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Abstract

We present efficient implementations of the balance-
and-truncate model reduction technique for large-scale
systems. The key observation that distinguishes our
approach is that Krylov subspace methods (Arnoldi
and Lanczos) directly yield approximate low-rank
square roots? of the system Gramians; the balanc-
ing transformation can then be constructed from these
square roots, obviating the need for solving any Lya-
punov equations. In addition, the order of the reduced
model is not fixed a priori as with some existing meth-
ods, but is determined from the problem data. umer-
ical simulations show that our approach performs very
well over a range of examples, and o ers considerable
savings in practice.

tr ct

As engineering systems become more and more com-
plex, so do the mathematical models describing them.
This is true, for instance, when an engineering system
is modeled as an interconnection of a large number of
sub-systems, as with L I circuit models; the result-
ing model of the overall system can involve thousands
of variables. The analysis and design of large-scale sys-
tems can stretch the limits of computing resources. A
standard practice that addresses such issues is that of
model reduction. ur ob ective is to present efficient
algorithms for the model reduction of large-scale linear
time-invariant (LTI) state-space models.

odel reduction of LTT systems is a well-studied topic.

ne approach is to expand the transfer function as
a power series around a suitable point in the com-
plex plane, and obtain a lower order model whose
power series coefficients match the first few origi-
nal coefficients ( moment-matching ). A well-known
example of such an approach is ade approxima-

tion , , GG . Another model-reduction
approach involves pro ecting the state space onto the
principal controllable subspace, or the principal ob-
servable subspace re , GG , G ome of
these approaches use Krylov subspace computation
techniques, which are well-conditioned, require only
matrix-vector multiplications, and are therefore par-
ticularly useful for large-scale systems. A third tech-
nique, one that underlies the approach presented in
this paper, is the balance-and-truncate method (see for
example, 00 ). The idea here is to find a state-
space coordinate transformation in which the input-to-
state map and the state-to-output map are aligned .
Thus, the state-variables that are not easy to reach
and not easily observed can be omitted (or the model
truncated). The approximation error can be shown to
be bounded nn , Glo While the balance-and-
truncate method is theoretically attractive and also
yields excellent approximate models in practice, its
use for the model-reduction of large-scale systems has
been hampered by its quickly growing computational
demand Two large-size Lyapunov equations need to
be solved, followed by a large-size eigen-decomposition.

ne approach towards addressing this issue is to obtain
low-rank approximate solutions to the large-size Lya-
punov equations, for instance, the Alternate irec-
tion Iteration or A I approach LW | IW . (We
note however that in LW |, the A T technique is used
to find an approximate solution to the system Grami-
ans; the resulting approximate principal controllable
and observable subspaces are then used to perform the
model reduction, rather than balance-and-truncate.)
The drawback of the A I approach is the requirement
that the original system matrix be tridiagonalized first;
this step is both computationally demanding and possi-
bly numerically ill-conditioned GL , . . . Another
prevalent approach for balance-and-truncate model re-
duction is to use Krylov subspace computation meth-
ods to first find the principal controllable (or observ-
able) subspace, perform an initial model reduction by
pro ecting the state vector onto the principal subspace,
and then solve reduced-order Lyapunov equations to
proceed with balancing and truncating; see, for exam-
ple, K , and the references therein.



ur contribution is an algorithm for balance-and-
truncate model reduction, using Krylov methods,
where no Lyapunov equations need solution. The dis-
tinguishing feature of our approach is the use of Arnoldi
and Lanczos iterations to directly compute approxi-
mate low-rank square roots of the system Gramians;
the balancing transformation is then constructed from
these square roots. In ection , we introduce the
mathematical framework underlying our approach, in-
cluding an analysis of the approximation error, and
the resulting model reduction algorithm. In ection

, we present a few examples that illustrate that our
approach requires greatly reduced computation.
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onsider the linear system described by the state-space
equations

where () I , () I and () I ,and , ,
and  are real matrices of appropriate sizes. (We will
consider only single-input single-output systems in this
paper; the extension of the results presented herein to
multi-input multi-output systems is straightforward.)
We will use ordered quadruple ( ) to denote
the state-space realization of the system. We assume
that isstable, i.e., all of its eigenvalues have negative
real part, and that the realization is minimal.

alanced truncation is one well-known model reduction
scheme. The first step is to compute the controllabil-
ity and observability Gramians, denoted and
respectively, and defined as

