthogonal. In the following, the matrix A € CV*¥ is assumed
to be Hermitian and positive definite.

Algorithm 3.1 First Implementation of CG Algorithm
0 =0
P =<r = b
fori=1to D do
Vi = é(p?m) / (p?APi)
5. ) =20 4 YiP;
Tit1 =T+ VAp;
0; = (szA?“z'Jrl) / (PzHAPi)
Dip = Erip1 +0ip;
end for

One possible implementation of the CG method is given by Algorithm 3.1 which we use
in order to explain its functionality. Note for this chapter that all lines of the algorithm hold
for i € {1,2,...,D}. The fundamental recursion formula which updates the approximate
solution of the system Ax = b is Line 5 of Algorithm 3.1, where the new approximation
x( lies on the line through the old approximation 2~ in the direction p,, the so-called

15
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search direction. The weight factor 7; can be understood with its definition in Line 4 of
Algorithm 3.1 and the introduction of the error function e (x) as the A-norm of the error
of the approximate solution & to the exact solution ™), i.e.

e(x) = HfU(N) @CCHA = (CL‘(N) (:MB)H A (:L‘(N) @:c) =z Az sztb ob''z + Vb, (3.2)

It can easily be shown that the choice of v; ensures that the updated approximate solution
x() minimizes the error function e (z) on the line £ = (=Y + yp,. It holds

7; = arg min e (:c(ifl) +p;) - (3.3)
v

Line 6 of Algorithm 3.1 updates the residual r; defined as
r; = Azl ob. (3-4)

Note that the residual r; belongs to the approximation 1. The index mismatch is useful
for the derivations we make in Chapter 4. The recursion formula for the residuals can easily
be derived as follows

ri = Az ob= A (z07V + yp,) ©b=r; + 1;Ap,,

by using Line 5 of Algorithm 3.1. Finally, the search direction p, is updated by the remaining
Lines 7 and 8 of Algorithm 3.1 which ensure the A-conjugacy of the vector p, to any vector
Dj, #7J

Next, we derive another realization of the CG algorithm by changing Lines 4 and 7 of
Algorithm 3.1. For the derivation we have to use the relations of Theorem 3.1 which will be
proven in the next section. Considering Line 8 of Algorithm 3.1 and Equation (3.9) leads to
another expression for <pilr; in Line 4 of Algorithm 3.1 as follows

epi'r; =rir,+ 6 p i =1l (3.5)

Apply Lines 6 and 8 of Algorithm 3.1 in order to replace the expressions pi!A and p; in

Line 7 of Algorithm 3.1, respectively. We get by using Equations (3.8) and (3.9):
P ATi _ U (TZHH @T?) Tit1 _ T

o )

PiAp, 4, (rl erh) (er 46 1pi,) T (3.6)

and end up with the CG implementation given by Algorithm 3.2.

Note for later that pi'r; € R because of Equation (3.5). In addition, p!'Ap, € R since
A is Hermitian (similar to Equation 2.57). It follows that v; € R and Equation (3.6) implies
that 9; € R, too.

Algorithm 3.2 has much less computational complexity as we show in Section 4.2 and
should be preferred, therefore. However, it is easier to derive the Lanczos based MSNWF
using Algorithm 3.1 (cf. Section 4.1).
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Algorithm 3.2 Second Implementation of CG Algorithm
0 =0
P =r = b
fori=1to D do
v = (rirs) / (pi' Ap;)
5. @ =D 4 YiP;
Tit1 =T+ %AD;
51' = (7“5-17“1'4—1) / (’f‘?’)”i)
Pip1 = Srip1 +0ip;
end for

3.2 Basic Relations

In this section, we prove the most important relations of the CG method implemented by
Algorithm 3.1. We have already used one of the resulting theorems in Section 3.1 in order
to derive a second possible CG realization given by Algorithm 3.2. Moreover, they will help
us in order to see the basic relationship between the Lanczos based MSNWEF and the CG
algorithm in Chapter 4. In the following of this section, assume that i,j € {1,2,... ,D}.

Theorem 3.1 The set of search directions {py,py,...,Pp} and the set of residuals
{ry1,79,...,rp} generated by Algorithm 3.1 satisfy the relations

PlAp; =0, Vi#], (3.7)

’)”?’l"j =0, Vi 7A j, (38)

pi'r; =0, Vi < j. (3.9)

Thus, the search directions p,,py,... ,Pp are mutually A-conjugate and the residuals
T1,79,...,Tp are mutually orthogonal.

Proof. The proof will be made by induction. First, the vectors vy, p, = ©ry, and ry satisfy
the relations in Theorem 3.1 since

eri'ry = pi'ry = pi'r + 11p)' Ap, =0,

where we used Lines 6 and 4 of Algorithm 3.1.

Second, assume that Equations (3.7), (3.8), and (3.9) hold for the set of search directions
{P17P2: . 7pn71} and for the set of residuals {7ry,rs,...,r,}. In order to prove Theo-
rem 3.1, we finally have to show that the vectors p, and r,;; can be added to these sets.

This holds for p,, if we prove that

plAp, =0, VYi<n. (3.10)
The dot product of Line 6 of Algorithm 3.1 with p,, reads as
Therefore, if % ,p, = ri'p,, Equation (3.10) is proven. First, let i < n <1. In order to get
an expression for 7}, p,, consider Lines 8 and 6 of Algorithm 3.1:
Tiﬂ?n = <:\""z'Pfq-l'r'n + 5n—1"“E|.1pn71

(3.11)
= <:\"r'g_l'r’n + 5n—lrinn71 + 5n—1f)/ip?Apn71 = 6n—1r?pn71-
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Note that rgrlrn = 0 and p' Ap, ; = 0 due to the induction assumption. Using again Line 8
of Algorithm 3.1 yields for the expression r!'p,

rZHpn = <:>rZHrn + 5n_1rZ-Hpn_1 = 5n_1rZHpn_1. (3.12)

If we compare Equations (3.11) and (3.12) we see that r}%,p, = 7!'p, and thus, Equa-
tion (3.10) holds for i < n <1. Now, consider i = n < 1. Replacing ¢ + 1 by n in Line 8 of
Algorithm 3.1, multiplying it on the left side by p!' ;A and using Line 7 of Algorithm 3.1
leads to

p,}LI_lApn = @E—lArn + 5n—1p5—1APn71 =0,

which completes the proof of Equation (3.10).
It remains to show that the residual r,,; can be added, too. Therefore, we have to show
that

rir, =0,  Vi<n+l, (3.13)
P Tt =0, Vi <n+ 1. (3.14)

Set i = n in Line 6 of Algorithm 3.1, multiply it on the left side by r!' and use again Line 8
of Algorithm 3.1 in order to replace 7! to get

riHrnH = r?rn + %?“iHApn = riHrn + fynéi_lp?_lApn <:>fynpiHApn. (3.15)

At once, it can be seen that r'r, ., = 0 for i < n due to the assumption that the vector
r, is already included in the set of residuals which fulfill the relations in Theorem 3.1, i.e.
riir, = 0, and due to Equation (3.10) which we have already proven above. For i = n,
Equation 3.15 simplifies by applying again the already established relation p! j/Ap, = 0,
Lines 4 and 8 of Algorithm 3.1, and the induction assumption that pIl 7, = 0 as follows

H H H H H H
T Thil = TpTn SVnDn AP, =T, T + D, Ty = On_1P,,_1Tn =0,

and Equation (3.13) is established. The remaining Equation (3.14) can be proven in a similar
way. Set again ¢ = n in Line 6 of Algorithm 3.1 and compute the dot product with p,. It
follows

T, =PI, + Pl Ap, =0,

where we applied for the case i = n, Line 4 of Algorithm 3.1, and for i < n, Equation (3.10)
and the induction assumption that pir, = 0. Thus, Equation (3.14) is true and Theorem 3.1
is proven. O

Theorem 3.2 The following identity of subspaces in CV holds at iteration step i

span ([ 2V z® z® ]) =span ([ p, Py - D |)
=span ([ r 7o - 7 ]) (3.16)
=span([ b Ab --- A7'b]) =K%Y (A,b).

