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Recall . . .

1 7. 1Thecharacteristicfunction

Define: L e t i t b e a R - V . o n ( S , F , P ) .
T h e chaaracteristifunction o f X

i s
f -
*
(w) E E [eiw*], w e I R .

I f f * Cx) i s t h e pdf o f X ,
t h e n

I
*
cut =] eiw× f*Hdx.

#
*
w ) : R → E .



Reca l l . . .

1 7 . 2

#
*
I w ) =,] f*cx1etiw× d x

i s a Fourier t r a n s fo rm o f t h e pd f # (x).

n .be ,
i = I T . Engineers often u s e " j "

i ns tead o f " i " , b u t

w e w i l l u s e " i " ,



1 7 . 3F-
*

ew ) = f f*cx1etiw×d×

¥ .

eiwx-coswx-
I.es#Eulers formula)

e io = c o s t t i s i n o Pau l J . Mahin, D I

s e t o n ⇒ eitt') 519%11.15%9%1.(
⇒ e i t t 1 = 0

A lso n o t e f r o m Euler's formula

c o s o = e[¥° and s i n o = e¥¥°÷
From which i t i s easy t o d e r i v e m a n y t r i g formulas.

I
. c o s I c o s t = { [ c o s (d-p) + c o s ( d t p ) ]

s i n & s i n p = n - -

,
c o s d . S m p = - a - g



Anyway, w e h a v e 1 7. 4

E [ein
*
] = E [ c o s w K t i s i n w k ]

= E [cosw k ] t i E [ s inWH]

" ± I I * will = I [faneiwxdxfeflf.me:'(da
- c o

=P I #A l l . I eiwxldxff.am d x = I .. :
-"ISIS I n

⇒ / I #w i fe I *

1 0 1 = 1 .

i . I l u ) i s we l l def ined f o r any A c t )



1 7 . 5T h e r e i s a corresponding inverse

Four ie r t r a n s f o r m relationship:

f , ext = z÷§oI*iw)eiw×dw

ie. E v e n #* I w ) , w e c a n f i n d f * ex ) ,
wh i c h i s a complete probabilistic

description o f X

⇒ #* (w) i s a complete probabilistic

description o f X .

16.9



Fact: Suppose Idw) i s k n ow n t o b e
1 7 - 6

t h e characteristic f u n c t i o n o f

R V × a n d R r Y :

o I * iw l=o I , Iw) =oI jw).
T h e n X a n d Y h a v e i dent ica l

pdfs a n d c l e f s :

f * ( d ) = f i e l d ) , t h e 112

[ l o l = F ie ld ) ,
f o r E R .

T h i s d o e s n o t m e a n * c.) = ' Ya ) .

16.10



1 7 . 7n ± : J u s t b e c a u s e t w o R V s have

t h e s a m e pdf d o e s n o t m e a n t h a t

, they a r e equal:
l e t R V × have pdf

fµH= -2¥ exp { ' I I }
Def ine ' Y = - X .

I t c a n b e shown

t h a t fµcyi=¥e×p{¥.}
( i .e. , f * ( o ) = f , co) ,

t h e R , and yet

t h e only t i m e New) = Yew) i s when * 'w l=0.

P l { * =Y3) = ①( E X - 0 3 ) t o



Example: I f X i s a n exponentially 1 7 . 8

d is t r i bu ted R V w i t h m e a n µ ,

f i n d I T* ew ) .

#
*
I w ) = E [eiw*] =-§eiw×f* a t d x

= [eiwx.luexp (Iu)-Io.IT' d i

= feint. #e-Y u d × = Joselin-IK d e

= ' ' ' = y¥i, = ¥wµ =
(I-iwn)"



Usefulproperty-i I f X i s a 1 7 . 9

R V w i t h c h a r a c t e r i s t i c f u n c t i o n

E-
*
( w )

,
a n d

Y = a # + b.
,

a , b E R ,

t h e "
I o , ew) = eiwboI* ( a w ) .

