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Abstract

We present efficient implementations of the balance-
and-truncate model reduction technique for large-scale
systems. The key observation that distinguishes our
approach is that Krylov subspace methods (Arnoldi
and Lanczos) directly yield approximate low-rank
square roots? of the system Gramians; the balanc-
ing transformation can then be constructed from these
square roots, obviating the need for solving any Lya-
punov equations. In addition, the order of the reduced
model is not fixed a priori as with some existing meth-
ods, but is determined from the problem data. Numer-
ical simulations show that our approach performs very
well over a range of examples, and offers considerable
savings in practice.

1 Introduction

As engineering systems become more and more com-
plex, so do the mathematical models describing them.
This is true, for instance, when an engineering system
is modeled as an interconnection of a large number of
sub-systems, as with VLSI circuit models; the result-
ing model of the overall system can involve thousands
of variables. The analysis and design of large-scale sys-
tems can stretch the limits of computing resources. A
standard practice that addresses such issues is that of
model reduction. Our objective is to present efficient
algorithms for the model reduction of large-scale linear
time-invariant (LTI) state-space models.

Model reduction of LTT systems is a well-studied topic.
One approach is to expand the transfer function as
a power series around a suitable point in the com-
plex plane, and obtain a lower order model whose
power series coefficients match the first few origi-
nal coefficients (“moment-matching”). A well-known
example of such an approach is Padé approxima-
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2We use the term “square root” to mean the not necessarily
symmetric square root of a matrix: If M = MT = NNT | we say
N is the square root of M.

tion [CN92, FF95, GGD94]. Another model-reduction
approach involves projecting the state space onto the
principal controllable subspace, or the principal ob-
servable subspace [Fre98, GG97, GN99]. Some of
these approaches use Krylov subspace computation
techniques, which are well-conditioned, require only
matrix-vector multiplications, and are therefore par-
ticularly useful for large-scale systems. A third tech-
nique, one that underlies the approach presented in
this paper, is the balance-and-truncate method (see for
example, [Moo81]). The idea here is to find a state-
space coordinate transformation in which the input-to-
state map and the state-to-output map are “aligned”.
Thus, the state-variables that are not easy to reach
and not easily observed can be omitted (or the model
truncated). The approximation error can be shown to
be bounded [Enn84, Glo84]. While the balance-and-
truncate method is theoretically attractive and also
yields excellent approximate models in practice, its
use for the model-reduction of large-scale systems has
been hampered by its quickly growing computational
demand: Two large-size Lyapunov equations need to
be solved, followed by a large-size eigen-decomposition.
One approach towards addressing this issue is to obtain
low-rank approximate solutions to the large-size Lya-
punov equations, for instance, the “Alternate Direc-
tion Iteration” or ADI approach [LW91, LW99]. (We
note however that in [LW99], the ADI technique is used
to find an approximate solution to the system Grami-
ans; the resulting approximate principal controllable
and observable subspaces are then used to perform the
model reduction, rather than balance-and-truncate.)
The drawback of the ADI approach is the requirement
that the original system matrix be tridiagonalized first;
this step is both computationally demanding and possi-
bly numerically ill-conditioned [GL8&9, §9.3.6]. Another
prevalent approach for balance-and-truncate model re-
duction is to use Krylov subspace computation meth-
ods to first find the principal controllable (or observ-
able) subspace, perform an initial model reduction by
projecting the state vector onto the principal subspace,
and then solve reduced-order Lyapunov equations to
proceed with balancing and truncating; see, for exam-
ple, [JK94, RP99], and the references therein.



Our contribution is an algorithm for balance-and-
truncate model reduction, using Krylov methods,
where no Lyapunov equations need solution. The dis-
tinguishing feature of our approach is the use of Arnoldi
and Lanczos iterations to directly compute approxi-
mate low-rank square roots of the system Gramians;
the balancing transformation is then constructed from
these square roots. In Section 2, we introduce the
mathematical framework underlying our approach, in-
cluding an analysis of the approximation error, and
the resulting model reduction algorithm. In Section
3, we present a few examples that illustrate that our
approach requires greatly reduced computation.