Hence, after D iteration steps, the approzimate solution xP) of the system Az = b lies in
the D-dimensional Krylov subspace KP) (A, b).
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Proof. Again, we prove by induction. Set 7 = 1. Due to the initialization and Line 5 of
Algorithm 3.1, it holds the following relations:

M = Py, Py =%Er;, r=<%<b

Thus, 1, p,, 1, and b span the same subspace and Equation (3.16) is true for i = 1. Now
we have to prove that the identity holds for ¢ = n if we assume that it holds for i = n <1.

In order to prove that (™ lies in the subspace spanned by the vectors p,,p,,... ,Dp,,
consider Line 5 of Algorithm 3.1. With the initialization (®) = 0 and v, € R, we get for
2™ the linear combination

™ =" yp,, (3.17)
k=1

which establishes the first equality in Equation (3.16).
For the remaining equalities, we need the induction assumption in the form that p,_,
and r,_; can be already expressed by the linear combinations

n—1 n—1

Pp1 = Z PeTk = ZXkAk_lb and (3.18)
k=1 k=1
n—1

To1= Y GA*™'b, (3.19)
k=1

respectively, where g, xx, (¢ € R. Considering Line 8 of Algorithm 3.1 and applying Equa-
tion (3.18) leads to the linear combination

n—1
P, =0+ 001> kT,

k=1
which proves that the search direction p,, lies in the subspace spanned by the residuals
r1,7Ts,...,7, and the second equality in Equation (3.16) holds.

It remains to show that the residual r,, lies in the Krylov subspace K™ (A, b). Use Line 6

of Algorithm 3.1 with ¢ = n <1 and replace 7, ; and p,,_, by Equations (3.19) and (3.18),
respectively. It follows the linear combination

S
—

n—1 n—1
Tn = Z A" b+, 1A Z XeA o= CGb 4 Y (Gt + k) A,
k=1 k=1

1

m

where ¢, := 0. Therefore, 7, lies in the subspace spanned by b, Ab,..., A" 'b, i.e. the
Krylov subspace K™ (A, b). Finally, the last sentence of Theorem 3.2 is true if i = D and
the proof is finished. O

Theorem 3.3 The fact that the search directions p,,ps,...,Dp; are mutually A-conjugate
ensures that the choice of ~y; in Line 4 of Algorithm 3.1 minimizes the error function e (a:(i))
not only on the line "~ 4+ yp, but also in the whole Krylov subspace K (A, b), i. e.

e(z) =e (Z %m) = min e (Z 7;21%) ' (3.20)
k=1 k=1

71 772a"' a’Y:
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Proof. Using the definition of the error function in Equation (3.2) yields

¢ (Z 71@1’1:) = (Z v;@p?) A (Z %'cpk) &Y 7 (b +b"p,) + ™Mb,
k=1 k=1 k=1 k=1

The first term on the right hand side can be simplified if we remember the A-conjugacy of
the search directions (cf. Equation 3.7) and thus, all terms may be written under one sum
symbol, i.e.

e (Z %’M) => (%QQPEAPIC &, (Prb+ prk)) 4 Wiy, (3.21)
k=1 k=1
Hence, for k£ € {1,2,...,i}, the optimization leads to the system of decoupled linear equa-

tions
i
e (Z %’cpk>
k=1

dv;,

= 2v,p, Ap), < (p b+ b"p;) =0, (3.22)

and the optimum can be found by considering every <, on its own. Therefore, the A-
conjugacy of the search directions leads to the fact that the optimization at each iteration
step on a line in the search direction is equal to the optimization including the whole Krylov
subspace K (A, b). Finally, Equation (3.22) yields the optimum for

, Db+ b'p,

- 3.23

In order to finish the proof, we have to show that p;'b = prk or pi'b € R, respectively.
This can be done by transforming the term p;'r;, € R (cf. Equation 3.5) using Line 6 of
Algorithm 3.1 recursively:

pkHr;~C = pgrk_l + fyk_lpgApk_l = pgrk_l =...= pkHrl = <:>pkHb € R. (3.24)

Consequently, v, = v, as given by Line 4 of Algorithm 3.1 and Theorem 3.3 is proven. O



4. Relationship between MSNWF and CG Algorithm

4.1 Transformation of MSNWF to CG

In numerous papers and books (e.g. [8, 11]), it was mentioned that the Lanczos algorithm
which is used by the special implementation of the MSNWF derived in Section 2.3, is only
a version of the CG algorithm. If we compare the optimization functions in Equations (2.2)
and (3.2), we see that they are the same except for a constant which does not change the so-
lution of the optimization. Moreover, with the proof of Theorem 3.3, we have shown that not
only the MSNWF but also the CG algorithm finds the approximate solution of the Wiener-
Hopf equation (cf. Equation 2.7) in the Krylov subspace (") (Ryo,ryo,s()). Consequently,
both methods yield the same result. In order to establish the equivalence of both algorithms
we transform [12] the formulas of the Lanczos based MSNWF to those of the CG algorithm
in this section. Again, in this chapter, i € {1,2,..., D}.

First, we derive some fundamental analogies. Assume that 7 > 2. Using Lines 17 and 12
of Algorithm 2.1, and by setting T = [ 7Y ¢, ], it holds for wgi) that

) = [yl T, = 0§ + iy w0 = [rgpn o] (41)

where 7; and w; are defined as

_ “1 -1 (i-1)
i = HryO:SOHQ 9; ﬁz Ti—1,iClast, 1> (42)

U; = 0 (Tiq,iT(i_l)Cl(;;l) <=>ti) : (4.3)

and where g; € R\ {0} is an arbitrary factor whose meaning is explained later. Multiplying
Line 13 of Algorithm 2.1 on the left side by T and using Equation (4.3) leads to

TOel), = <57 (7” i T el @ti) = <0, B ui. (4.4)

(2)

Substituting i by i+1 in Equation (4.3) and replacing T” ¢!}, by using Equation (4.4) yields

a recursion formula for u;; and D > > 1

Uit = Yiu; G;,,, U= ot (4.5)

where

_ 1p-1
i = €0i410; B Tiit1,
gii1 = Oit1tiq1.

21
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In Equations (4.1) and (4.5), we observe analogous terms if we compare them with Lines 5
and 8 of Algorithm 3.1. The vectors u; and g, seem to be equivalent to the search direction
p; and the residual r; of the CG algorithm, respectively. Besides, remember that in the
Lanczos based MSNWEF, the linear system to be solved is the Wiener-Hopf equation where
the solution is the Wiener filter wy. In the sequel, we prove that the analogous remaining
formulas of the CG algorithm can be derived from the MSNWF.

