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Reca l l . . .

Example o f a s e t A- w h e r e t h e R i em a n n 6 . ,

integrgeppdo.es#na&pdf

f o r ) = I[of,rj = { I ,
o e r s I

° , elsewhere.

L e t A I HQ Irational n u m b e r s .
- •

P C A ) = P (HQ) = § f o r ) . I#ers d r

= § I#Crs d r

do e s n o t ex i s t a s a Riemann integral.



Recall...

6 . 2Plot):[fort.'t¥rldrO¥¥¥g,ahhh
= §I#cmdr
=!':-II. 'on''to¥¥¥÷I"'r

I k E 0 K

S I M ,
=#il-el-(11%10,4)=52%1%1.0

= O

Sumit = ¥1-ial.cm#I-oiHI=EIpoialrI='t
k : L

F o r a R i eman n integral t o e x i s t

I i m
µ ,

541N =,f '§ , SUMI .

i . T h e Riemann integraldoes n o t ex is t i n th is c a s e .

-



B u t h e re , w e have 6 . 3

1 . i n
µ ,

Sumit t 'n'in, S IMN

i . R . I . doesn't e x i s t

Ye t by intuit ion

P I T = §I#cmdr = o

w e h a v e a problem.

T h i s i s why t h e Lebesque w a s

introduced.



R . I . : 6 .4

t.ie#A.t÷÷÷E⇐÷
÷÷E÷⇒

I . § I a c r i D X i s defined f o r

a l l A c - ① ( R ) i f I u s e a

.

" " " " ' " " " " "

2 . I f t h e integrand h a s bounded
abso lu te v a l u e , w e c a n exchange
t h e o rd e r o f l i m i t s



How d o w e reconsile t h e difference

between t h e R . I . a n d t h e L . I . ?tmp-
t.az#+hep.eman=njY
e x i s t s , t h e Lebesgue integral e x i s t s ,l÷÷÷i÷÷÷÷.*ma
#

Th i s leads t o t h e

"Engineering compromise o n integration"



6 . 6

asi.is?::::::::::::it#aea,
w e calculate probabilities a s

P I A ) = f , f e r ) d r = [fer)-Iacr) d r ( L I . )

w e interpret t h i s a s a Lebesgue integral,

h ow e v e r f o r "friendly functions"

( i . e .
,
Riemann integuable

functions)

w e compute t h e value o f PCAJ

using Riemann integration.



CompromiseApproachisuotuncommon 6 7

eat,.at..::# ¥÷¥i÷¥:*..
Computation:

Lebesgue Riemann

soweactouputep i t i es
using t h e R I . whenever possible.

We invoke t h e properties o f t h e

L . I . whenever i t i s beneficial
T O d o s o ,

6 . 7



T h e r e a r e a number o f u s e f u l 6 . 8

pdfs w e w i l l w a n t t o k n o w .

EEI.info?aP..I#.;.reR
a , b E 112

a c t s .

= {Fa,
r e [a .b]

÷¥÷÷. 0 ,
elsewhere,

neb. ( i s f a r ) 2 0 , t h e I R

I i i ) ffers d o = L .÷
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Q I Theexponentialpdff
ers = De i> r . eco;) = {DE", r e o

0 ,
r c o

7 > O

' I I .
n a h . ( i ) f o r , 2 0 , H r E R

( i i ) [for) d r = I .



E x . 3 - TheEauss i anp 6 . s o

f a r =,¥o exp {-cz¥2} r . c . I RM E I R

o > o

"÷t÷÷=
( i ) f e r ) 2 0 ,

r e I R

I i i ) [far, d r = I



PMFsandPDFSYoushou l dknow-6 . l i

P M F s - P D F s y

Binomial U n i f o r m

Geometric Exponential

Po i s s o n Gau s s i a n



'/,-1 6 . 1 2

÷÷÷i÷÷i÷'m.ee,
knowing t h a t ① h a s occurred may

t e l l u s something about whether

o r n o t A h a s occurred

c±t¥÷÷÷! ⇐ ¥071
I f B occured
A occurred

£ + 1 = ]
I n general, know} B
has o o a r e d may change
your belief t h a t A

h a s occurred.



6 . 1 3

De f n i G i v e n ( S , F , P ) a n d

A , B E F , t h e cond i t i ona l

pro-babiit.no#oFditm-
onB- ( " A given B " ) i s

P C A I B ) E PCf%})- ,

assuming PCB)-1-0.

n.be I f PCB) = 0 , then P l a n B ) = 0 , a n d t h i s

l e a v e s u s with PCAIBS = Of

which i s undefined.



n i b . I , I f A C B
,
t h e n

6 . '4

① (AIB)= PlAp{BB
#

= Pp{A¥ 2 PIA)

2 . I f ① C A

①( A I B ) = '15%1=1%3} = I

3 . I f A-113=01,t h e n

P I A I B ) =Ptt¥pB↳=Pp¥, =,¥pg=O

4 '
① CAIB) = PplA¥g

Bg)
z PCAAB)

O L p lB ) E I



6 . I SFac t : I f P C . ) ( f r om (S ,F ,P) )
i s a v a l i d probability measure ,
t h e n P C . I B ) i s a lso a v a l i d

probability m e a s u r e f o r any
B E F such t h a t PCB) f- O .

Proofs: (exercise) verify
t h e a x i o m s o f

probability h o l d f o r P C . I B ) .

( S , F , p )
¥E§d

( s , F , P C . 113))

n ib. ( S , F , PC. 113)) i s a va l id prob. space
b e c a u s e ( S , F . P ) i s a validprob. space.