The Gramians satisfy the Lyapunov equations

With the eigenvalues sorted in decreasing order, the
corresponding eigenvectors of yield directions in
state-space that are increasingly hard to reach from
the input , and the eigenvectors of yield direc-
tions that are increasingly hard to observe from the
output . efine

where and  are the square roots of the Gramians,
ie., and , and

is a singular value decomposition ( ). is di-
agonal, with the diagonal entries in descending order.
The diagonal entries of are called the ankel singular

values of the system. In this new, so-called balanced
coordinates , the state-space realization is
( ) ( ). It is easily
verified that the corresponding controllability and ob-
servability Gramians are

Thus the state components are as reachable from the
input as they are observable at the output, with the
corresponding ankel singular value quantifying their
reachability and observability. This motivates the next
step, that of truncation of the state-vector, i.e., sim-
ply throwing away state components for which the
corresponding diagonal entry  of is small. If
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the state-space realization of the reduced order model
is given by ( ), where

Let () ) and ()

( ) denote the transfer func-
tions of the original and the reduced-order system re-
spectively. Then, it can be shown that

sup () ()

While the approximation properties of the balance-
and-truncate model reduction algorithm are excel-
lent, its use for large-scale systems is limited by the
heavy computational demand Two large-size Lya-
punov equations need to be solved, followed by one
large-size computation. We address this issue
with an approximate balance-and-truncate technique
that requires far less computation. The idea is to di-
rectly compute low-rank square roots of the Gramians;
these square-roots can be combined to yield approx-
imate balancing transformations that automatically
truncate the state space.

A r at aa c r cat

We first describe the idea behind an approximate
balance-and-truncate method that relies on low-rank
square roots of the Gramians. (We will defer a care-
ful analysis of the approximation error to ection . .)

uppose that we have approximate low-rank square
roots of the Gramians, i.e., we have full rank
I such that

Let



be the . Then, the diagonal entries  of
approximate the first ankel singular values of the
system. uppose that

efine

and

ote that I and I , and that

onsider the th order system with state-space real-

ization ( ). It can be verified that
the controllability and observability Gramians for this
realization are

a ( )

Thus, the matrices  and directly provide for an
approximate balance-and-truncate state-space model
reduction.

ra ar ts t ra as a
T t s

or every real scalar , the equation

is equivalent to

where ( ) ( ); (X

) . Therefore we have

where the th order Krylov matrix is defined as
( ) 2

imilarly, with ( ) ( ), we have

ne interpretation of these steps is that we have de-
rived a discrete-time system with state-space realiza-
tion ( ), that has the same Gramians as

the continuous system, using the conformal mapping

C ) )

The direct computation of the matrices

( yand ( ) is ill-conditioned, as the
columns of these matrices quickly converge to the dom-
inant eigenvector of and respectively. Krylov
methods are natural tools for well-conditioned compu-
tation of ( )and ( ).

The quality of the approximation of ( ) and
( ) as square roots of the Gramians depends
critically on how fast goes to zero with , or on
the spectral radius (i.e., the maximum magnitude of
the eigenvalues) () of . The choice of to
make () assmall as possible is a well-studied prob-
lem; see for example LW The key here is that
the eigenvalues of  and are related by ()
( () ( ( ). orevery ,thevalueof that
minimizes ( () ( () is (). f
course, we need to choose to minimize

max ( ()« ()

As discussed in LW |, mi , a good choice for
is simply (max ( ))(min ( )). ower it-
erations requiring only matrix-vector multiplications,
and one L factorization can be used to compute
max ( ) and min () approximately.

The computation of ( ) and ( ),
can proceed with either the Arnoldi or the Lanczos al-
gorithm. ue to space limitations, we will only describe
an implementation of Arnoldi algorithm. The algo-
rithm that we present here is adapted from GL , h.
to compute a factorization of both  ( )
and ( ) inside one iterative loop. ote that
is not known a priori, but is automatically deter-
mined from the stopping criterion. pon termination,
we have factorizations  ( ) and
( ) ;see K for details.
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We first analyze the error in approximating the Grami-

ans. onsider the error . learly

for all ,sothat r(
the error. ow,

r( ) r )

2
2

) serves as a norm of

Thus, the error converges monotonically to zero with
oreover,

NN
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~
NN

for some constant . Thus,

r( ) () ()
and similarly r( ) () «(C )

or the relative error in the approximation depends crit-
ically on the spectral radius of

inally, we may derive an expression for the error in
the approximation of the ankel singular values them-
selves. ecall that with and ,
the ankel singular values are simply the singular val-

ues  of ur algorithm yields approximate
ankel singular values |, via an of . Then,
2 r ( ) 2
and 2 r( ) 2
oreover, it can be shown that
r( )

()
for some constant nce again, the approximation
error depends critically on the spectral radius of

t rtr ne practical stopping
criterion with both the Arnoldi and Lanczos iterations
is to monitor the robenius norm of the product ,
and to stop when the change is smaller than some tol-
erance. The quantity can be computed iter-
atively, with only matrix-vector multiplications.

ab omparison of op counts.