Proposition 4.1 The vectors g; can be updated by the recursion formula

9 = 9; iRy ui, g =o0iti, 01 = |7y, (4.8)

where the definition of n; is given in Equation (4.2) and where
n = Tf’% (4.9)

Proof. We prove by induction. First, set ¢ = 1. Recall that uy = <01t = &g, and we get
by using the initialization of Equations (4.8) and (4.9), and Lines 7 to 9 of Algorithm 2.1

gy + mRBRy ur = o1 (0, 't SRy t1) = |7y ||, T1iT12E2 = 0282 = go.
The last equality holds if we define o, as
02 = Hryo,soHQTijLQ- (4.10)
Now assume that Equation (4.8) holds for i = n <1. This leads to
Ry un1 =131 (9 ©90-1) - (4.11)

In order to prove Equation (4.8) for i = n if it holds for i = n <1, we need a transformation
of Equation (4.5). Substituting i + 1 by n and multiplying the equation on the left side by

R, yields
Ry u, = 1Ry un_ 1 SRy g,. (4.12)
Finally, we get by using Equations (4.12), (4.11), and (4.7)
gn + By u, =g, SmBy g, + s 1 Ry w,

=g, <:}T]nl‘zyogn + 777;1177n1/)n71 (gn <:}gn—l)
- <:>Qn77nRy0tn + On (1 + 777;E177n¢n71) tn <:>an177;1177717/%71757171- (413)

On the other hand, setting ¢ = n + 1 in Lines 7 to 9 of Algorithm 2.1 and multiplying the
recursion formula by o,1 on both sides yields

On+1lnt1 = Qn+17”r;}z+1Ryotn <:>Qn+17“7;}z+17“n,ntn <:>Qn+17"ﬁ,;+17“n71,ntn71- (4.14)
Recalling Equation (4.7) and comparing Equation (4.13) with (4.14), Proposition 4.1 is
proven if the following three equations are true:

EOnTIn = On+1T a1 (4.15)
on (1+ 1, 4 tn—1) = S00417 5 i1 Tnns (4.16)
On 1M 1T Pn—1 = Qn+17“7;,1z+17“n71,n- (4.17)
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Using Equations (4.15), (4.2), and Line 13 of Algorithm 2.1 in order to calculate g, for
D > n > 2 as follows

_ _ —1 (n-1) _ (n)
On+1 = OnMnTnnt1 = <:>Hry0:50H2 B Tnnt1Tn—1,nClags 1 = HryOaSOHQ Tn,n+1Clagt,1

If we substitute n + 1 by i and include Equation (4.10) for i = 2, g; for i > 2 is given by the
formulas
i1

0i = Hryo,SOHQ Ti—l,icl(ast,l)a (4.18)

0i = S0i-11i-17Ti—1,i- (4.19)
We get simpler formulas for n; and 1); if we plug Equations (4.18) and (4.19) in Equations (4.2)
and (4.6), respectively. Consequently, it holds

m=0; ", Vi, (4.20)

i =07 %rfn, Vi< D. (4.21)

In order to prove Equation (4.16) use Equations (4.19), (4.20), (4.21), and Line 11 of Algo-
rithm 2.1. It follows

on (L+ 07t imatn1) = Sopany Ty (L4 By Blire_1,)

_ -1 2 -1 _ -1
- éizQTL‘FITTL,TH»I (ﬂn + rnfl,nﬂnfl) - éiZQTL‘FI7077,,n+1,r71,n'

With the same equations, we get

-1 _ -2 -1 -1 _ -1
Qn—lnn_177n¢n—1 - Qn+177n_1'¢)n—17an_1,n7"n,n+1 - Qn+17an,n+17ﬂn—1,n-

Thus, Equations (4.15), (4.16), and (4.17) hold and Proposition 4.1 is proven. O

Note that with the definition of 7; by Equation (4.9), Equation (4.1) also holds for i = 1,

where 'wéo) =0, as well as for ¢ > 1.

Proposition 4.2 The vector g, is a residual vector fori € {1,2,... D+ 1}, i.e.

g, = Ry wi ™" or, (4.22)

and the absolute value of the factor o; is its length.
Proof. Again, this proposition can be proven by induction. Set 7 = 1. It holds that

Ryow(()O) SPyg,50 — <:>H7“y0,80 H2 ty =gy,

by applying the definition 'w(()o) = 0, Line 2 of Algorithm 2.1, and Equation (4.8). Assume
that Equation (4.22) holds for i = n <1. Hence, we get for i = n (cf. Equation 4.1)

n—1 n—2
Ryowg ) <:>r90750 = R?Jow(() ) <:M"ZUO,SO + nn—lRyoun—l = gn—l + nn—lRyoun_l = gn’

which establishes Equation (4.22). The last equality holds because of Proposition 4.1. In
order to finish the proof of Proposition 4.2, remember that the vectors ¢; have unit length
(cf. Lines 7 to 9 of Algorithm 3.1). Hence, Equation (4.7) shows that |g;| is the length of the
residual g,. a
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Up to now we showed, in addition to Equations (4.1) and (4.5), that the residuals g, are
updated by a similar formula as the residuals r; in Line 6 of Algorithm 3.1. It remains to
show that the computation of the weight factors 1; and n; is analogous to those in the CG
method (cf. Lines 4 and 7 of Algorithm 3.1). These derivations are easier if we first prove
the following proposition.

Proposition 4.3 The vectors uw; and g; satisfy the relation
ulRy g, =0, Vi <ie2. (4.23)
Proof. First, let j =1 and ¢ > 3, but fixed. With Equations (4.5) and (4.7) we get
ul'Ry g; = €010t Ry t; = G101, = 0.

The last equality holds, because 7;; are the elements of the tridiagonal matrix R(SD ) (cf. Sec-
tion 2.2 and 2.3) and thus, r;; = t]' R, t; = 0 for all j < i<2. Assume that Equation (4.23)
holds for 7 = n <1. Then, we get for j =n

uERyOgi = wnfluquyogi <:>QERyOQi = <:>QnQitERy0ti = $0,0iTn,i = 0,
if we use again Equations (4.5) and (4.7). O
Proposition 4.4 The factor v; in Equation (4.5) satisfies the relation

i = u Ry8i (4.24)
,u’?Ryoui
and thus, {wi, us, ... ,up} is a set of Ry -conjugate vectors, i. e.
ul Ry u; =0, Vj # i. (4.25)

Proof. Replace i + 1 by i <1 in Equation (4.5) and multiply it on the right side with R, g,
in order to get

“iH—1Ryogi = 1/)i—2uz'H—2Ryogi <:>9?—1Ry09i = S0i—10iTi—1,i- (4.26)

The last equality holds because of Proposition 4.3 and Equation (4.7).