2 Mathematical Framework

2.1 Balanced Transformation and Truncation
Consider the linear system described by the state-space
equations

& = Ax+ Bu, (1a)
= Cz+ Du, (1b)

where z(t) € RY, u(t) € R and y(t) € R, and A, B, C
and D are real matrices of appropriate sizes. (We will
consider only single-input single-output systems in this
paper; the extension of the results presented herein to
multi-input multi-output systems is straightforward.)
We will use ordered quadruple (A, B,C, D) to denote
the state-space realization of the system. We assume
that A is stable, i.e., all of its eigenvalues have negative
real part, and that the realization is minimal.

Balanced truncation is one well-known model reduction
scheme. The first step is to compute the controllabil-
ity and observability Gramians, denoted W, and W,
respectively, and defined as

W, = / eA'BBTeA ™ qt, W, = / eATtCT CeAtdt.
0 0

The Gramians satisfy the Lyapunov equations
AW, + W, AT+ BBT =0, ATW,+W,A+CTC =0.

With the eigenvalues sorted in decreasing order, the
corresponding eigenvectors of W, yield directions in
state-space that are increasingly hard to reach from
the input u, and the eigenvectors of W, yield direc-
tions that are increasingly hard to observe from the
output y. Define

Ty = XUZ_% = (E—%VTYT)—I ’

where X and Y are the square roots of the Gramians,
ie, W.=XXTand W, =YY", and XY = USVT
is a singular value decomposition (SVD). & > 0 is di-
agonal, with the diagonal entries in descending order.
The diagonal entries of ¥ are called the Hankel singular

values of the system. In this new, so-called balanced
coordinates T = belx, the state-space realization is
(A,B,C,D) = (T, "ATy,T,;'B,CT;, D). 1t is easily
verified that the corresponding controllability and ob-
servability Gramians are

W.=W,==%.

Thus the state components are as reachable from the
input as they are observable at the output, with the
corresponding Hankel singular value quantifying their
reachability and observability. This motivates the next
step, that of “truncation” of the state-vector, i.e., sim-
ply “throwing away” state components for which the
corresponding diagonal entry o; of ¥ is small. If

012022 20, 0p41 2> 20N,

the state-space realization of the reduced order model

is given by (Ared, Bred, Cred, D), where

_ A In
I‘Ered = [ I, Onx(an) ]/_1 [ O(an)xn :| ’
Bred = [ I’n O"X(N_" ]B’
i I
Cr = C "
ed [ O(N—n)xn

Let H(s) = C(sI — A)"'B + D and Hre(s) =
Crea(sI — Areq) ' Brea + D denote the transfer func-
tions of the original and the reduced-order system re-

spectively. Then, it can be shown that

N
sup || H(jw) — Hrea(jw)| <2 0.
weR n+1

While the approximation properties of the balance-
and-truncate model reduction algorithm are excel-
lent, its use for large-scale systems is limited by the
heavy computational demand: Two large-size Lya-
punov equations need to be solved, followed by one
large-size SVD computation. We address this issue
with an approximate balance-and-truncate technique
that requires far less computation. The idea is to di-
rectly compute low-rank square roots of the Gramians;
these square-roots can be combined to yield “approx-
imate” balancing transformations that automatically
truncate the state space.

2.2 Approximate Balanced Truncation

We first describe the idea behind an approximate
balance-and-truncate method that relies on low-rank
square roots of the Gramians. (We will defer a care-
ful analysis of the approximation error to Section 2.4.)
Suppose that we have approximate low-rank square
roots of the Gramians, i.e., we have full rank X;,Y; €
RY** such that

W. = X X7, W,xY.Y!.

Let L
Xy, =0sv?



be the k x k SVD. Then, the diagonal entries &; of 3.
approximate the first k& Hankel singular values of the
system. Suppose that

G120y 2> 20y > 0py1 >0 2 0.
Define
NbZXk[jii% [ I :|
O(N—n)xn
and

Note that T, € RY*™ and Tbi e R™¥ and that

7T, = 1.