[ riginal model order | | |

Average op count
with T
Average savings
with A T-Arnoldi
Average savings
with A T-Lanczos

T ca s ts

We now demonstrate the performance of the model re-
duction schemes described thus far on some numerical
examples.

a st s

We considered randomly generated stable LTT systems
with twenty pairs of eigenvalues with a real part of |
twenty pairs of eigenvalues with a real part of , with
the remaining eigenvalues having smaller (more neg-
ative) real parts. We considered full-order models of
three di erent sizes , and or each size,
we generated thirty di erent test cases, and applied our
model reduction schemes to obtain an approximately
balanced-and-truncated reduced order model for each
of them. Table shows statistics describing the perfor-
mance of our algorithm. (The term savings in the ta-
ble is the ratio of the op count of the standard balance
and truncate ( T) model reduction scheme to the op
count of our algorithm, approximate balanced trunca-
tion with Arnoldi (A T-Arnoldi) or approximate bal-
anced truncation with Lanczos (A T-Lanczos). All
simulations were performed with ATLA .) It is ev-
ident that with our algorithm, considerable computa-
tional savings accrue as compared with the standard
balance-and-truncate model reduction.

In order to illustrate the error in approximation, we
consider a typical test case of a full-order model with

states. ur algorithm yielded a reduced-order
model with  states. igure shows the relative ap-
proximation error of the -state reduced-order mod-
els obtained with the standard balance-and-truncate
method, balance-and-truncate with Arnoldi iterations,
and balance-and-truncate with Lanczos iterations re-
spectively. It is evident that error performance of our
algorithms are comparable with that of the standard
balance-and-truncate method. igure show the mag-
nitude and phase of the system response of the orig-
inal system, and that of the reduced-order systems,
once again illustrating that the reduced-order model
obtained from our algorithms are virtually indistin-
guishable from those obtained by the standard balance-
and-truncate method.
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t a st s

ecall that the analysis of the approximation error
in ection revealed that the quality of our low-
rank approximation of the square root of the Gramian
depended critically on how small the spectral radius

() (( ) ( )) is. When the eigenvalues
of are well-damped, as with the test cases presented
thus far, the spectral radius of ( ) can be made sig-
nificantly less than one with an appropriate choice of

. This is one of the reasons for the remarkably good
performance of our approximate balance-and-truncate
schemes. or very lightly damped systems, for every
choice of , the value of ( ) will be very close to
one, implying that the quality of approximation with
our methods should be poor with the same number of
iterations. To explore this issue further, we considered
a typical test case of a full order LTT system with
states, where we randomly generated twenty pairs of
eigenvalues with a real part of , twenty pairs of
eigenvalues with a real part of , and the remain-
ing eigenvalues with smaller (more negative) real parts.

ur algorithm yielded a reduced-order model with
states. An examination of the quality of approxima-

tion, shown in igure , reveals the remarkable fact
that over a large range of frequencies, our approximate
balance-and-truncate schemes perform better than the
standard balance-and-truncate scheme. A possible ex-
planation for this is that for very lightly-damped sys-
tems, the Gramians themselves are ill-conditioned (the

Lyapunov operator () () () isclose to be-
ing singular), and therefore numerical errors lead to
the poor performance of the standard balance-and-
truncate method. In contrast our algorithms, espe-
cially the Arnoldi method, are numerically more sta-
ble. igures , and show the magnitude and phase
of the system response of the reduced systems. rom
these plots, it is once again evident that our algorithms
perform better than the standard balanced truncation
method.

relative approximation error of reduced systems

Standard balanced truncation
o Balanced truncation with Arnoldi

- - Balanced truncation with Lanczos|

relative error

frequency

r elative appro imation error of 44 state
reduced order models original model order is
100 .
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r System response of the original 100
state lightly damped system and the 44 state
reduced order system generated y the stan
dard alance and truncate method.

We have presented efficient implementations of the
balance-and-truncate model reduction technique for
large-scale systems, using Krylov subspace methods.
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The two distinguishing features of our algorithms are
(i) We directly compute state coordinate transfor-
mations that approximately balance-and-truncate the
state vector. (ii) The coordinate transformations are
computed directly from Krylov subspace methods and
a small-size , without the need for solving any Lya-
punov equations. umerical simulations show that our
approach holds promise in the balance-and-truncate
model reduction of large-scale systems.
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