In order to obtain a similar expression for the denominator on the right side of Equa-
tion (4.24), substitute u; given by Equation (4.5) and use Equations (4.7), (4.19), (4.20),
(4.21), (4.26), and Line 10 of Algorithm 2.1. It follows

ui Ry w; = gi' Ry g; & 197 Ry wiy &¢iwl Ry g; + 97wl Ry u;
ull w;_
= sz (TH <:>27nz'271,iﬂi7—11 + T?fl,iﬁ;—ll %) .
07 1Bi-1
Comparing the equation above with Line 11 of Algorithm 2.1 leads to
u Ry u; = 07 3. (4.27)

Substituting ¢ by i + 1 in Equation (4.26), dividing it by the left side of Equation (4.27),
and using again Equations (4.19), (4.20), and (4.21), yields finally Equation (4.24). Thus,
similar to §; in Algorithm 3.1, v;, Equations (4.5), and (4.8) ensure that the vectors u; are
mutually R, -conjugate (cf. Theorem 3.1). O
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Proposition 4.5 The following equation holds:

e Wi (4.28)
RCE R '

Hence, the value of n; above minimizes the error function

H H H H
e(w) =w Ry wEw ry STy W+ Wy Ty s, (4.29)

on the line w = wgi_l) + niw;.

Proof. Replacing g; by Equation (4.22), u;' Ry u; by Equation (4.27) and using recursively
Equation (4.1) yields

H
uigi _ o2 (R w1V oy )
U?Ryo u; ) ] ) Yo =0 Yo,50

i—1
2,1, H
=0; B u, (ryO,SO SRy, anuk>
k=1

9251 H
=0, B; u, Tyg.50°

The last equality holds because the vectors u; are mutually R, -conjugate (cf. Equa-
tion 4.25). Now, we have to show that Q;ZBi’lu?ryo,SO = ;. First, set ¢ = 1. It holds
by using u; = <o1ty, 0 = <:>Hry0,50‘ ,» Line 2 of Algorithm 2.1, and Equation (4.20) that

—2,5-1_H a1
01 By Uiy 5o =01 =1

Then, set i > 2, substitute u; by Equation (4.3), and remember that t;'r, ,, = 0 for all
1 > 2. It follows
—9 e 1 e i—1), T (i 1=
07 B iy 50 = 07 lri—l,icl(;st "t Dy s €07 5718 Ty, 50
1 e i1
= HryO;SOHQ 9; lﬁi 1Ti—l,icl(ast,l) = i,

if we recall the definition of n; in Equation (4.2). Therefore, n; in Equation (4.8) minimizes the
error function in the same way as ; in Line 5 of Algorithm 3.1 and the proof of Proposition 4.5
is completed. O

We see that Equations (4.28) and (4.24) which compute the weight factors ¢; and n;
are similar to the remaining Lines 4 and 7 of Algorithm 3.1. To put it in a nutshell, all the
formulas, we derived from the Lanczos based MSNWF, are the same as those of the CG
algorithm if we make the following equivalences:

approximate solution: wéi) PR ACH i <> Vi, (4.30)
search directions: u; < p;, i <> 6, (4.31)
residuals: g, & (4.32)

In the next Section, we use the derived equations to present a CG based implementation
of the MSNWF.
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4.2 CG Based Implementation of MSNWF

In Section 4.1 we have derived that the Lanczos based MSNWEF can be expressed by the
formulas of the CG algorithm. Thus, Equations (4.28) and (4.24) can be replaced in the same
manner as Lines 4 and 7 of Algorithm 3.1 by Lines 4 and 7 of Algorithm 3.2, respectively.
It follows if we remember the equivalences we found in Equations (4.30), (4.31), and (4.32)

H
g9,9;
;= AN 4.33
T ul' Ry u; ( )
H
9i119i+1
Py = = 4.34
g?gi ( )

This replacement reduces computational complexity because the matrix vector multiplication
R, g;,, in Equation (4.24) is avoided. Besides, the only matrix vector product left, R, u;,
which is needed in Equation (4.8) has already been computed in Equation (4.33) before.
Therefore, the resulting computational complexity for a rank D MSNWF is O (N2D), since
only one matrix vector multiplication with O (N?) has to be performed at each step.

Compared to the Lanczos implementation of the MSNWEF, the CG algorithm does not
compute the mean square error MSE® at each step. To get such a recursion formula for
MSE® in the CG implementation consider the first elements in Line 12 of Algorithm 2.1. It
holds for 7 > 2 that

i i—1 - i—1),2
Cgr)st,l = Cgrst,)l + ﬁz 1701'2—1,1'01(;3@‘5,1) : (435)

Apply this equation to replace c%?st’l in Line 14 of Algorithm 2.1

MSE® = MSEC &|ryq.q, 671 sl )” = MSECY &7 (4.36)
where MSE() is defined by Line 4 of Algorithm 2.1. The last equality holds because of

Equations (4.18) and (4.20). The fact that |g;| is the length of the residual g; and that
MSEWY = 62 02, yields the recursion formula

MSE® = MSE(~Y ongllg,, MSEO =42 (4.37)

50

Finally, summarizing Equations (4.33), (4.1), (4.37), (4.8), (4.34), and (4.5) leads to a
CG implementation of the MSNWEF which is given by Algorithm 4.1. Note that P. S. Chang
and A. N. Willson, Jr., presented a similar algorithm to solve the Wiener-Hopf equation
in [13]. However, we derived the CG algorithm from the MSNWF and in addition, our
implementation computes the mean square error at each iteration step. In the following
section, the resulting CG MSNWF algorithm is employed as a linear equalizer to an EDGE
system.
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Algorithm 4.1 CG based MSNWF

'wéo) =0
UL = <G = Ty,
L =gi'9,
MSE" = o2
5: for i =1 to D do
v=Ry u;
n =1/ (ul'v)
wl” = w{™ + nu;
MSE® = MSE(~Y <l
10: g1 = 9g; TNV
liq1 = ng+19i+1
Vi = liz/1;
Uit1 = SG;41 T i,
end for







5. Further Methods for Dimension Reduction

5.1 Principal Component Method

The Principal Component (PC) method [2] is another way to decrease computational com-
plexity by considering a transformed observation signal of reduced dimension. The original
Wiener filter wy € CV is replaced by the pre-filter T%%) € CN*P D < N, followed by a
Wiener filter of reduced dimension, 'wg?(), € CP, which estimates the desired signal sg [n]
from the transformed observation 3%%) n] = T%%)’Hyo [n]. The resulting filter structure is
shown in Figure 5.1. Due to the dimension reduction caused by the pre-filter, the result

yields only an approximate solution of the Wiener-Hopf equation (cf. Equation 2.7).

D),H ~(D
yo [n] == TOM —— wH ——3{7 [n]

Fig. 5.1. PC Filter

In order to build the pre-filter matrix of the PC method, we need the eigenvector decom-
position of the covariance matrix of the observation signal y, [n], i.e.

R,, = QAQ", (5.1)
where
Q:[q1 q, .. qN] (5.2)
is the orthonormal modal matrix and
A =diag (A1, \a, ..., AN) (5.3)

is a diagonal matrix of the eigenvalues of R, . Without loss of generality, we assume that
A1 > Xy > ... > Ay. Then, the pre-filter matrix Tgé) is obtained by using the first D

eigenvectors corresponding to the largest eigenvalues, i.e.