Consider the nth order system with state-space real-
ization (TbiATb,TbiB,CTb,D). It can be verified that
the controllability and observability Gramians for this
realization are

W, =~ diag (61,...,6,) = W,.

Thus, the matrices T;, and Tbi directly provide for an
approximate balance-and-truncate state-space model
reduction.

2.3 Low-rank Square Roots of the Gramians via
Krylov Methods
For every real scalar p < 0, the equation

AW, + W.AT + BB =
is equivalent to

AW AT — W, + B,B] =

where A, £ (pI + A)"}(pI — A), B, & /(=2p)(pI +
A)1B. Therefore we have

W. 27;:3 0AL B, BT (AT)i
" 1AJB BT(AT)

7 (2)
/C(A,,,B ,k)IC(Ap,Bp,k)T

X X7,

Q

el

where the kth order Krylov matrix is defined as

A _
K(Ap, Bp, k) = [Bp  ApBp A?:Bp AI; 'By].
Similarly, with C, 2 /(—2p)C(pI + A)~!, we have
W, = EFO(A]{)JCTC Ad
~ Ej;(}(Af:)JC’TC AJ
Nt pr@l el pr ©
A

One interpretation of these steps is that we have de-
rived a discrete-time system with state-space realiza-
tion (Ap, By, Cp, D)), that has the same Gramians as

the continuous system, using the conformal mapping
2 (p—5)/(p + ).

The direct computation of the N x k matrices
K(Ap, By, k) and K(AL, CT' k) is ill-conditioned, as the
columns of these matrices quickly converge to the dom-
inant eigenvector of A, and A;"; respectively. Krylov
methods are natural tools for well-conditioned compu-
tation of K(Ap, By, k) and K(AT,CT, k).

The quality of the approximation of (A, By, k) and
K(AL,CI k) as square roots of the Gramians depends
critically on how fast A’; goes to zero with k, or on
the spectral radius (i.e., the maximum magnitude of
the eigenvalues) p(A4,) of A,. The choice of p to
make p(A,) as small as possible is a well-studied prob-
lem; see for example [LW91]. The key here is that
the eigenvalues of A and A, are related by \;(4,) =
(p—Xi(A))/(p+Ai(A)). For every i, the value of p that
minimizes |(p — Ai(A4))/(p + Ai(A))| is p = |A:(A)]. Of
course, we need to choose p to minimize

max|(p = Ai(4))/(p + Ai(4))]-

As discussed in [LW91, Smi68], a good choice for p
is simply —+/(max; [X;(A)]) (min; [A\;(4)[). Power it-
erations requiring only matrix-vector multiplications,
and one LU factorization can be used to compute
max; |A;(A)| and min, |\;(A)| approximately.

The computation of K(A,, By, k) and K(AL,CL, k),
can proceed with either the Arnoldi or the Lanczos al-
gorithm. Due to space limitations, we will only describe
an implementation of Arnoldi algorithm. The algo-
rithm that we present here is adapted from [GL89, Ch.
9] to compute a QR factorization of both K(Ap, By, k)
and K(A],CI, k) inside one iterative loop. Note that
k is not known a priori, but is automatically deter-
mined from the stopping criterion. Upon termination,
we have QR factorizations K(A,, By, k) = QrRy and
K(AL,CT k) = P,Sk; see [BSKOO] for details.

