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?;÷:÷:÷÷÷÷.me...
r a n d om experiment taking o n a numerical

v a l u e . ' '

Mappingsandfunctions.

Define: G i v e n t w o abstract spaces S

a n d A , a n A - va lued function
mapping S t o A

f : S → A

i s a n assignment o f a specific

e l e m e n t o f A e t o e a c h W E S .
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T h u s , given WES ,
f e w ) E I t ,
V w E S .

G w e n

f : S - A

S i s c a l l e d t h e t ox i n o f f ;

J t i s ca l l ed t h e r a n g e o f £ .

Example-i I n calculus w e study r e a l va lued

functions o f a r e a l variable..

f : I R → R .

S - R a n d A - R .
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Defy: Given any t w o s e t s F C S

a n d G C A , w e d e f i n e t h e

image o f F u n d e r f a s

" f ( f )
' ' I { a c -A : a = f e w ) f o r s o m e WEE}.

a n d t h e pre-image o r inverseimage
o f G C A u n d e r f i s defined a s

"f-
' (G)":{wed: f ew ) E E }



Pictorially, t h e s i tuat ion appears a s
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fo l lows :

O t t o

o÷÷€⇒÷



RandomVariables 1 0 . 5

• We o f t e n c h a r a c t e r i z e t h e o u t c ome
o f a r a n d om experiment by a

number (perhaps a measurement.)

e.ge - I n d u c e d e l e c t r i c c u r r e n t i n

a n a n t e n n a d u e t o random
the rma l mot ion o f charges.

- T h e n u m b e r o f " H e a d s "

t h a t o c c u r i n N independent

c o i n t o s s e s .



I n t u i t i v e ! G i v e n C S , F , P) , 1 0 . 6

a randouvariable i s a mapping

f r o m G t o t h e rea l l i n e .

* : I → 112

Q.FI#.........e-.w.i.



A random variable i s a rea l -va lued 1 0 . 7

function d e f i n e d o n S

- S i s i t s domain

- I R i s i t s r a n g e

1 . I t i s no t random.

2 . I t i s n o t a
variable.

T h e mapping X : S
→ I R i s f i xed and d.e.to?

r.miaygto#

T h e randomness observed i n Kew )
i s d u e t o t h e randomness o f t h e o u t c ome

w e s i n t h e r a n d om experiment IS,-5,14.



A f u n c t i o n X : S → R h a s t h e 1 0 . 8

property t h a t i t s output i n h e r i t s

a probability m e a s u r e f r o m P i n t h e

underlying probability space I S , F , P ) :

w e require t h a t XC. ) h a s t h e property t h a t

f o r any
A c -① ( IR ) , w e c a n compute t h e

probability ICA ) .

Any function
* (a ) such t h a t w e c a n compute

P× lA) f o r a l l A c - BCR ) i s c a l l e d a

CBorellmeasurablefunction
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D E I : Given ( S , F , P ) a randomvariable
i s a mapping X : S - R w i t h

t h e property t h a t f o r
a l l AEBCR),

*
"

( A ) = {W E S : X i ' E A } c - I

such a function i s called a

Bo r e l measurable func t ion .

i n .



( B o r e l ) Measurability o f X i n s u r e s

t h a t w e c a n compute t h e probability
' O ' ' °

t h a t "

{ * c - A } "= { w e s : X lw ) E A } E F

f o r a l l A c - ① CIR)
-

Q : How restr ict ive is measurability o n

t h e family o f functions t h a t a r e

va l id R V s ?



e ¥ I f ( S , F , P ) i s taken t o have 1 0 . 1 1

1 = 1 1 3

I = B I R )

T h e n a l m o s t a n y
func t ion

* : R → I R

w i l l b e a random va r i a b l e .

I n f a c t , f o r

( I R , BCR),P )
¥1 ( R , BCR), Px)

a l l o f t h e following w i l l b e va l i d R V s :



I . Cont inuous functions 1 0 . 1 2

Z . Polynomials

3 . Step func t i ons :
K . ch,C K - a )

4 . A l l i n d i c a t o r f u n c t i o n s :

I A Cw ) = { 1 ,
W E A

°
, w#A

f o r a l l A c - B a r ) .

5 . A l l trig. functions (circular a n dhyperbolic)

6 . A l l Bessel functions



7 . L im i t s o f sequences o f measurable 1 0 . 1 3

function

f , ex ) , f z ( X ) , . . . ,
f n C t ) . . .

1 cm f u ( x ) = f i x )
n o w

8 . S u m s ( f . 'nite a n d countable) o f

measurable f u n c t i o n s

£ , Ct) , f - C t ) , . . . ,
f n C t ) , . . . :

f a r ) = § f i n e ) .
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F a c t : I t i s very d i f f i cu l t t o

d e s c r i b e a function Xc . )
t h a t i s n o t measurab le .

e . g e I f A i s o n e o f the"problem s e t s "

i n P C R ) - ① ( I R ) , t h e n

New) = I a ' w )

i s n o t measurable and hence

n o t a random var i ab le
.



theiRanefanfunct ionfy t o . i s

L e t f : S → A .

We ca l l t h e image f l s ) C A t h e

t r a n c e
o f f .

e . g . f : 112 → 112
,
f a r = x 2

t h e n " f ( IR ) " = [ o , c o ) = range space
o f

f a x ) = t 2 .

Given ( h , F , P ) and a R-V K , t h e R V .

t a k e s o n v a l u e s i n t h e range space
e = f ( f ) c - R . .