T{DDC):[q1 q, .. qD]. (5.4)

In Section 2.2, we have derived the reduced rank MSNWEF which can be seen as a pre-
filter TP) followed by a Wiener filter w(sD), too. Thus, similar to Equation (2.43), the PC

29
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approximation of the Wiener filter wy may be written as

D D D D),H )\ ! D),H
w((),P)C = Téc)w(D) = T;c) (Téc) RyoT;c)> T;c) Ty0,50

e (5.5)
D) A (D),—1n(D),H
= T%’C)A%’C) T;c) Tyoss0
with the diagonal matrix
AP = diag (A, s, ..., Ap) € CPXP. (5.6)
Because of the reduced dimension of the pre-filtered observation sé%) [n], the inversion of
its covariance matrix R(Sfc)j = T%%)’HRyOT%) = A%%) has less computational complexity

compared to the inversion of the covariance matrix of the original observation signal, R, ,
but the used eigenvector decomposition has a complexity of O (N?D) if we only compute
the eigenvectors which correspond to the largest eigenvalues of R, .

Contrary to the MSNWF and the CG algorithm (cf. Chapters 2, 3, and 4), the PC method
searches for the approximate solution of the Wiener-Hopf equation in a subspace spanned by
the eigenvectors corresponding to the largest eigenvalues of the covariance matrix, instead
of searching in the Krylov subspace (") (Ryoa""yo,SO)- Hence, the PC algorithm does not
consider the cross-correlation between the observation y,[n] and the desired signal sq [n],
i.e. it uses the signal components with the largest power without distinguishing between the
desired signal and interference.

5.2 Cross Spectral Method

Goldstein et. al. [14] introduced the Cross Spectral (CS) metric in order to include the
information of the cross-correlation between the observation y,[n] and the desired signal
so [n] in the choice of the eigenvectors of the covariance matrix R, for the composition of
the pre-filter matrix. The result is an improved approximate solution of the Wiener-Hopf
equation compared to the PC method.

D),H ~(D
yo [n] = TE™ — w0 307 [n]

Fig. 5.2. CS Filter
Figure 5.2 shows the CS filter structure. The columns of the pre-filter matrix T(C[é) €
CN*P D < N, are the eigenvectors of R, corresponding to the largest CS metric which
is explained in the next paragraph, and the Wiener filter ’wggg € CP estimates sg [n] from

sgé) [n]. The resulting CS filter
D D) 5 (D),~17a(D),H
w(()c)s = TEJS)A(CS) T(cs) Tyo.50 (5.7)

if we make the corresponding substitutions in Equation (5.5).
It remains to derive the CS metric. First, recall the eigenvector decomposition of R, in

Equation (5.1). Then, replace the matrix T”) in Equation (2.44) by the CS pre-filter T(C[;).
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It follows for the mean square error

D D)H D)\ "' (D). H
MSER) = o2 erll TR (TR R, TE) TR ry,

o2 et ngmgg»—ngg»Hr

Yo,50

_O' <:>Z ‘qz y0750 :

ieM

Voo (5.8)

where the diagonal matrix Agjs) contains the eigenvalues \;, i € M, of the covariance matrix

R, , and the pre-filter matrix TE]DS) the corresponding eigenvectors q;. The set M is chosen

to ensure that the mean square error MSE(C? is minimum. Thus, the following optimization
problem has to be solved

Tyo,s
M =arg max E ‘qz yo’ a : (5.9)
M’c{1 2,...,N}
M |= D eM’

and the CS metric which decides whether a eigenvector g; is chosen as a column of Tg;) or

not, is the term ‘q?ryoyso‘z /i

The CS method approximates the Wiener filter wgy in a subspace spanned by the set of
eigenvectors {g;|i € M}, i.e. the eigenvectors of R, with the largest CS metric. Therefore,
the selection criterion considers the cross-correlation vector ry ., but note that the spanned
subspace is not the Krylov subspace IC(P) (Ryo, ryoyso) used by the MSNWF. Unfortunately,
the complexity for the CS algorithm is O (N3) because all eigenvectors of the eigenvector
decomposition have to be computed before we can select the vectors with the largest CS
metrics. In Section 6.3 we will see the performance of the PC and the CS method compared
to the CG implementation of the MSNWEF.






6. Application to an EDGE System

6.1 Transmission System

In the following of this thesis, we apply the derived linear equalizer filters to an Enhanced
Data rates for GSM FEvolution (EDGE) system depicted in Figure 6.1. The EDGE radio
interface can be used in existing GSM systems in order to increase data rates while reusing
the same frequency bands and burst structure. EDGE was standardized [15] as Phase 2+ of
GSM by the European Telecommunications Standards Institute (ETSI).

8PSK

Laurent Impulse

b[f]

s [m] x [n]
Source .

t
0 5T

Serial /Parallel
Converter

Pulse Shaping

3

Il
—_
W

J Symbol Mapping

—
-
—
-

1]
[n]

!
2

M =
N2

— v [n]

U [n] (D= 1]
3 Hard

Decision Equalizer Y2 [n]

[m] Linear

Converter

Parallel /Serial

Fig. 6.1. EDGE Transmission System

First, the data bits b [¢] € {0, 1} of the source are mapped to the 8PSK symbols s [m| € C
in the way given by Table 6.1. Due to the serial /parallel-converter, the bit clock is three times
the symbol clock which is expressed by the different arguments ¢ and m. The symbols are
grouped in the burst structure given by Figure 6.2. The duration of an EDGE burst is
approximately 577 us and it contains 116 data symbols, 26 known training symbols, and 3
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tail symbols at the beginning and the end, respectively. The guard period at the end of the

burst lasts 8.25 symbol times.

Data Bits Symbol
b[3m] b[3m+1] b[3m +2] s [m]
1
1/V2+j/V2

J
S/V2+j/V2
<1
s1/V285/V2
<

0 1/vV2<j/v?

Table 6.1. 8PSK Symbol Mapping

e =R = s

_ == O O O O =
_ o O O O = = =

wi

Data Symbols Training Data Symbols TS
58 26 58 3

156.25Ts = 15/26 ms ~ 577 us

Fig. 6.2. Normal EDGE Burst (TS: Tail Symbols, GP: Guard Period)

Then, the 8PSK symbols modulate the linear pulse shaping filter which is the linearized

GMSK impulse

3
[TR(t+iTs) for0<t<5Ts,

g(t)=qi=o
0 else,
where
( t
sin <7rfS () dt’) for 0 <t < 4Ts,
0
o t—4Tg
R(t) =9 gin o [ S(t) dt’) for 4Ts <t < 8T,
0
L0 else,
with

1 t@%Tg,) ( t@gTs>>
S(t)_QTS (Q <0.67TTS\/m &0 0.67TTS\/IH_2 :

The function @) (t) is the Gaussian error integral

t
]_ t’2
)= —— [ e = dt,
Q) =— [

(6.1)

(6.2)

(6.3)

(6.4)
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and Ty = 48/13 us ~ 3.69 us is the symbol duration. Figure 6.3 shows the impulse g (%)
for t € [0,5Ts], which is the main component in a Laurent decomposition [16] of GMSK
modulation and contains more than 99.5% of signal energy. It can be seen that ¢ () is
unequal zero for five symbol times. Thus, we have severe inter-symbol interference even for
flat fading channels.