=1
= BpT/||Bp||2; B=1;Q1=q; B =||By|2;
= Cp /“017”2; v=1; P = P1; Sy = ”CPHQ;
repeat until stopping criterion is met {
forie=1:j
hij = ql'TquJ'; fig = pZTAZ;Pj;

end .
i1 = Apty — Tl hiji;
st = AL p; — X1, fijpi;
hi;
Hj = i : ;
hj_1,
[0 ﬁ] h]]



fij

fj—'l,j

0l
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B = lIrjtall2;
Gi+1 = 41/ B;

)

v = [Isj41ll2;
Pj+1 = Sj+1/’7;

Qi1 =[Q; ¢G+1l; Piri =[P pinl;

J=i+1;

}

2.4 Error Analysis and Stopping Criterion

We first analyze the error in approximating the Grami-
ans. Consider the error Ey . = W, — Xx X[. Clearly
Ey,. > 0for all k, so that Tr (Ej ) serves as a norm of
the error. Now,

Tr (Ey.) = TI'OO(ZEIC ALB, By (A7)Y)
= Yk I4,Byl3

Thus, the error converges monotonically to zero with
k. Moreover,

SEABIE < Kep(Ap)t S, 458,13
= Kep(A,)'Tx (W)

for some constant K.. Thus,

Tr (W, — Xle?) < ch(Ap)kTr (We),
and similarly Tr (W, — Y, V;1) < K,p(4,)*Tr (W,),

or the relative error in the approximation depends crit-
ically on the spectral radius of A,.

Finally, we may derive an expression for the error in
the approximation of the Hankel singular values them-
selves. Recall that with W, = XX7 and W, = YY7,
the Hankel singular values are simply the singular val-
ues o; of XTY. Our algorithm yields k approximate
Hankel singular values &;, via an SVD of X!'Y;. Then,

N
IXTY |5 =Te (V'XXTY) =) o7,
=1

k
and || X[Yill7 = Tr (VW X, X[Ve) =) 67
=1

Moreover, it can be shown that

Tr (YTXXTY - YT X, XTYy)
< Kp(Ap)* [Well el Woll

for some constant K. Once again, the approximation
error depends critically on the spectral radius of A4,.

Stopping Criterion: One practical stopping
criterion with both the Arnoldi and Lanczos iterations
is to monitor the Frobenius norm of the product X ,CTY;C,
and to stop when the change is smaller than some tol-
erance. The quantity || X Ys||F can be computed iter-
atively, with only matrix-vector multiplications.

Table 1: Comparison of flop counts.

[ Original model order | 100 | 200 | 400 |
Average flop count
with SBT
Average savings
with ABT-Arnoldi

Average savings
with ABT-Lanczos

2.25e8 | 19.3e8 | 164e8

46 x 108x | 173x

47x 109x 174 %

3 Numerical Results

We now demonstrate the performance of the model re-
duction schemes described thus far on some numerical
examples.

3.1 Damped Systems

We considered randomly generated stable LTT systems
with twenty pairs of eigenvalues with a real part of —1,
twenty pairs of eigenvalues with a real part of —2, with
the remaining eigenvalues having smaller (more neg-
ative) real parts. We considered full-order models of
three different sizes: 100, 200 and 400. For each size,
we generated thirty different test cases, and applied our
model reduction schemes to obtain an approximately
balanced-and-truncated reduced order model for each
of them. Table 1 shows statistics describing the perfor-
mance of our algorithm. (The term “savings” in the ta-
ble is the ratio of the flop count of the standard balance
and truncate (SBT) model reduction scheme to the flop
count of our algorithm, approximate balanced trunca-
tion with Arnoldi (ABT-Arnoldi) or approximate bal-
anced truncation with Lanczos (ABT-Lanczos). All
simulations were performed with MATLAB.) It is ev-
ident that with our algorithm, considerable computa-
tional savings accrue as compared with the standard
balance-and-truncate model reduction.