Proofu: OI, ew) = E[eiwY]= Efeiwcaktb)]
- E
[eiwa#,@iwb]=eiwbE[eicwalk]

= eiwb.IT#law) •



1 7. 1 0

Define: T h e momentgenerating

function o f a R V X i s defined

" s

¢# ( s ) I E[es#],
where S E R ( o r s e e . )

• I n elementary c o u r s e s , s i s t a ke n

t o b e r e a l

• I f w e t a k e s e e , 4*6) i s a

bilateral Laplace t r a n s f o r m .



a s

¢* ( s ) E E [es
* ] =ff*Nes×dx

I f w e l e t s a

" "

• IT
×

i w ) = of
*

( i w )

• & c . ) : G → ¢

I f S E I R : t h e n

4*1.) : R - R



Suppose I w a n t t o compute 1 7 . 1 2

E [ X " ] n " T h e n - t h moment o f X "

T h e following theorem i s u s e f u l :

Given a R V XMuffhentmgtheor
off ,

t h e n t h moment

o f X i s given by
c -fix"] -

dng.in#/s=o=oiIIol.

Alternatively, w e could comput
e)( Earn) =,§xhf*cx)d x .



1 7 . 1 3Proofe: consider 4*151 = E [ e s " ] .

¢"'es) = {÷, ( E [es#])-E (d"¥I]
= E [ * " e s # ]

S o setting s - o
,
w e h a v e

4¥10) = E [ * neo-* ] = E [X " ] ,
i f

a



Example: suppose X i s a n
exponentially 1 7. 1 4

distributed R V w i t h m e a n µ .

F i n d i t s variance.

I *
Cw) = E u =

re-iwu5'

01*15) = ¥ = Ci-su)-'

v a r ( X ) = E W ] - (Ea t ] ) -= E [1×2]-a-

⇐ [ * 2 ) I T
5%84/5=0

= dd¥[c'-sat"]ls=o



1 7 . 1 5
• . .

= ads [-CI-sur-n)] I s - o
= [ z u C i - s u53C-n)]I s ,

= z u >(s-sn53ls.pt/2uII-
varCHI=2u2-cuf=/uI



W e c a n u s e t h e charac te r i s t i c 1 7 . 1 6

funct ion i n t h e momen t theo rem:

E [ × " ] = i t d"§In¥/w=o

0 1 (identifying oI* ( w ) w i t h ¢*liw))

or]=%¥÷¥liw=o



1 7 . 1 7
F o r t h e exponential c a s e , t h e

e . g e
char. f t n . i s

-01*1 w ) = ( i - i wµ j '
-

E E K ] = ¥w, G-id'T"]liw.-o
=-Ci-iwu54.nl/iw=0-
=cifiwu-zliw=o

= ¥ t h e



1 7 . 1 8

Fact : I f X i s a Gaussian

R V w i t h m e a n u a n d v a r i a n c e 02,

t h e n

i÷÷÷:÷÷÷÷÷

I t w i l l be very
useful.



1 7. 1 9Reca l l t h a t

I
*
curl = E[eiw*]

= [f*cx1eiw×d×

I f X i s a discrete R V taking o n va lues

{ X i n } w i t h pouf p*cxn) ,
t h e n

£ ex) = [p*cxn)S c i - t n ) ,
and i t fo l lows t h a t

I
*
' w t = [p*cxn,

e in"
•



Examplen: consider a Gauss i an R V 1 7 . 2 0

X w i t h m e a n µ a n d v a r i a n c e 0 ?

Using t h e momen t theo rem, verify
t h e m e a n a n d v a r i a n c e .

We know t h a t foxes)=esMe±s20-

E E ] = Is $+61150 =
off''lo)

= I s[eslletzs2o2J-
Cuesu.eEs202t@stdo2getzs
20Ils-O-h.I' I t I . 0 . I = @



N o w v a r ( H ) = E [XP]-CECH])- 1 7 . 2 1

E [1×2] =
0/12'co)

= I s ( a e ' s . e's5 0 1 eusozsetz0252)

= ( • 2 e ' s . e£520} µ e ' sgaze's
5 2 0 2

t eds 0 2 e t 0252 t s 0 2 ( • + d ) emset
032))

s o

= µ 2 . I , I + e r . I - O - O ? I t I . 0 2 . 1

+ O . (U to ) . 1 . I = 12+029
i . v a r a x i e n " ' - '"¥i¥..