S
=~
T

0.2r

t/TS

Fig. 6.3. Linearized GMSK impulse

The base band signal
x[n] = Z s[m]g ((% <:>m> Ts> , (6.5)

m

where £ is the oversampling factor, propagates over Rayleigh multi-path fading channels (cf.
Figure 6.1) with the impulse responses of length L', b [n] and b}, [n], respectively. Besides,
v [n] and v [n] denote additive white Gaussian noise.

The signals y;[n] and y,[n], received from two antennas, are processed by a linear equal-
izer filter to get an estimation §[m] of the transmitted symbol s[m]. In the simulations of
Section 6.3, we will use the MMSE, PC, and CS equalizer to have a comparison to the CG
implementation of the MSNWEF. Note that the linear equalizer block in Figure 6.1 includes
an estimation of the statistics which is explained in Section 6.2. Finally, a hard decision
followed by a parallel/serial-converter yields an estimation b[¢] of the data bits b[¢] which
are compared to the transmitted data bits to compute the bit error rate (BER).

6.2 Estimation Techniques

All the equalizer filters mentioned above require an estimation of the covariance matrix of
the observation y, [n] and some of them need in addition an estimate of the cross-correlation
vector between the observation y, [n] and the desired signal sg [n]. In this section, we present
two possible techniques to estimate these second order statistics.
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The first way to estimate the statistics is correlation. Therefore, it is necessary to define
the structure of the observation vector y, [n] € CV. If we set

you[nl=[mln] yiln+1] -yt Fe1] ],
Yooa[nl = [2[n] weln+1] - pnt+Fe1] ], (6.6)
wil= [yl
the cross-correlation vector 7y, is estimated by
K,—1
0= 20 2 ol s[4, (6.7)
k=0
and the covariance matrix R, by
© | Knl .
Ryo = K—R kz:[] Yo [kl yo [K]. (6.8)

Kg is the number of samples available to estimate R, and K, is the number of samples
for the estimation of 7, ,,. Note that K, is also the number of training symbols because
the knowledge of the desired signal sq [n] is necessary (cf. Equation 6.7) in order to compute
ﬁ;co?so. In general, Kp > K, since the covariance matrix R, can also be estimated without
the knowledge of training symbols.

The second technique estimates the channel via least squares method and uses the result
to compute an estimate of the covariance matrix R, and the cross-correlation vector ry .
Before we apply the least squares method, it is useful to derive a matrix-vector representation
of the transmission system. In the sequel of this section, the index 7 € {1,2} indicates the
antenna to which the term corresponds. Note that the following formulas can easily be
generalized for an arbitrary number of antennas.

First, we define the channel vector h; as

ho=[ho] w1 - mLel]]". (6.9)

Then, we introduce a new channel vector h; € CF, L = L' + 5k, which also includes the
sampled pulse shaping filter g (¢), i.e.

h; = Gh!. (6.10)
The pulse shaping matrix G € C**"" is the convolution (Toeplitz) matrix
[ g[0] |
g1l ¢lo]
sl )
g[5] gl1]
! g[5x] |
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Another representation of G may be obtained by defining the L x L nilpotent shift matrix

0 0
T, = | ! , 6.12
L [ 1,1 0 ] (6.12)

where 07, is the (L <1) x 1 zero vector and 1, is the (L <1) x (L <1) identity matrix.
Defining T'Y = 1, and the inverse I';' = I'}, yields finally

G- (g%g[k] r’z) { os)liy ] , (6.13)

with the 5k x L' zero matrix Os,y /.
The transmission of the training sequence over the system given by Figure 6.1 can be
expressed by the following equation:

y,=H")s+v; ie{1,2}. (6.14)
The vector s € CXr contains all the training symbols of one burst, i.e.
T

s=[sn) sy+1] -+ s+ K, <1] ] (6.15)

where the sequence begins at the (n; 4+ 1)-th symbol of the burst. The noise vector v; €
CrHE-=D+1 added to branch 4, is defined as

vi=[vilnd vilne+1] - vl +r(K 1] ], (6.16)
and the received signal vector y; € C**=1+1 at the i-th antenna as
T
Y=yl yl+1 -yl +r(K D] ] (6.17)

Finally, the channel matrix HEKT) e CHE=D+D)xEr may be written as

H) = R RO L hEKT)], hE”Z%EK”eH(j_n#v je{1,2,... K.}, (6.18)
where
L—1
M =Y hleT )., € Tt DXy (6.19)
k=0

is a convolution matrix similar to G (cf. Equation 6.11), and e,;_1)41 or e is a unit norm
vector with a one at the (k(j <1) + 1)-th or k-th position, respectively. Compared to the
matrix ’HEKT), the channel matrix H EKT) considers the fact that the received signals y; [n]
and ys [n] in Figure 6.1 are oversampled with the factor £ while the symbols s [m] are only
sampled in times of the symbol duration 75.

If we use the training symbols of one burst in order to define the symbol matrix S €
C(I{,(KT—I)—FI)XL as

K,—1
1
S = (Z s [y + K il +1> { O L : (6.20)

— Kr—1)+1—-L)xL
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and remember Equation (6.10), Equation (6.14) may be transformed as follows

y,=H")s+v, = Sh; + v, = SGh' + v;. (6.21)

2

Thus, the channel vector h; can be estimated applying the least squares method [1], i.e.
h; = Gh; =G (56)"y.. (6.22)

~ (LS ~
In order to compute finally R; ) and 7% from the channel vector h;, it is necessary to
0 Yo,50

M e @NxM A = |(N &1) /k] + 1, first. Note that H™
generates the observation vector y, [n] and not the received training sequence as H Z(-KT) does.

To this end, we replace h; and K, in Equation (6.19) by h; and M, respectively, and plug the

calculate the channel matrix H

result 7-AL£M) in Equation (6.18). If we build the matrix H wo by using the resulting matrices
I:I(M) o (M)
. and H,

£ (1)
S0n _ | H
H" = [ ho ] , (6.23)

~ (M
the estimation of the cross-correlation vector 7y ,, is simply the d-th column of H( ), i.e.

70 — e, (6.24)

Y0550

where d is a integer symbol delay. Assuming white Gaussian noise, uncorrelated transmitted
symbols and a signal power of one yields the estimate of the covariance matrix

- (LS) 1 A
R =—1y+H
¥» T SNR

(M)

g, (6.25)

In Equation (6.25), we see that it remains to estimate the SNR at the receiver. The estimation
of the noise vector v; is the error of the least squares method in Equation (6.22). It holds
for i € {1,2}

0; =y, <Sh, (6.26)
and thus, the remaining term in Equation (6.25), SNR, may be written as

2k (K, 1)+ 1

~H ~ ~H A
ViUV + U505

SNR =

(6.27)

In the next section, we apply the equalizers derived in Chapters 2, 4, and 5 to an EDGE
system using the estimates given by Equations (6.7) and (6.8), or Equations (6.24) and
(6.25), respectively.
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6.3 Simulation Results

Recall the EDGE transmission system defined in Section 6.1. We sample two times during
one symbol duration, i.e. kK = 2, and take 20 samples of the received signal at each antenna
to build the space-time observation vector y, [n], thus, its dimension N = 40. The length
of the channel vector L' = 7 if we assume a delay spread of 7., = 10 us or approximately
three symbol times, hence, the channel vector which includes the pulse shaping filter, h;, has
length L. = 17. Besides, the channel is constant during one burst.