In order to illustrate the error in approximation, we
consider a typical test case of a full-order model with
100 states. Our algorithm yielded a reduced-order
model with 21 states. Figure 1 shows the relative ap-
proximation error of the 21-state reduced-order mod-
els obtained with the standard balance-and-truncate
method, balance-and-truncate with Arnoldi iterations,
and balance-and-truncate with Lanczos iterations re-
spectively. It is evident that error performance of our
algorithms are comparable with that of the standard
balance-and-truncate method. Figure 2 show the mag-
nitude and phase of the system response of the orig-
inal system, and that of the reduced-order systems,
once again illustrating that the reduced-order model
obtained from our algorithms are virtually indistin-
guishable from those obtained by the standard balance-
and-truncate method.
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Figure 2: Relative approximation error of 21-state
reduced-order models (original model order is
100).

3.2 Lightly Damped Systems

Recall that the analysis of the approximation error
in Section 2.4 revealed that the quality of our low-
rank approximation of the square root of the Gramian
depended critically on how small the spectral radius
p(Ap) = p((pI+A)~' (pI—A)) is. When the eigenvalues
of A are well-damped, as with the test cases presented
thus far, the spectral radius of p(4,) can be made sig-
nificantly less than one with an appropriate choice of
p. This is one of the reasons for the remarkably good
performance of our approximate balance-and-truncate
schemes. For very lightly damped systems, for every
choice of p, the value of p(A,) will be very close to
one, implying that the quality of approximation with
our methods should be poor with the same number of
iterations. To explore this issue further, we considered
a typical test case of a full order LTI system with 100
states, where we randomly generated twenty pairs of
eigenvalues with a real part of —.001, twenty pairs of
eigenvalues with a real part of —.002, and the remain-
ing eigenvalues with smaller (more negative) real parts.
Our algorithm yielded a reduced-order model with 44
states. An examination of the quality of approxima-

tion, shown in Figure 3, reveals the remarkable fact
that over a large range of frequencies, our approximate
balance-and-truncate schemes perform better than the
standard balance-and-truncate scheme. A possible ex-
planation for this is that for very lightly-damped sys-
tems, the Gramians themselves are ill-conditioned (the
Lyapunov operator £(-) 2 AT(-) + (-)A is close to be-
ing singular), and therefore numerical errors lead to
the poor performance of the standard balance-and-
truncate method. In contrast our algorithms, espe-
cially the Arnoldi method, are numerically more sta-
ble. Figures 4, 5 and 6 show the magnitude and phase
of the system response of the reduced systems. From
these plots, it is once again evident that our algorithms
perform better than the standard balanced truncation
method.

relative approximation error of reduced systems
T

Standard balanced truncation

o Balanced truncation with Arnoldi
- - Balanced truncation with Lanczos|

relative error

107 m‘" 10°
frequency
Figure 3: Relative approximation error of 44-state

reduced-order models (original model order is
100).

——  Original
- - - Standard balanced truncation ~

magnitude of the system response

107 10™ 10° 10 10°
frequency

phase of the system response

frequency

Figure 4: System response of the original 100-
state lightly-damped system and the 44-state
reduced-order system generated by the stan-
dard balance-and-truncate method.

4 Conclusion

We have presented efficient implementations of the
balance-and-truncate model reduction technique for
large-scale systems, using Krylov subspace methods.
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Figure 5: System response of the original 100-
state lightly-damped system and the 44-state
reduced-order system generated by balance-
and-truncate with Arnoldi.
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Figure 6: System response of the original 100-
state lightly-damped system and the 44-state
reduced-order system generated by balance-
and-truncate with Lanczos.

The two distinguishing features of our algorithms are:
(i) We directly compute state coordinate transfor-
mations that approximately balance-and-truncate the
state vector. (ii) The coordinate transformations are
computed directly from Krylov subspace methods and
a small-size SVD, without the need for solving any Lya-
punov equations. Numerical simulations show that our
approach holds promise in the balance-and-truncate
model reduction of large-scale systems.
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