Simulations show that the CG implementation of the MSNWF given by Algorithm 4.1
yields exactly the same results as the Lanczos based MSNWEF. This confirms the transfor-
mation we made in Section 4.1 and in the following simulations, we may restrict ourselves
on the investigation of the CG based MSNWF.

10°
9
107°1r .
[aed
5]
m
107°F 3
—— MMSE
—— CG MSNWF - 10 steps
—— CG MSNWEF — 8 steps 1
; —— CG MSNWF 6 steps v
10* T |
0 5 10 15 20

SNR/dB
Fig. 6.4. BER for known statistics using CG MSNWF equalizer

For comparison purposes, we first analyze a known channel. Thus, the exact statistics,
i.e. the covariance matrix R, and the cross-correlation vector ry . are available. Figure 6.4
shows the resulting BER using the CG based MSNWF with D € {6,8,10} steps compared
to the MMSE equalizer or Wiener filter which corresponds to the MSNWF with D = 40
steps. We observe that the MSNWF with D = 10 steps is very close to the MMSE equalizer
even for high SNR values.

In order to verify the dependence of the BER on the number of iteration steps D, we
computed Figure 6.5, where we used a SNR of 15dB. Again, for D > 9, the CG implemen-
tation of the MSNWF yields almost the same result as the MMSE equalizer, however, the
MMSE solution is always better than every rank D MSNWEF.

In Figure 6.6, the CG based MSNWF is compared to the CS and PC equalizer which
we explained in Chapter 5. Except for the MMSE filter, all equalizers in Figure 6.6 find the
approximate solution of the Wiener-Hopf equation in a subspace of dimension D = 8. We
see that the MSNWF yields the best approximation of the MMSE equalizer or the Wiener
filter.
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Fig. 6.5. BER for known statistics using CG MSNWF equalizer (SNR = 15dB)
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Fig. 6.6. BER for known statistics using different equalizers (D = 8)

Next, we estimate the statistics with correlation, take K, = 26 training symbols beginning
at the 62-nd symbol of a burst, i.e. n, = 61, and use Equation (6.7) to compute the estimate

of the cross-correlation vector, fg;?so. Equation (6.8) yields an estimate of the covariance

matrix, R;(;), if we set Kp = 148 symbols. We get the simulation result depicted in Figure 6.7.
Compared to the simulation where we assumed a known channel (cf. Figure 6.4), the CG
based MSNWF with D € {2,4,6} steps is now always better than the MMSE filter. This
confirms also Figure 6.8 where the BER depending on the number of iteration steps D is
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Fig. 6.7. BER for estimated statistics (correlation) using CG MSNWF equalizer

107!

shown (SNR = 15dB). Moreover, we observe that every rank D MSNWEF performs better
than the MMSE equalizer and that the best solution is obtained for D = 4. Unfortunately,
there exists no criterion to stop the algorithm at the iteration step with the optimum solution.
It remains to explain the fact that the BER increases again for D > 4. Recall the eigenvector
decomposition of R, and note that the small eigenvalues of R, have the largest estimation
errors. Due to the inversion of R, in the Wiener filter, especially these eigenvalues determine
the filter coefficients and cause the bad behavior.
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Fig. 6.8. BER for estimated statistics (correlation) using CG MSNWF equalizer (SNR = 15 dB)
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Fig. 6.9. BER for known ry ,, and estimated R,  (correlation) using MMSE or CG MSNWF
equalizer with D = 8 steps, respectively

The BER in Figure 6.7 is much higher compared to Figure 6.4 where we knew the
statistics. Figure 6.9, where ry_, is assumed to be known and only the covariance matrix
R, is estimated by correlation, shows that especially the estimation of the covariance matrix
causes this problem. The BER of the CG MSNWF with D = 8 steps and SNR = 15dB in
Figure 6.8 is only a little bit higher than the BER of the CG MSNWF for Kp = 148 and
SNR = 15dB in Figure 6.9. Figure 6.9 shows also that the number of samples Ky used for
the estimation of R, , has to be much larger than 148 to get a low BER. However, the CG
based MSNWFEF achieves the same BER as the MMSE with much less samples Kg.

In order to improve the result shown in Figure 6.7, we apply the least squares method to
estimate the channel and from it the statistics as described in Section 6.2. Figure 6.10 shows
the results for the CG based MSNWF with D € {6, 8,10} steps and the MMSE equalizer. We
see that the least squares method yields much lower bit error rates than using correlation.
As in Figure 6.4, the MSNWF with D = 10 steps behaves almost the same as the MMSE
filter.

Finally, Figure 6.11 shows a comparison of the CG MSNWF algorithm to the PC and
CS equalizers. Again, the MSNWF is much better compared to the other reduced dimension
methods.

Note that all figures show the raw BER. Due to channel coding, an uncoded BER of 107!
results in acceptable speech transmission.
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Fig. 6.10. BER for estimated statistics (least squares method) using CG MSNWF equalizer
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7. Conclusion and Outlook

In this thesis, we derived the relationship between the Lanczos based implementation of
the MSNWF and the CG method. Both are methods to approximate a solution of a linear
equation system, which is in our case the Wiener-Hopf equation, searching in a subspace of
reduced dimension. A new implementation of the MSNWF is obtained by transforming its
formulas into those of the CG algorithm.

Then, we applied the obtained algorithm to an EDGE transmission system and compared
it to other reduced dimension methods, i.e. the PC and CS algorithm. If we assumed known
statistics, simulation results showed that despite the reduced computational complexity, the
CG based MSNWF yields almost the same result as the MMSE equalizer and moreover,
it performs much better than the PC or CS filter. Although the results deteriorated if we
estimated the statistics using correlation, we observed that the CG MSNWF performs better
than the MMSE equalizer for every number of iteration steps D. Finally, we used the least
squares method to estimate the channel and the statistics. The simulation results could be
improved and again, the CG implementation of the MSNWF is a good approximation of the
Wiener filter.

y1 [n] R
Pulse  [n] > CG T [nl Nonlinear

— >| Channel ]
s [ml Shaping anne v2 [@ MSNWF Equalizer

-

Fig. 7.1. Nonlinear Equalizer with CG based MSNWF as Pre-Filter

Another way to improve the BER in an EDGE system is depicted in Figure 7.1 [17]. We
propose to use the CG MSNWF as a pre-filter in order to estimate the base band signal x [n]
from the received signals y; [n] and ys [n], respectively, using the covariance matrix R, and
the cross-correlation vector ry ... Note that the cross-correlation vector can be computed
using the training symbols and the known pulse shaping filter. Then, the estimated base
band signal, Z [n], is processed by a nonlinear equalizer, e.g. a Viterbi equalizer to remove
the severe inter-symbol interference due to pulse shaping, which causes the high BER in
the case of linear processing. The nonlinear filter estimates the desired symbol s[m] from
the estimated base band signal. Because of 8PSK-modulation and a pulse shaping filter
containing 4%+ 1 samples, the number of states of a Viterbi equalizer is 8**. This high number
of states causes a huge trellis structure and is therefore difficult to implement. Applying a
suboptimal reduced state Viterbi equalizer seems to be an acceptable alternative.
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Appendix

A1 Abbreviations

BER Bit Error Rate
C Correlation
CD Conjugate Directions
CDMA Code Division Multiple Access
CG Conjugate Gradients
CS Cross Spectral
EDGE Enhanced Data rates for GSM Evolution
ETSI European Telecommunications Standards Institute
GMSK Gaussian Minimum Shift Keying
GP Guard Period
GPS Global Positioning System
GSM Global System for Mobile communication
LS Least Squares
MMSE Minimum Mean Square Error
MSE Mean Square Error
MSNWF Multi-Stage Nested Wiener Filter
PSK Phase Shift Keying
TS Tail Symbols
A2 Symbols
|| absolute value
RIS Euclidean norm
14 A-norm
)" conjugate complex
T transpose
H

conjugate transpose
pseudo inverse

D) term belongs to reduced dimension D

(.

()
()
()
()
1; 1 X ¢ identity matrix
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0; 1 X 1 zero vector

0 1 X j 7zero matrix

o real valued factor at stage ¢ of MSNWF

B real valued variable used at iteration step ¢ of the Lanczos based
MSNWF

Vi real valued step length at iteration step ¢ of CG algorithm

Vi arbitrary real valued step length at iteration step ¢

r; 1 X ¢ nilpotent matrix

0; real valued step improvement at iteration step ¢ of CG algorithm

g0 [n] error between desired signal and its estimate

Ciyr Viy Xi real valued factors of linear combinations

;i real valued step length at iteration step ¢ of the CG based MSNWF

K oversampling factor

A eigenvalue of the covariance matrix R,

A diagonal matrix of the eigenvalues of R,

Agé) diagonal matrix of the D eigenvalues of R, which fulfill the CS cri-
terion

Agé) diagonal matrix of the D largest eigenvalues of R,

Lbi Lagrange multiplier

vi [n] additive white Gaussian noise signal added at the i-th antenna

v; additive white Gaussian noise vector added at the i-th antenna

v; estimated noise vector added at the i-th antenna

0 real valued variable whose absolute value is the length of the residual
g, at iteration step ¢ <1 of the CG based MSNWF

O singular value of blocking matrix

o2 variance of a signal x [n]

W, real valued step improvement at iteration step ¢ of the CG based
MSNWF

A matrix of a linear equation system

b[n] data bit

b[n) estimated data bit

b right side of a linear equation system

bD) vector used for the derivation of the backward recursion

B; blocking matrix at stage : of MSNWF

cl(g) real valued matrix element at the i-th row and the j-th column of
o)

cz(-D) real valued i-th column of C'P)

cg?st real valued first column of C'¥

cl(;lt real valued last column of C'¥

c®) real valued inverse of R(")

S
reduced dimension



A2 Symbols
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L(t,ul,...)

MSE;
MSE(”
MSE{Y
MMSE,
MMSE,,

MI

Uz

error function

unit norm vector with a one at the i-th position

expected value

linear Laurent pulse shaping filter

sampled Laurent impulse

residual at iteration step ¢ <1 of the CG based MSNWF

pulse shaping matrix

channel impulse response of i-th antenna (pulse shaping excluded)
channel vector of i-th antenna (pulse shaping included)
estimated channel vector of i-th antenna (pulse shaping included)
channel vector of i-th antenna (pulse shaping excluded)

estimated channel vector of i-th antenna (pulse shaping excluded)

(4)

m-th column of the channel matrix H,;"’ of ¢-th antenna

(k (j 1) 4+ 1) x j channel matrix of i-th antenna

estimated (k (j <1) 4+ 1) x j channel matrix of i-th antenna
(k(je1)+1) x (k(j<1)+1) channel matrix of i-th antenna for
oversampled symbol sequence

estimated (k (j 1)+ 1) x (k(j ©1) + 1) channel matrix of i-th an-
tenna for oversampled symbol sequence

integer variables

number of samples used to estimate the cross-correlation vector ry s,
number of samples used to estimate the covariance matrix R,
i-dimensional Krylov subspace of a matrix A and a vector «

absolute value of p; used at iteration step i <1 of the CG based
MSNWF

dimension of channel vector h; which includes pulse shaping

length of A [n] or dimension of channel vector h., respectively (pulse
shaping excluded)

Lagrange function

matched filter at stage i of MSNWF

number of symbols which produce the oversampled observation vector
mean square error of the linear filter w

mean square error of rank D MSNWF

mean square error of CS filter

minimum mean square error achieved by the Wiener filter w,
minimum mean square error achieved by the Wiener filter w,,

set of integers corresponding to the eigenvalues of R, which fulfill the
CS criterion

arbitrary subset of {1,2,... N}
time index of the first symbol of the training sequence within a burst
dimension of observation
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O () Landau symbol
p; A-conjugate vectors at iteration step ¢ of CG algorithm

P, projector onto the space orthogonal to the pre-filter ¢;

Q (1) Gaussian error integral

Q modal matrix of the covariance matrix R,

Tij matrix element at the i-th row and the j-th column of R{”)
Ty cross-correlation between a signal x [n] and y [n]

r; residual vector at iteration step ¢ <1 of CG algorithm

Toy cross-correlation vector between a vector x [n] and a signal y [n]
Az(/(;?so estimated cross-correlation vector 7y, (correlation method)
A:E/L(;Ss)o estimated cross-correlation vector 7y, (least squares method)
R (1) function used for the definition of the pulse shaping filter g ()
R, covariance matrix of a vector x [n]

R ;(;) estimated covariance matrix R, (correlation method)

. (I's) _ . .

Yo estimated covariance matrix R, (least squares method)

s [m] data symbol

§[m] estimated symbol

so [n] desired signal

5o [n] estimate of desired signal

s; [n] desired signal at stage i of MSNWF

§;[n] estimate of the desired signal at stage i of MSNWF

§(()?:)s [n] CS estimate of desired signal using a D-dimensional subspace
§(()?C [n] PC estimate of desired signal using a D-dimensional subspace
2, [n] estimate of the desired signal using the filter w,,

s data symbol vector

s [n] pre-filtered observation vector

sgé) [n] CS pre-filtered D x 1 observation vector

sgé) [n] PC pre-filtered D x 1 observation vector

S (t) function used for the definition of the pulse shaping filter g (%)
SNR estimated SNR

S symbol matrix

t time variable

t; i-th pre-filter vector of MSNWF

Ts symbol time

T, pre-filter matrix

T(P) pre-filter matrix of rank D MSNWF

Tg;) CS pre-filter matrix using a D-dimensional subspace

Tgé) PC pre-filter matrix using a D-dimensional subspace

Uu; R, -conjugate vectors at iteration step 7 of CG based MSNWF
v vector used by the Lanczos based MSNWEF or the CG based MSNWF

linear filter
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o1

Wiener filter

Wiener filter at stage ¢ of MSNWF

Wiener filter which estimates the desired signal from a vector x [n]
rank D MSNWF

CS filter using a D-dimensional subspace

PC filter using a D-dimensional subspace

transmitted base band signal

estimated base band signal

solution of a linear equation system

approximate solution of a linear equation system at iteration step ¢ of
CG algorithm

received signal at the i-th antenna
received signal vector at the i-th antenna
observation signal

observation signal at stage ¢ of MSNWF
observation signal at the i-th antenna
pre-filtered observation signal
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